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6. Regular Languages & Finite Automata

- Finite Automata algorithm
Can a machine recognize a regular language?

Yes

Deterministic Finite Automaton (DFA)
A finite digraph over an alphabet A (vertices are called

states).

~

ach state emits one labeled edge for each letter of A.

One state is defined as the start state and several

states may be final states.

/

9/2/2026
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6. Regular Languages & Finite Automata

- Finite Automata

Example.
Either one is acceptable

A={a, b} {Start - \(D" ) la

9/2/2026 ( 2 a, b




6. Regular Languages & Finite Automata

- Finite Automata

The execution of DFA for input string w € A* begins at
the start state and follows a path whose edges

\___concatenate to w. y
' The DFA accepts w if the path ends in a final stare. 1
herwise the DFA rej W, )

The language of a DFA is the set of accepted strings. ]

|

an empty string will
enter the start state

Input string: YAEN | (" R A




6. Regular Lan|guages & Finite Automata

- Finite Automata

a
Y ,\f‘\

kf—-

Example. The example DFA accepts the strings

e {a, b,@@@w@g M@ J

The language of the DFA is { ab,bb | neN,meN)




6. Regular Languages & Finite Automata

- Finite Automata

Example. The example DFA accepts the strings
a, b, ab bb, abb, bbb, al:",bb”,...

...................

A
The regpular e o) essmnkb(th Iangu geg of the DFA is
[(a + b)b*[\ Why?
|

a+b || (a+b)b (a+b)l| |(a+b)d]

9/2/2026 University of Kentucky 9




6. Regular Languages & Finite Automata
over the same alphabet ]

- Finite Automata

Theorem (Kleene ass of regular languages is
exactly the s as the class of languages accepted

L by DFAs. y

Proof. Need three lemmas or by induction.

—>O Language accepted by this DFAis ©

— _>@ Language accepted by this DFA is {\}

_>Oi,© Language accepted by this DFA is {a}

9/2/2026 University of Kentucky 10



6. Regular Languages & Finite Automata

- Finite Automata
Specifically, say A = {a, b}, then

[ —>Q)()a,b ® is its language ]
.

>a,b [/} is its language ]
g

~
{a} is its language

9/2/20

jﬂ




6. Regular Languages & Finite Automata

- Finite Automata

Theorem (Kleene) The class of regular languages is

exactly the same as the class of languages accepted
L by DFAs.

Proof. (conti.)

Inductive step: prove that if L, and L, are accepted by
DFAs, then ‘LUszandare accepted by DFAs.

Since any regular language is obtained from {A} and {a}
—for any symbol a in the alphabet A by using|union|
[concatenation and[Kleene star operations |that

J

together with the basis step would prove the theorem.

rsity of Kentucky



6. Regular Languages & Finite Automata

- Finite Automata

For instance, if L; ={a} and L, ={b}

a, b \
N
accepts {b}
_/

then

9/2/2026

accepts {a, b}

L U L,




6. Regular Languages & Finite Automata

- Finite Automata
For instance, if L; ={a} and L, ={b}

~

accepts {b}

J

accepts {ab}

/

Ll LZ 14

then
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6. Regular Languages & Finite Automata

- Finite Automata
For instance, if L; ={a} and L, ={b}

accepts {b}

J

then

9/2/2026 accepts {aa} 15



6. Regular Languages & Finite Automata

- Finite Automata

For instance, if L; ={a} and L, ={b}

accepts {b}

J

then

9/2/2026

accepts {aaa}



6. Regular Languages & Finite Automata

- Finite Automata
For instance, if L; ={a} and L, ={b}

accepts {b}

L*
then 1
; /
9/2/2026 — accep tS {a} 17



6. Regular Languages & Finite Automata

- Finite Automata

Example. Find a DFA for each language over the alphabet {a,b}.

(@) @. (b){A}. (c){(ab)"|n &N}, which has regular
expression (ab)”.

Solution:

(a)

Would this DFA work?

start_g

a.b




A DFA that recognizes
bc* + ac

A DFA that recognizes
bc* + abc™ + ac

9/2/2026
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Making them deterministic:

A DFA that recognizes A DFA that recognizes
bc* + ac bc* + abc™ + ac




Making them deterministic:

A DFA that recognizes A DFA that recognizes
bc* + ac bc* + abc™ + ac

9/2/2026 University of Kentucky 21



To make each of these FA’s a DFA, you either
create a new state or use a non-final state as the

sink of all the remaining edges of the FA, or
both.

