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Regular Languages & Finite Automata

- Regular Languages
Goal:

Try to answer the question: “can a machine
recognize a language?”

read/write head Input string

EEEENZNIRSEDIsS2AdEEERE

— Ifthe answer is YES, then|what kind of lanquages
can be recognized by what kind of machines)?

9/2/2026 University of Kentucky

A smart machine ]




Discrete,
not
continous

Remember these:

First, the language must be a DIGITAL language
(Otherwise, the language has to be DIGITIZED).

Second, the machine must be a DIGITAL machine,
I.e., the machine must use a digital process to
__read/execute the language.

No digital process, No computer!
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-, . h
A description, not a representation.

Regular Languag( we need something like: a*bba*

, J
Problem:
/Suppose the input string trings over the \
alphabet {a, b} that cont exactly one substring
bb, i.e., the strings are of/he form
{ xbby A
where x, y: strings over {a, b} that do not contain

4§bb, x does not end in b, and y does not begin with b/

Question: [how to represent the strings formally? ]

9/2/2026 6



For us, not for

Remember these: e machie

Description :a setprlatoments

Representation : a form that carries a
specific internal structure. E.g. x*

—90, is ‘xbby’ a representation?
Yes, but not precise enough. Why?

Can you tell the internal structure ]/ 7
I F x by JOoKi jt2




Regular Languages:  [setofsiings overa |

\

A reqular language over alphabet A is a Ian_anqe

constructed by the following rules:

single-letter words

\

'+ ¢ and {/\} are regular languages. ]

Means you can have

|

7~

\

 {a} Is a reqular language for all a € A. ]

(< If Mand N are regular languages, then so are}

7\
r
Means you can
have multiple-

word/sentence

\/anguages Y

My N, MN, and M*
. J J
N\

Means you can
have multiple-
letter words
and sentences

Means you can have
everything above

]

]| concatenations of strings from M

closure of M: all possible




Regular Languages: [setorstringsovera |

\

A reqular language over alphabet A is a Ian_q\uaqe
constructed by the following rules:

'« ¢ and {/\} are regular languages. ] :

Z  {a} Is a reqular language for all a € A. ] _/l

(< If Mand N are regular languages, then so are ;
L MUN, MN, and M* :
]

—_—_—_—_—__—_—_—_—_—_—_—_—_—__'

‘lnduction ‘
M* = U M

9/2/2026



Why do we need an empty set and
an empty string?

A set with three elements has how many
subsets?

Eight (one of them is the empty set)

A string with three letters has how many
substrings?

Eight (one of them is the empty string)




Regular Languages:

Example. Regular languages over A = {a, b}:

[@, {N\}, {a}, {b}, {a, b}, {ab}, {a}*={A, a, aa, aaa, ...} ]

A regular expression over A is an expression
constructed by the following rules:

* @ and A are regular expressions. |
— + ais a regular expression for all a € A. |
 « If Rand S are regular expressions, then so are ]

representation ‘

(R, R+S, RS, and R™
9/2/202 niversity of Kentucky 11

doRﬁrst] R or S

.




Remember these:

Language = set of strings

Expression
= (format) representation
— = general representation
= symbolic representation



Set vs Expression

Set = UK employees and students
Expression (format) :

UK ID number | Date of birth

Set element:

John Smith 912373436 20050606

9/2/2026 University of Kentucky
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Set vs Expression

The set of polynomials in the variable x
={2 + 3x — 11x2, 49 + 6x3 + 5x7, ... )

Or

={f) | f(x) = ay + a;x + a,x* + -+ a,x™ for
some non-negative integer n and ay, a4, a,, ..., ay,
are real numbers }

9/2/2026 University of Kentucky 14



Set vs Expression

i(x) +9(x) =7 f(x)g(x)=7? 1x)"=7

You can use real polynomials to show
the addition, multiplication,
subtraction ... of polynomials.

‘But it is more general to use symbolic
representation to explain the addition,
multiplication, subtraction ... process.



