Discrete Math CS 275
Fall 2008 First Exam Practice Problems

For each problem, explain your answer or show how it was derived.

1. For each of the following relations and each property { symmetric, anti-symmetric, reflexive, transitive},
state whether it has that property.

(a) Ri(x,y) holds iff x is y’s sister, where x and y are drawn from all living women. symmetric,
not antisymmetric, not reflexive, transitive—if you mean full sister; not transitive
if half-sisters are allowed

(b) Rs(x,y) holds iff z + y > 0, where z,y € R symmetric, not antisymmetric, not reflexive
(consider x = y = —1), not transitive (consider x = z = —1 and y = 2)
(¢) Rs(x,y) holds iff there is a road with no intersections connecting = and y, and x,y are intersec-

tions in Lexington. not symmetric, not antisymmetric, not reflexive, not transitive

2. If f: A— Bisonto and g : B — C' is one-one, what can we say about the relative values of |A|, | B|,
and |C|? |A| > |B| and |B| < |C|

3. Prove or disprove that [(z = y) = 2] = (v = 2).
4. Let A={1,2,3,4} and B = {1,3,5}.

(a) Give an element of A x B (1,5) Note that there are many right answers, all of them
ordered pairs.

(b) What is [A x B|? 4-3 =12

(c) Give an element of A® B 5

(d) What is |[A @ B|? |A® B| = {2,4,5}, so the answer is 3.

5. Suppose you are told that |A| =7, |B| = 12, and |[AU B| = 15. What is |A @& B|? (To insure partial
credit if you are unsure of your answer, indicate how you derived the answer, showing a formula, a
Venn diagram, or other.) |[AUB| = |A|+ |B| —|ANB|,so |ANB| =4

6. Consider the following functions. For each function and each property from the set {one-one, onto,
total}, list the properties that that function has.

(a) f:N — R, f(x) = logy(z) one-one, onto, not total (not defined at = = 0)

(b) g: N xN — N, g({(z,y)) = 2°3 one-one, not onto (it does not map to 5, for instance),
total

(c) h:RT — (0,1),h(z) = m%rl one-one, not onto (it does not map to %), total



7. For each of the pairs f and g, state whether f is O(g), g is O(f), or f is ©(g).

(a) f(n) =n and g(n) =nlogn

/€ 0(9)

(b) f(n) =n? and g(n) = nlogn
g€ 0(f)

(¢) f(n)=2"and g(n) = n!
f€0(9)

8. Let
1

al.a/2.'.a/k"

S(n) = 2

{alaa27"'ak}g{1727"'7n}
Here, the sum is over all nonempty subsets of {1,2,...n}.

Note: S(3) = (1 + 3+ 13) + (5) + (57 + 33 + 512).

(a) What can you say about the third group of fractions, in terms of the first?

If the groups of fractions are A, B and C, then C' = 3 - A.

(b) How do you express S(3) in terms of S(2)? S(3) = S(2) + 1 - S(2) + 3 because there are the
subsets of {1,2,3} that don’t contain 3 (that gives us S(2)), and those with the addition of 3,
and then the subset of just 3. This can be generalized, as in the proof below.

Wl

(¢) Prove S(n) = n by induction.
Base case: n =1, where S(1) = % Note that there is an implicit assumption that the subsets
considered are nonempty.

Inductive hypothesis: S(k) = k.
Inductive step: We can derive that

Sk+1) = Sk)+-——+-—"-5(k)

Thus, for all n € N, S(n) = n.