4 That state should not have outgoing edges, or
edges that would eventually lead to final state(s).

9/2/2026 University of Kentuc ky 22




Would the following DFA recognize
a*bc* +ac only ?

bc*
a*bc*

acC

9/2/2026 University of Kentucky

In addition to bc*,

a*bc* and ac,
does it recognize
anything else?

Yes, such as
aac, aaac, ...

So, how should
such a DFA be
designed?




First, a DFA that recognizes
bc* + abc* ac




Then, a DFA that recognizes

ajbc* + ac

How to make
this FA a real
DFA?

9/2/2026 University of Kentucky 25



A DFA that recognizes a*bc™ + ac

[-\@
O
b b

OmOm®
start

—- a,b,cA |C Cc Cc
state 0 as the

0 e Sink state, or

a
,0,C o state 67

One option:

a real DFA
now

Can we use

2




6. Regular Languages & Finite Automata

- Finite Automata
Table Representation of a DFA
/DFA over A can be represented by a transition function )

T : States x A — States,
whe the state reached from state i along the edge
\Iabele 3, and we mark the start and final states.

Example:

final| .

@[O0
1 1




6. Regular Languages & Finite Automata

- Finite Automata

T'la b
a,b__ start O [1 1
Start » 0 /’f final 1 |2 1
2 12 2
<
Note: T can be extendedto T : States x A* — States
by T, A)=i, T(,aw)=T(T(ia)w) a€cA weA"
{ Question: T(0, bba) =? [ o\ )
T(0, bba) = T(1, ba) =T(1,a)=T(2, \) = 2. )

niversity of Kentucky
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( )
Start with the part that
6. Regular Languag /"= - length ata

\_
- Finite Automata
Example. Find a DFA to recognize (a + ba)*bb(a + ab)*.

A solution:
4 .@ )
\ Step1)
—Why?

b/c a path with fixed length has no loops,
iInner or outer loops, in the path




( )
Start with the part that
6. Regular Languag /"= - length ata

\_
- Finite Automata
Example. Find a DFA to recognize (a + ba)*bb(a + ab)*.

A solution:

4 )
After excuting (a+ba)*,
X return to start point of bb step 1)
\ \//‘
4 )
any combination
\_ of a* and (ba)* Py




6. Regular Languages & Finite Automata

- Finite Automata
Example (conti). Find a DFA to recognize (a + ba)*bb(a + ab)". ]
A solution:

[This must be a final state

any combination
of a*and (ab)*

9/2/2026 University of Kentucky

Is this an option
forstep 3?7 NQO




6. Regular Languages & Finite Automata

- Finite Automata
Example (conti). Find a DFA to recognize (a + ba)*bb(a + ab)". ]

A solution:
[This must be a final state

any combination u
of a* and (ab)* a,b a
Step 3

9/2/2026 University of Kentucky 32




Would the following approach work?

Example (conti). Find a DFA to recognize (a + ba)*bb(a + ab)". ]

Is this a solution?

/ /)\a a,b N
{(a+ba)"bbl @ St
da
any combination
_R of a* and (ab)* Y

The answer iIs
9/2/2026 No

Why not?
Would accept (ba)*




Would the following approach work?

Example (conti). Find a DFA to recognize (a + ba)*bb(a + ab)". ]
Is this a solution?

/ \a d \
9—1 b
{(a+ba)" bb Start—»
a
any combination
of a* and (ab)* a,b /

The answer is |Why not? \
NO | Would accept (ba)”




Nondeterministic Finite Automata
!N FA)

An NFA over an alphabet A is similar to a DFA except that
N\-edges are allowed,
there is no requirement to emit edges from a state, and

\ Mmultiple edges with the same letter can be emitted from a state.

~

Example. The following NFA recognizes the language of
a+taab+ahb. |

Is any item I )
redundant here? :
\ %
% /?'(_/ - aa*b: ab, aab ?
j %_\ a*h: b, ab ?
9/2/202¢ X, ; (I ‘)\I 35
\ Start \Q o ’l\\_:j' /




Intuitive examples

NFA A={d, g, m,o,r}

O dO 0
dog,

door,
doom

/ states
6 dges




:
Intuitive examples 34 edges

DFA A={d,g,m,o,r}

9/2/2026




Intuitive examples  *7t¢omen

Actually, the NFA can also be defined as follow:

dog,
door,
doom

9/2/2026 38




r

Example. NFA for the language of @ + aa™b + a*b.