Use symbolic representation
to define addition, ...
If f(x)=ay+ax+-+a,x"

gx)=by+bx+--+byx"+--+ b, x™

and m 2 n, then f(x) + g(x) =7

Convert f(x) to a degree m polynomial

and then perform coefficient addition for
terms with the same exponent.

9/2/2026 University of Kentucky



So, why do we want to study
reqular expressions?

Because dealing with languages (sets) directly is a
very time consuming process.

( Note that most of the practical reqular languages are
infinite sets. Dealing with infinite sets directly means
we have to list those sets explicitly, a very time
\consuming (and actually impossible) process. Y
(On the other hand, if we deal with reqular expressions\
of reqular languages instead, we only have to list a few
representations (format or symbolic descriptions), a
\/nuch simpler process. y




Regular Languages:

Another way to understand expression:

[(1) ® is a regular expression of the empty language. ]

[(2) /\ is a regular expression of {/\}. ]

[(3) For any symbol a, a is a regular expression of {a}. ]

If Ra and Re are regular expressions of Ianguages\

A and B, then Ra+Re is a regular expression of
A U B, RaRs is a regular expression of AB, and
Ra* Is a reqular expression of A*. )

9/2/2026 University of Kentucky 18




Regular Languages:

fNot a reqular ]

expression of {0}{1} J

Examples:

011: re Xpression of {O}{1}{1}.:

. 0+1 regular expression of {0,1}.

- (0+1)* : regular expression of {0,1}*."

I- Remark: (0+1) is also considered a regular }

expression of {0, 1}.

9/2/2026 University of Kentucky



Regular Languages:

The hierarchy in the absence of parg&heﬁses IS:
- /|a+b-a* ~(a+(b-(a)) =a+ba’]

Juxtaposition will be used in place of " .

Example. The following expressions are a sampling of
—the regular expressions over A = {a, b}: - N

. A :expression
@, N\, a, b, ab, a+ab, (a+b) *'] {{A}language
q . J

.

9/2/2026 University of Kentucky 20




Regular Languages:

expression | [ set | Expression ] Lele/_nent]

Reg |ar expyAssions vs regul anguag/
by th\ |followjjg correspondence,\ there L(|/) denotes

the re jular ljinguage of the regula expreSC/on R .

\ \

L(o)=0] (L(A)={A}]
| L(a) ={a} foralla €A |L(R+S)=L(R)uUL(S)]
_t L(RS) = L(R)L(S), ] :L(R*) =L(R)* ]

9/2/2026 University of Kentucky 21



Regular Languages:

Example. [ (ab + a*) represents the following regular language:

L(ab+a*)=L(ab)u L(a”) L(R+3S)=L(R)u L(S)
=[(a)L(b) U L(a)* L(RS) = L(R)L(S), [L(R*) = [(R)*
={a}{b} U {a}* L(a) = {a}
={ab} U {/, a, aa, aaa, ..., a_

={ab, A, a, aa, aaa, ..., g~ ...}

I'set of all possible
strings over {a, b}
Example. L((a + b)*) gzepresents the following regular lan e:

L((a+b)’)=(L(a+b))"=(La)UL(b))"=({a}U{b})"=1{a, by"

9/2/2026 University of Kentucky 22




Is this statement true?

A language can be represented by a
reqular expression if and only if that
language Is a reqular language.

Question: can you find a reqular
expression for {a"b™ |n e N }?

1

Firstofall, is B={a"b"™ |n € N } reqular? No
AndisA={a™ |n € N} reqgular? ves




Why?

A={a" | ne N}
={\, a, aa, aaa, ..., a", ... }
So A = {a}*.

B={a"b" |n€eN}
={\, ab, aabb, ..., a"b", ... }
7 {ab}”
# {ay{b}”
Is there a reqgular expression for B?




Joke for today:

Me: The new girl in our neighborhood smiled
at me today!

Wife: Be careful, she has Covid.