N

N % /?{_> a 3 states,
//'-&)’/ 5 edges
a ——
N a2
a, ab, b,
[ DFA for the language of @ + aa*b + a™b. ] aab, aaab,

5 states,
10 edges

Start

39




~

Example. NFA for the language of @ + aa™b + a*b.

A
M
T A ¥
Start —»(0/ &.)

[Would the following DFA (use state O to replace ] a, b, ab,
state 3) work? aab, aaab,

No, b/c it accepts bbb, baa,
and abbb.

Start

40




[DFA and NFA are equivalent concept. }

ADFA is also an NFA.

ﬁctually for every NFA there's a A
corresponding DFA that accepts the same
language, but if the NFA has n states, the

\DFA could have O(2") states. Y,

'So we work with NFAs because they're }
usually a lot smaller than DFAs.

9/2/2026 University of Kentuc ky 41



A few points about NFA's.

The existence of /A-edges implicitly creates the
concept of an extended state (a multiple-node
state) of a given state.

Extended _ o
state of 0




Edges a, b, ¢, d, e, f, g are edges of the
extended state of 0.

Each edge of the extended state of O can be
used by state 0 through some A-edges.

So essentially state O has 7 edges to use
even though there are only 2 edges emitted
directly from state O.

Extended
state of 0

N MmN =——— =
43




For an NFA, only edges really needed for its
function have to be designed.

NFA for the language of @ + aa*b + a™b. ‘

~
A /-_1\{/ “ ) There is no
— b=~ ° need to
a .
| L a \\ design any
Start —»f\Q/.

> y | edges for

\
©
&'// 7 | state 2.

/
\
~

-

L

7’
9/2/2026 University of Kentucky 44



Why do we need "multiple edges with the
same label™?

NFA for the language ofl @ }@a“b M+ a”b.

Na A letter can be used
as the lead symbol

for disjoint paths

Start 0

\.~/ | Note that there
are two ways to
9/2/2026 University of Kentucky accept Fab J




Question: can you think of a DFA that
would recognize a+aa*b +a*b ?

How about:

9/2/2026

What is the
difference
between this
DFA and the
one on slide
427?

a b ab aab aaab

University of Kentucky

46




Question: can you think of a DFA that
would recognize a+aa*b +a*b ?

Does this DFA work? NO

Does it accept aa,
aaa, aaaa, ... ?

a b ab aab aaab

9/2/2026 University of Kentucky 47



6. Regular Languages & Finite Automata

- Finite Automata

Table representation of NFA

(An NFA over A can be represented by a function N
I States x A U{/\! — power(States),

where T(i, a) is the set of states reached from state / along the
\edge(s) labeled a, and we mark the start and final states. Y
( Example: )

Tl a b (A)

start |0 [[[{1.2}]]| @ | |1

. 1 {1} {2} O

Start @ final |2 @ @ @




6. Regular Languages & Finite Automata

- Finite Automata

(e o Db mod © et T e e )
Theorem (Rabin and Scott) The class of regular

languages is exactly the same as the class of
languages accepted by NFAs.

g Y,
Proof. First, show the three basis cases:

—>O Language accepted by this NFA is ©
— _>@ Language accepted by this NFA is {\}

_>Oi,© Language accepted by this NFA is {a}

9/2/2026 University of Kentucky 49



6. Regular Languages & Finite Automata

- Finite Automata

Theorem (Rabin and Scott) The class of regular
languages is exactly the same as the class of
L languages accepted by NFAs.

Proof. (conti.)

J

Inductive step: prove that if L; and L, are accepted by
NFAs, then L; U L,, L; L, and L] are accepted by NFAs.

_Let the following NFA be the NFA for L; where f;; are
final states of this NFA, i =1, 2, ..., N;.

o




6. Regular Languages & Finite Automata

- Finite Automata

Let the following NFA be the NFA for L, where f,; are
final states of this NFA, j =1, 2, ..., N,.

om0

Then the following NFA is an NFA for L; U L,:
' 7\
A

T




6. Regular Languages & Finite Automata

- Finite Automata ( ,
Each f;; is ]—

connected to S,
the following NFA is an NFA for L L,:

And the following NFA is an NFA for L : Ej’ﬁ[,’eﬁ;eﬁ 05, ]

. e
= Q&G

A / EOP




Rabin and Scott’s theorem is important

Regqgular languages
(So we get this

equivalence relation (Rabin
automatically. We x and Scott
don’t really need

Kleene’s Theorm) Ylueerm,

- -

(proved next)

9/2/2026 University of Kentucky
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Joke for today:

| am 83 years old.

| was in the McDonald'’s drive-thru this morning. The young lady
behind me leaned on her horn and started mouthing some ugly
things b/c | was taking too long to place my order.