Me: What”? How do you know??

| Wife: Can’t you see she has no taste?

So, what conclusion can you draw here?

The wife has no taste either. ”



Any possible
combinations of strings
from a* and (ba

Regular Languages:

@ack to the Problem: Suppose inpyt stripgs are strings over
the alphabet {a, b} that contain exacfly ong substring bb. That
IS, the strings must be of the form

xbby

where x and y are strings over {a, bf that do not contain bb,
x does not end in b, and y doeg nodt begin with b.

How can we describe the se hese strings formally?

—Solution: letx=(a + -/, and y=(a+ab)*
L((a+ba)") =(L(a+bgdly = (L(a)UL(ba))

=({g}U{ba}) ={a.ba}’

={A,a.ba, aa. aaa,---.d".---. baba.---,(ba)",---, aba,---}




Write these down:

x could be © or A ]

e

A: a set

AzA UA1UA2 U AU -
é(b A' U A? .- U A" U
\

x . a Stringg€ould be a single-letter string)

\

xO\Jxlu x2U x3 U -
]

A/:U xlu x2uU x3 U -

U x*y -.-
U x*y --.-

9/2/2026
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Regular Languages:

Back to the Problem: ..........................

where x and y are strings over {a, b} that do not contain bb,
x does not end in b, and y does not begin with b.

[ How do | know that x =(a + ba)* ? ]

/ \
X =|a x=aax=aaa
x=aaaaaa aa

[So each x is composed of elements from {a}* or/and {ba}* ]
(note that x could be equal to )




Regular Languages:

Question:
x = (ba)*  ?

No, because it does not cover strings like
a, aba, ababa, .....

or

dd, ddd, dddad, .....

29



Regular Languages:

Question:

X = (aba)* ?

No, why? abaaba abagbaaba 1

—— L((aba)*)={A, (aba)?l, (aba)?, (aba)3, ..., (aba)™, ...}

does not cover strings like a, aa, ..., ba, baa,
..., ababa, abaaaba, .....

30



Regular Languages:

Quiz. Find a regular expression for
( {ab"IneNpu{ ba" |neN. ]
Answer. ab*+ba*

Quiz. Use a sentence to describe the language of
| (b+ap)A+a). |

— Ahswer. All strings over {a, b} whose substrings of a's have
length 1.

(or, all strings over {a, b} that do not contain the
substring aa)

9/2/2026 University of Kentucky 31



Regular Languages:

Quiz. Find a regular expression for
[ {ab"IneN}U{ bg" |nEN}. |
Answer. | ab* + ba* | Why?

L(ab*™ + ba*) = L(ab™) + L (ba”)
=L(a) L(b*) +L(b) L(a*)
=L(a) L(b)" +L(b)L(a)

={a} {b}” U {b} {a}*
={ab™|n €N} U {ba™|n €N}

9/2/2026
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Regular Languages:

Quiz. Use a sentence to describe the language of

. ~| (p+ab)y(A+a). |

ANsWer. ( aj strings over {a, b} whose substrings
_of a's have length 1

r( or, all strings over {a, b} that do not ] Why?
\ __contain the substring aa )
. /= (b +ab)*\ + (b + ab)*a intuitively A
=(b+ab)* + (b +ab)*a
\ \>
b*(ab)* b*(ab)*... ‘/\ ‘ ‘ b*(ab)*b*(ab)*... ‘a

)




Strings in the language of (b + ab)*(A + a) :

(b +ab)*(A+a)=(b+ab)*\ + (b + ab)*a

- -

b ba

ab aba

bab baba

_ bbab bbaba
bbabab bbababa

......... b R o=

34



How should this How should this
Re part be modified? ges: part be modified?
\

We just proveq /at:

The following is an| kpression fo strings over {a, b} that do )
not contain the s\/bstring aa:

(b +ab)* (\ +a

.
”~

Question:

What is an expression for all strings over {a, b} that do not
ntain the substring aaa ?