So when | got to the 18t window, | paid for her order along with
my own. The cashier must have told her what I'd done, b/c as
we moved up, she leaned out her window and waved to me and
she began mouthing “Thank you, thank you™ probably feeling
embarrassed that | had repaid her rudeness with kindness.

When | got to the 2"¢ window, | showed the server both receipts
1and | took her food too.

Now she has to go back to the end of the queue and start all
over again.

Don’t blow your horn at old people, we have been around for a
lon---g time.




6. Regular Languages & Finite Automata

- Finite Automata

Questions. Find an NFA for each of the
languages over {a, b}.

(a) ) Stmt—O
—E (b) {A} Start —>© ) @b @by

a,b

@
55

(c) (ab)” Start

9/2/2026

.




6. Regular Languages & Finite Automata

- Finite Automata
Example. Find an NFA to recognize (a + ba)*bb(a + ab)*

A solution' (. OK for h

an NFA,
not for a

DFA
Start

of a*and (ba)* ___\_ﬁ ]_J

any combination
{(a+ba) b Staﬂ—»é:i\
S any combination \/
of a* and (ab) * \




6. Regular Languages & Finite Automata

- Finite Automata
Example (conti). Find an NFA to recognize (a + ba)*bb(a + ab)”.

Question: which one(s) recognize the above expression?

9/2/2026 57



Algorithm: Transform a Reqular Expression
(RE) to a Finite Automaton (DFA or NFA)

(2) Apply the following rules to obtain a finite automaton after
_ erasing any @-edges.

(1) Placing the RE on the edge between a start and final state:

I : -
"\ eiiesular expression j 7
start —(_) C/

J

,,,,, s
s~ \\ ll R \‘
S LN o 1~ | I1iner loop or
B \* /’4\ _____ \] . fransrorms to I\I )\_%‘ \ i '!\] ) outer [oop
SR o A

~~~~~
5 [P
\! <" J/  tansformsto
-----

transforms to




LOOp : a path whose start state and
end state are the same

outer loop

Inner loop

9/2/2026 University of Kentucky
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Why are loops, inner loops or
outer loops, needed?

e.q., how should the strings 10, 100, 1000, 10000, 100000,
.... be recognized, if the alphabet A={0, 1, 2, ..., 9, a, b, c,
.. ¥z, A B, ... Y, 2Z}7?

We need an inner loop here:

9/2/2026 University of Kentucky 60



Why are loops, inner loops or
outer loops, needed?

e.g., how should the strings 120, 12020, 1202020, ... be
recognized, if the alphabet A={0,1,2,...,9,a,b,c, ...,V,
z,A,B, ....Y,2Z}?

We need an outer loop here:

1

9/2/2026 61



6. Regular Languages & Finite Automata

- Finite Automata

Example. Use the algorithm to construct a finite automaton for
(ab)™ + ba.

Solution:

Start (ab)* + ba » ba
stat \_A&Z -

T 20 N
SN . -ll‘,._-‘_ :""K,) T

- R Y

Start — ;\

9/2/2026 S \ 62
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6. Regular Languages & Finite Automata

- Finite Automata

“ Quiz. Use the algorithm to construct a finite automaton for\
(a+ba)*bb(a+ab)*
and compare your result with the NFA obtained on
\_ slide 56. )

Do this at home.
We will discuss this question next time.

9/2/2026 University of Kentucky 63



6. Regular Languages & Finite Automata

- Finite Automata

Algorithm: Transform a Finite Automaton to a Regular
Expression

Connect a new start state s to the start state of the FA
and connect each final state of the FA to a new final state f
as shown in the figure.

[Connect to start

Connect from each
State of FA

final state of FA

9/2/2026 University of Kentucky 64



6. Regular Languages & Finite Automata

- Finite Automata

(If needed, combine all multiple edges between the same
two nodes into one edge with label the sum of the
_ labels on the multiple edges. y

If there is no edge between two states, assume there is}
a P-edge.
(

.

» _.O A+B+C+D

start

'DOU'J-,

.

O O B O—7—O




6. Regular Languages & Finite Automata

- Finite Automata

Now eliminate each state k of the FA by constructing a

new edge (/, j) for each pair of edges (/, k) and (k, j)
where | # k and j # k.

\ J
New label new(i, j) is defined as follows:
[new(i, j)] = [o/d(i, j)] +[o/d(i, k) old(k, k)* old(k, ) ]
ﬂam ple: Remove edge A as well
l/’i’\("’ ____ A I \A N /\‘ A+ BC*D ‘ /\
N e

B D j ) becomes
P 47'\ \ )
C



Think of the process of eliminating state k as a

two-step procedure:

Put © here if
there is not a
direct edge
between i and
J originally

67




6. Regular Languages & Finite Automata

- Finite Automata

Example. Transform the following NFA to a regular expression. N
/"\ a

? D)
SI&II—-’&O b} ‘ (a+ab)*a ‘

J

Solution I (eliminate state 1 first):

N State 1 is a state between
state 0 and state f

State 1 is also a state
between state 0 and state 0

9/2/2026




6. Regular Languages & Finite Automata

- Finite Automata

Example. Transform the following NFA into a regular expression.

Solution I (eliminate state 1 first):
\a

O D@
(}@T‘ﬁ | (outer
|
r\/@> :loop of
:state 1)

Q

r
i
i
i
i
i
i
i
i
i
i
i
i
i
i
i
L



6. Regular Languages & Finite Automata

- Finite Automata
Example. Transform the following NFA into a regular expression.

Solution I (eliminate state 1 first):

| A aa A A B ‘ new(O,O):2+_g2
_‘—‘—‘ O, n )'gj—’@

.""""é ________ : \ G+ ab

. l 1 (outer | .' as

(inner @ | $ =

/clalZ)npegf | @ i loop of \)LD-\QK f.\\!

| ) f—— ™
state 0) | Q . | state 0) A a(ba*a)* \
| b :