Examples . ‘ babaaba ‘ ‘ babaah

Answer: (b +ab + aab)*(/\ + a + aa

38
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Regular Languages:

Known Results:

1. regular expression for strings over {a, b} with exactly
one “a” ?

b*ab*™
2. exactly 2 a's ? 7
b*ab*abp* = exponent of b could J
Lbe 0

3. exactly 3as ?
b*ab*ab*ab™

9/2/2026 University of Kentucky 39



Is this part necessary?

Regular Languages:g

J

Known Results:

4. regular expression for strings
number of a’'s ?

Answer:

9/2/2026

(b*ab*ab*)*(b

University of Kentucky

r {a, b} with even

40



(b*ab*ab”)

/ l Is this part necessary? ]

(b*ab*ab*)*
covers A, (b*ab*ab*), (b*ab*ab*)?
(b*ab*ab*)3, ...

___butnot b*
such as b, bb, bbb, ...
These strings also satisfy the requirement.

9/2/2026 University of Kentuc ky 41



Regular Languages:

Known Results:

4. regular expression for strings over {a, b} with even A
number of a's ?
N (b*ab*ab*)*b* (or, b*(b*ab*ab®) ) |,
(Question: A
What is a regular expression for strings over {a, b} with odd
number of a's ?
\_ y

|Would (b*ab*)* work? | [No |

9/2/2026 University of Kentucky 42




What is a regular expression for strings over
{a, b} with odd number of a's ?

|\Would (b*ab*ab*)*ab* work?

1s(beb or(bDab covered by this regular |
'expression: |

|\Would (b*ab*ab*)*b*ab* work? |
YES

|Or, b*(b*ab*ab*)*ab* ? | .




Algebra of Regular Expressions:

Equality: If L(R)=L(S), we say regular expressions R
and S are equal and write R =S

Examples.[a+b=b+a,] [a+a=a]

L(a+b) @b} - {@ L(b+a)
L) €a.a) - @) L)

9/2/2026 University of Kentucky 44




Why do we want to study regular
expression algebra?

Because studying relations between reqular
languages directly is a very complex and big job.

Most regular languages are infinite sets. Studying
relations between regular languages directly means
we have to deal with union, intersection,
concatenation, ... of infinite sets. Big job.

On the other hand, if we instead study relations
between reqular expressions, we only have to deal
with addition, concatenation, ..., of a few
representations (formulas), a much smaller job.



Algebra of Regular Expressions:

‘Remember: a*=A+a+ a’*+a3+ - ‘

[Equality: If L(R)=L(S), we say Regglar expressions}
R and S are equal and write R =

Examples.
L(aa*)=L(a) L(a)* ={al{al* ={a' |i € &@

= 5at*ia? =L(a)" L(a) = Lga*ajz
L(ab) = L(a)L(b) = {a}{b} = {ab}

# {ba} = {bi{a} = L(b)L(a) = L(ba)




Algebra of Regular Expressions:

{ Properties of +, -, and closure ]

+ IS commutative, associative
® is identity for +,and R+ R =R.
e ——

- is associative, A is identity for -, 1 2T "

and © is zero for -

| a+r=R
- RRAzR |
- distributes over +
®R =Rd = d ‘
R

(S+T) =RS + RT ‘




aquils Xpressions:

However, RR # R

L(R+R) = L(R) U L(R) = L(R)

(R+S)+T = R+(S+T) L((R+S)+T)=L(R+S) U L(T)
=((L(R)UL(S)) U L(T)
=L(R)U (L(S)U L(T))
9/2/2026 University of Kentucky — — [ (R + (S +T) ) 48



™ =
Needed in slide 53 I0ONS:
(number at lower right ]
corner)

Algebra of Rec

J

Properties of - :

L(R@) = L(R)L(p) = L(R)p = ¢ = L(9)

L(RA)=L(R)L(A) = L(R){A} = L(R)
(RS)T = R(ST) L((RS)T) =L(RS)L(T) = (L(R)L(S)) L(T)
N =L(R) (L(S)L(T))
= L(R)L(ST)