6. Regular Languages & Finite Automata

- Finite Automata
Example. Transform the following NFA into a regular expression.

/"\ a
Stmt—{O/—j‘\l

Solution I (eliminate state 1 first):

‘ Then eliminate state 0 ‘

—————————




Slmpllfy @ (a+ab)*a(ba*a)*

‘ R(SR)* = (RS)*R

@ (at+ab)*(aba”)"a

‘ (R+S)* = R*(SR*)*
(3)—2(aba*)(aba) *a

‘ P
_ () —=2ilabara

‘ (R+S)* = R*(SR*)*

@ (a+ab)*a

So, regular expression of the given NFA : (a+ab)*a




Or, eliminate state 1 first, the
following way:

(a You can think of the given

- ¥~ a @ A @ NFA as an NFA of the
“%_ b following form

State 1 plays 2 ‘
oles her

[A midway state b/w

a b
A midway state ]
b/w 1 and 1

0Oand 0




Or, eliminate state 1 first, the
following way:




Or, eliminate state 1 first, the

following way:

a
@ Al 0 a(ba*a)

ab

Then ‘

a+ab

@ /\ @(ba*a)




Or, eliminate state 1 first, the
following way:

a+ab

@ /\ >%ﬁ(ba *a)
(Now eliminate state 0) ‘

@ /\(a+ab)*a(ba*a)*
_ \ 4

@ (a+ab)*a(ba*a)*

( Then use the process shown in slide
/2 to simplify (a+ab)*a(ba*a)* )




6. Regular Languages & Finite Automata

- Finite Automata
Example. Transform the following NFA into a regular expression.

N q State 0 is a midway state
- ‘ = = b/w state s and state 1
. l:s/ o .—Zﬁj»ﬁﬂ()
.. = State 1 is a midway state
-------- P b/w state 0 and state 0

(outer

: :
: :
: m ' Joop of
i i state 0)
| |
1 |



6. Regular Languages & Finite Automata

- Finite Automata

Example. Transform the following NFA into a regular expression.
(Ma

? a %

SI&II‘PKO/—Z)}/

Solution Il (eliminate state O first):

(_5_) JA :5 ZK)L’“ f//l new(s,1)=2+/_\(a+ab)*a

—_----




6. Regular Languages & Finite Automata

- Finite Automata

Example. Transform the following NFA into a regular expression.

7N A 4 /\\ A /f\\x
& b)\/ N/




6. Regular Languages & Finite Automata

- Finite Automata

Example. Transform the following NFA into a regular expression.

(Ma
}"< a ‘.I//—’\
Start —» \ - b}/
Solution Il (eliminate state O first):
i ; :/a 7 \\ A A ‘ Then eliminate state 1 ‘
bog \.{\ b )\/’—’l f ba*a

------------------- /O (a+ab)*a @ A @

-

-~ —
————————————

9/2/2026 neW(S f) (D+(a+ab) a(ba a)*/\ (a+ab) a (ba a)*




Or, eliminate state
following way:

O first, the

|/--\" a

You can think of the given
NFA as an NFA of the
following form




Or, eliminate state O first, the
followng way:




Or, eliminate state O first, the




Or, eliminate state O first, the
following way:

(D-Laxab)a % @

ba*a

@ (a+ab)*a(ba*a)*/
\ 4

@ (a+ab)*a(ba*a)*



- . This is exactly what
Slmpllfy: we got on slide 71 >

@ (a+ab)*a(ba*a)
‘ See slide 72

@ (a+ab)*a

( So we get exactly the same as the
one we got on slide 76 )

9/2/2026



End of Regular
Languages and Finite
Automata l|



H i nt On Q1 Of HW3 : (eliminating state 0 next)

You can think
of this NFA as
an NFA of the
following form

88



H i nt On Q1 Of HW3 : (eliminating state 0 next)

/7 ~ -y,

89



H i nt On Q1 Of HW3 : (eliminating state 0 next)

S ()8\3 /g\xx)‘

\ab/ \ba /7

—_—y

So, after eliminating

state 0, what should we
‘ have as the label of the
edge between state s
and state 17

T
D0
' 1
\ |

/

\\Qa’ / 90



H i nt O n Q2 Of HW3 : (eliminate state 2 first)

You can think
of this NFA as
an NFA of the
following form

91




H i nt O n Q2 Of HW3 : (eliminate state 2 first)

a r_J. —\




H i nt O n Q2 Of HW3 : (eliminate state 2 first)




H i nt O n Qz Of HW3 : (eliminate state 2 first)

| TN

O 0=-0 O

OSSN0 OO0
‘\ab’,' XXXX

Now, if we eliminate
state 2, what should
the label of the edge
between state 1 and
state f be?
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Closure Properties:

(R +3)* = (R*+ S%)* = (R*S*)* = (R*S)*R* = R*(SR*)*
Proof:

Obviously LHS € RHS.