=L(R(ST))

9/2/2026 University of Kentucky 49



Algebra of Regular Expressions:

Distributive properties: l

LR(ST) LA

=L(R)(L(S) U L(T))
= [(R)L(S) U L(R)L(T)
= [ (RS) U L(RT)

— = (RS + RT)

9/2/2026 University of Kentucky
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Algebra of Regular Expre

Needed in slide 54

| (number at lower

‘ Closure Properties: | right corner)

[o* =N =A. ]
[R*=R*R*=(RY)*=R + R* |

(")

=(R+R’+ ... +R* )*=A+R+R*+ ...+ R +R'K ]

for any k = 1.
R*R = RR*. &)

— R + S)* — (R* + S*)* — (R*S*)* — (R*S)*R* — R*(SR*)*. (***)
R(SR)* = (RS)*R. N ()
(R*S)*=A+(R+S)*S and (RS*)*=/+R(R+ )\ Neededin )

d(rR+s)*s*=(R+s)* | (77 by
corner)

Y,




Algebra of Regular Expressions:

CIOjure *ro erties: Skip the next
0* = N\N* =\ 2 slides

Proof: ®* = %y 1 Uy % U -
:@ucbucbu---:A

A=A UATUA? U

@uAUAu = A

9/2/2026 rsity of Kentucky 52




Needed in slide 54 h

AIgEbra Of Regl"ar Expre (number at lower

right corner)

Closure Eroaerties: | V/

|R*=A+R*=A+RR*=(A+R)*= (A +R)R*

Proofof R*=AN + RR*.

L(A+RR*) =L(A) A} U L(R)' ULR) U---
=L(R)*. \
Proof of R*= (/A + R)R* \

9/2/2026 55




Algebra of Regular Expressions:

L(R)IL(R)*=L(R) (L(R)® U L(R)! U L(R)? U --)

=L(R){A}U L(R)* U L(R)* U )

= L(R)' U L(R)? UL(R)3 -

=L(R)"




Algebra of Regular Expressions:

Closure Eroaerties: |

| R*=A+R*=A+RR*=(A+R)*= (A + R)R*
Proof of R*= (A + R)*.
Need to show that L(R)*™=L(A + R)™= (L(A\) U L(R))*.
One direction is obvious. Since L(R) — L(A) U L(R), we have
L(R)*< (L(A) U L(R))*. On the other hand, if x € (L(A)UL(R))"

then x€ (L(A)UL(R))" for some me N. Hence, for each

— 1<i<m,Jx, € LAN)UL(R) such that x =xx, ---x, . Without

loss of generallty we can assume that x; # A for each I. But
thenxe L(R)" C L(R) Hence, we also have

(LAULR) C L(R)'.

9/2/2026 University of Kentucky 57




Algebra of Regular Expressions:

Explain each inequallity.

1). (a+b)*#a*+b* |[(2) (a + b)* # a*b*

Answers. (1) ab € LHS,but not RHS
(2) ba € LHS,but not RHS

Simplify regular expression[aa(b* +a) + a(ab* + aa). ]

Answer. aa(b*+ a) + a(ab™ + aa)

= ga(b™ +a) + aa(b™ + a) <. distributes over +

= aa(b* + a) < R+R=R

9/2/2026 University of Kentucky 58



Algebra of Regular Expressions:

‘ Example. Show that (a +aa)(a+b)*=a(a+b)" l

Proof I: Slides 42 ]
(a + aa)(a + b)* = (a + aa)a’(ba*)* oAt
"S~(R + S)* = R*(SR*)*

= a(/\ + a)a*(ba*)* <«—R = RA and - distributes over +

= aa*(ba®)* (A + R)R* = R*
=a(a+b)* «— (R + S)* = R*(SR*)*
QED.

Skip the next 9 slides | -



Example. Show that
(@a+taa+...+a")a+b)*=ala+b)” foralln=1.