On the other hand, if w € L((R* + S*)*) = L(R* + S*)* then there exists n €
N such thatw € L(R* + S™)", or there exist w; € L(R* + S*) fori=1, 2, ... n
such that w = wyw, «- w,,.

But L(R*+S*) = L(R*) UL(S*) and
L(R)*=L(R)°ULMR)ULR)? U ..
L(S*=L(S)°ULS)UL(S)? U ..

Hence, each w; € L(R)Y or L(S)%* for some ij oriy. Butthen each w; €
L(R + S)*.Consequently, w € L(R + S)".

So, RHS € LHS.



Closure Properties:

(R +S)* =(R* + S%)* = (R*S*)* = (R*S)*R* = R*(SR¥*"

Proof:
It is easy to see this by definition.

Note that L((R* + S*)*) = L(R* + S*)* = (L(R*) U L(S*))"
= (LR + LR + L(R)* + ) U LS® + LS + LS+ (1)

On the other hand, L((R*S*)*) = L(R*S™)* = (L(R*)L(5*))*= (L(R)*L(5)*)"
= ((LR)° + LR + L(R)? + - )(L(S)° + L(S)' + L(S)? + )" (2)

It is easy to see that Eq. (1) and Eq. (2) are equal ty definition.
So LHS = RHS.
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Closure Properties:

(R +S)* = (R*+ S%* = (R*S")* = (R*S)*R* = R*(SR¥)*

Proof:
First note that L((R*S)*) < L(R*S*)*.

On the other hand,
(R*S*)*= (R*S)Y+(R*S")1+(R*S*)*+ - (1)

For each (R*S*)! in (1), if the all the exponents of S are not zero, it is

covered by (R*S)*. However, if the exponents of S are all zero, it is not.
— But in such case, it is covered by (R*S)*R* (with the exponent of R*S

being zero). Hence, we have L(R*S*)* € L((R+S)*Rx).

So LHS = RHS.
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‘Closure Properties: ‘

[R(SR)* = (RS)*R ]

- Proof:
LHS = R((SR)*+(SR)*+(SR)*+ ...+ (SR)™ + ..)

= R(A+(SR)*+(SR)*+ ...+ (SR)™ + ..)
=R + R(SR) + R(SR)*+ ...+ R(SR)™ + ...
=R+ (RS)R+ (RS)(RS)R+ ...+ (RS)(RS) - (RS)R + ...

=(A+ (RS) + (RS)?+ ..+ (RSO™+ ..)R E—D
=(RS)*R times

= RHS

9/2/2026 University of Kentucky 98




	Slide 1: CS375: Logic and Theory of Computing
	Slide 2: Table of Contents:
	Slide 3: Table of Contents (conti):
	Slide 5: 6. Regular Languages & Finite Automata       - Finite Automata
	Slide 6: 6. Regular Languages & Finite Automata       - Finite Automata
	Slide 7: 6. Regular Languages & Finite Automata       - Finite Automata
	Slide 8: 6. Regular Lan|guages & Finite Automata       - Finite Automata
	Slide 9: 6. Regular Languages & Finite Automata       - Finite Automata
	Slide 10: 6. Regular Languages & Finite Automata       - Finite Automata
	Slide 11: 6. Regular Languages & Finite Automata       - Finite Automata
	Slide 12: 6. Regular Languages & Finite Automata       - Finite Automata
	Slide 13: 6. Regular Languages & Finite Automata       - Finite Automata
	Slide 14: 6. Regular Languages & Finite Automata       - Finite Automata
	Slide 15: 6. Regular Languages & Finite Automata       - Finite Automata
	Slide 16: 6. Regular Languages & Finite Automata       - Finite Automata
	Slide 17: 6. Regular Languages & Finite Automata       - Finite Automata
	Slide 18: 6. Regular Languages & Finite Automata       - Finite Automata
	Slide 19
	Slide 20
	Slide 21
	Slide 22
	Slide 23
	Slide 24
	Slide 25
	Slide 26
	Slide 27: 6. Regular Languages & Finite Automata       - Finite Automata
	Slide 28: 6. Regular Languages & Finite Automata       - Finite Automata
	Slide 29: 6. Regular Languages & Finite Automata       - Finite Automata
	Slide 30: 6. Regular Languages & Finite Automata       - Finite Automata
	Slide 31: 6. Regular Languages & Finite Automata       - Finite Automata
	Slide 32: 6. Regular Languages & Finite Automata       - Finite Automata
	Slide 33: Would the following approach work?
	Slide 34: Would the following approach work?
	Slide 35
	Slide 36
	Slide 37
	Slide 38
	Slide 39
	Slide 40
	Slide 41
	Slide 42
	Slide 43
	Slide 44
	Slide 45
	Slide 46
	Slide 47
	Slide 48: 6. Regular Languages & Finite Automata       - Finite Automata
	Slide 49: 6. Regular Languages & Finite Automata       - Finite Automata