Proof (by induction): If n = 1, the statement becomes
a(a+b)*=a(a+b)*, obviously true.
If n = 2, the statement becomes
(a +aa)(a+b)*=a(a+b)*, true by a previous
example (slide 60).

Assume the statementis true for T<k<n (n>2).
We need to prove the statement is true for n.

9/2/2026 University of Kentucky 69



Example. Show that

(@+aa+..+a" )a+b)*=ala+b)* forall n = 1.

Proof (conti.): The LHS of the statement for n is
(a+aa+..+d )(a+hb)*

=a(a+b)*+(@aa+..+a" )(a+b)* - distributes over +

A

—ala+b)"+ a|(a +aa+..+ a"'l)(a + b)*| - distributes over +

=afa+b)*+ a‘a(a +b)*
=(a+aa)a+thb)”
=afa+b)*

= RHS.

9/2/2026

induction assumption

- distributes over +

induction assumption

This is why n must
be bigger than 2

70



End of Regular
Language and Finite
Automata |
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   M ∗ =   ⋃  i = 0 ∞   M l


  { 2 + 3 x − 11  x 2 ,     49 + 6  x 3 + 5  x 7 ,   …                   }


   {   f  ( x )   |   f  ( x ) =    a 0 +  a 1 x +  a 2  x 2 + … +  a n  x n


  n


   a 0 ,    a 1 ,    a 2 ,   … ,    a n


  }


  If         f  ( x ) =    a 0 +  a 1 x + … +  a n  x n


    g  ( x ) =    b 0 +  b 1 x + … +  b n  x n + ⋯ +  b m  x m


      a n  b n


  n ∈


      a n  b n


  n ∈


      a n


  n ∈


   a n


   a n


      a n  b n


  n ∈


   a n  b n


  ≡    A  0   ∪    A 1 ∪    A 2 ∪    A 3   ∪   ⋯   ∪    A n ∪   ⋯


  ≡     ∅   ∪    A 1 ∪    A 2 ∪    A 3   ∪   ⋯   ∪    A n ∪   ⋯


   x ∗ ≡    x  0   ∪    x 1 ∪    x 2 ∪    x 3   ∪   ⋯   ∪    x n ∪   ⋯


  ≡     Ʌ     ∪    x 1 ∪    x 2 ∪    x 3   ∪   ⋯   ∪    x n ∪   ⋯


     ( a b a ) 1


     ( a b a ) 2


     ( a b a ) 3


     ( a b a ) n


  a  b n    |   n   ∈ N   }     ∪      { b  a n   |   n    


   (  b ∗ a  b ∗ a  b ∗ ) ,


    (  b ∗ a  b ∗ a  b ∗ ) 2 ,                                         (  b ∗ a  b ∗ a  b ∗ ) 3


   b ∗  


   a i   |   i   ∈    N +


   a ∗ ≡   Λ + a +    a 2 +  a 3 +   ⋯


  Φ + R = R


  ≠ R


  Λ R = R Λ = R


  Φ R = R Φ =   Φ


   Φ ∗ ≡  Φ 0 ∪  Φ 1 ∪  Φ 2 ∪ ⋯


  = Λ   ∪ Φ ∪ Φ ∪ ⋯ = Λ


   Λ ∗ ≡  Λ 0 ∪  Λ 1 ∪  Λ 2 ∪ ⋯


  = Λ   ∪ Λ ∪ Λ ∪ ⋯ = Λ


   


    L ( R ) 0   ∪     L  ( R ) 1   ∪     L  ( R ) 2   ∪   ⋯ )


  ∪     L  ( R ) 1   ∪     L  ( R ) 2   ∪   ⋯


      L  ( R ) 1   ∪     L  ( R ) 2   ∪   L  ( R ) 3   ⋯  


    L ( R ) +


  ∈ L H S ,   but   not   R H S


  ∈ L H S ,   but   not   R H S


   a n


   a n