	Slide 50: 6. Regular Languages & Finite Automata       - Finite Automata
	Slide 51: 6. Regular Languages & Finite Automata       - Finite Automata
	Slide 52: 6. Regular Languages & Finite Automata       - Finite Automata
	Slide 53
	Slide 54
	Slide 55: 6. Regular Languages & Finite Automata       - Finite Automata
	Slide 56: 6. Regular Languages & Finite Automata       - Finite Automata
	Slide 57: 6. Regular Languages & Finite Automata       - Finite Automata
	Slide 58
	Slide 59
	Slide 60
	Slide 61
	Slide 62: 6. Regular Languages & Finite Automata       - Finite Automata
	Slide 63: 6. Regular Languages & Finite Automata       - Finite Automata
	Slide 64: 6. Regular Languages & Finite Automata       - Finite Automata
	Slide 65: 6. Regular Languages & Finite Automata       - Finite Automata
	Slide 66: 6. Regular Languages & Finite Automata       - Finite Automata
	Slide 67
	Slide 68: 6. Regular Languages & Finite Automata       - Finite Automata
	Slide 69: 6. Regular Languages & Finite Automata       - Finite Automata
	Slide 70: 6. Regular Languages & Finite Automata       - Finite Automata
	Slide 71: 6. Regular Languages & Finite Automata       - Finite Automata
	Slide 72
	Slide 73
	Slide 74
	Slide 75
	Slide 76
	Slide 78: 6. Regular Languages & Finite Automata       - Finite Automata
	Slide 79: 6. Regular Languages & Finite Automata       - Finite Automata
	Slide 80: 6. Regular Languages & Finite Automata       - Finite Automata
	Slide 81: 6. Regular Languages & Finite Automata       - Finite Automata
	Slide 82
	Slide 83
	Slide 84
	Slide 85
	Slide 86
	Slide 87
	Slide 88
	Slide 89
	Slide 90
	Slide 91
	Slide 92
	Slide 93
	Slide 94
	Slide 95
	Slide 96
	Slide 97
	Slide 98


   L 1


   L 2


   L 1 ∪    L 2


   L 1


   L 2


   L 1    L 2


   L 1


   L 2


   L 1


   L 2


   L 1


   L 2


   L 1 ∗


   a 2


   a 2


   a n


   2 n


   L 1


   L 2


   L 1 ∪  L 2   ,     L 1  L 2  


   L 1 ∗  


   L 1


   f  1 i    


  i = 1 ,   2 ,   … ,    N 1 .


   L 2


   f  2 j  


  = 1 ,   2 ,   … ,    N 2 .


   L 1 ∪  L 2


   L 1  L 2


   L 1 ∗  


   f  1 i


   S 2


   f  1 i


   S 2


  Φ


  Λ


  Λ


  Λ


  ⊆


  w ∈ L  (    (  R ∗ +  S ∗ ) ∗ ) =   L (  R ∗ +  S ∗ ) ∗


  n ∈ N


  w ∈   L (  R ∗ +  S ∗ ) n


   w i ∈ L  (  R ∗ +  S ∗ )  


  w =  w 1  w 2 ∙ ∙ ∙  w n


  L  (  R ∗ +  S ∗ ) = L (  R ∗ ) ∪ L  (  S ∗ )


    L ( R ) ∗ =   L ( R ) 0 ∪   L  ( R ) 1 ∪   L  ( R ) 2 ∪   …


    L ( S ) ∗ =   L ( S ) 0 ∪   L  ( S ) 1 ∪   L  ( S ) 2 ∪   …


   w i ∈   L  ( R )   i j  


    L ( S )   i k


   i j


   i k .


   w i ∈   L  ( R + S ) ∗ .  


  w ∈   L  ( R + S ) ∗


  ⊆


  L  (    (  R ∗ +  S ∗ ) ∗ ) =   L (  R ∗ +  S ∗ ) ∗ =   ( L  (  R ∗ ) ∪ L  (  S ∗ ) ) ∗


  =   (  (   L  ( R ) 0 +   L  ( R ) 1 +   L  ( R ) 2 +   ∙ ∙ ∙ ) ∪  (   L  ( S ) 0 +   L  ( S ) 1 +   L  ( S ) 2 +   ∙ ∙ ∙ ) ) ∗


  L  (    (  R ∗  S ∗ ) ∗ ) =   L (  R ∗  S ∗ ) ∗ =   ( L  (  R ∗ ) L  (  S ∗ ) ) ∗ =   (   L  ( R ) ∗   L  ( S ) ∗ ) ∗


  =   (  (   L  ( R ) 0 +   L  ( R ) 1 +   L  ( R ) 2 +   ∙ ∙ ∙ )  (   L  ( S ) 0 +   L  ( S ) 1 +   L  ( S ) 2 +   ∙ ∙ ∙ ) ) ∗


  L  (    (  R ∗ S ) ∗ ) ⊆   L  (  R ∗  S ∗ ) ∗ .


    (  R ∗  S ∗ ) ∗ =     (  R ∗  S ∗ ) 0 +   (  R ∗  S ∗ ) 1 +   (  R ∗  S ∗ ) 2 +   ∙ ∙ ∙


    (  R ∗  S ∗ ) i


     (  R ∗ S ) ∗


    L  (  R ∗  S ∗ ) ∗ ⊆ L ( (R∗S)∗R∗


  R


    ( S R ) 0 +   ( S R ) 1 +   ( S R ) 2 +   … +      ( S R ) n +   … )


  R


  +   ( S R ) 1 +   ( S R ) 2 +   … +      ( S R ) n +   … )


  R + R  ( S R ) + R   ( S R ) 2 +   … + R    ( S R ) n +   …


  R +  ( R S ) R +  ( R S )  ( R S ) R +   … +  ( R S )  ( R S ) ⋯  ( R S ) R +   …


   ( Λ +  ( R S ) +    ( R S ) 2 +   … +    ( R S ) n +   … ) R


    ( R S ) ∗ R

