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Method of Least Squares

Computer aided data collections have produced tremendous amount of
data that are impossible to understand without some sort of post-
processing

Given a set of data x|lxzg|lx1] | Tm

YiYo | Y1 | | Ym

If we assume that the data form a linear functional relation, we can write

the function as
y=ax+b

With the coefficients @ and b to be determined
For each pairs (x;,y;) we can request
yi=ax;+b

Fori=0,1,..., m. Note that, if m > 1, we have more than two linear
equations to determine just two unknowns



Least Squares Fit
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Many sample points, which may be inaccurate. Not good for
interpolation.



Over-Determined System

In general, we have more equations than unknowns. There is no exact
solution to the problem. However, we could determine a solution that
minimizes the total error

Suppose the linear equation is given as

y=ax+b

If the point (x;,) is on the straight line defined by the function, we have
y;i—(ax;+b)=0

In most cases, a point (x;,p;) is not on the line, we have

Fori=0,1, 2,..., m. |r]is the curve fitting error



Minimize the Errors

Most sample points are not on the curve. Hopefully the total distance
between the sample points and the fitting curve is minimized.



Minimizing Total Error

One can reason that if the sum of the errors is minimized, the data
should fit the line as best as it can

The total error can be represented as
m m
2| = Ylax, +b— ;|
k=0 k=0

We can minimize the above functional to select the coefficients a and b.
This can be solved by the techniques of linear programming

This is an /1 approximation (1-norm approximation)

The shortcoming of this formulation is that the function of the total error
is not differentiable. Many tools in calculus may not be used



Method of Least Squares

An alternative is to minimize a different error function

b(ab)= 3 (ax, +b—y,)’
k=0

which is continuously differentiable

This is also called an I, approximation. Itis a special case of the lp
approximation with the lp norm is defined as

n 1/p
I P R
i=1
where x = (X, X5,..., X,))! is an n dimensional vector

From statistical considerations, if the errors follow a normal probability
distribution, the minimization of ¢ produces a best estimate of a and b



How to Compute a Minimum

We use a technique in calculus to determine the extreme point of a

function
B_, P_,
oa ob
This gives us two equations
k=0
> 2 +b— =0
o (a x; Vi)

They are called the normal equations and can be written explicitly as

( m \ m m
\kz=:0 xlf )a * k§=:0 Y b= k§=:0 Vi
(m \ m

2 +\m+1)b= X
\kzﬂxk)“ (m ) k=0yk

which can be solved for a and b



Least Squares Solution

The solution of the previous two-by-two linear system can be solved as

+1) 2 —| 2 >
_(m )kzoxkyk (k_oxk](k_o.)’kﬂ

(&t o (&) £

m m 2
d=(m+1) X x,f—( > xk)
k=0 0

Where

Lots of simple computations

Linear Example
z|1.0]2.0|2.5|3.0
Y |3.7|4.1 |4.3 | 5.0




Least Squares Fit

The data in the previous slide lead to

20.25a + 8.5b = 37.65

8.5a+4.0p=17.1

which can be solved fora = 0.6 and b = 3.0

Linear beast squares fit
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Nonpolynomial Example

We can fit a table by a nonpolynomial function
2|0.24| 0.56 | 0.95 | 1.24 |...|2.772.99

¥ |0.23]| —0.26 | —1.10 | —0.45 | --- | 0.56 | 1.00
alnxz + b cosx + ce®

Nonpolynomial least squares fit
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Basis Functions

A general least squares fitting can be written as
n
y=Z c;8,x)

In which the functions g,(x),g(x),...,g,(x) are called basis functions.
They are known and kept fixed

Given a set of data (x;,y,), we want to find the values of ¢; to minimize
the total error as

P(CysCps..5C,) = g {

n 2
R 2 cjg,-(xk)—yk}

J=0

We again set the partial derivatives to be zero

%=0 0<i<n)
oc;
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Basis Functions (Il)

The partial derivatives are for0<i<n

op ™" z
oc; S ZLEO €85 X) = i }g,- )

Setting them simultaneously zero, we have

M s

0.ngi(xk)

j=0| k= k

> [ gog,-(xk)g,-(xk)}c,- -

This is the normal equation, which is a system of linear equations with
unknowns CO, cl,..., Cn

The coefficients of the linear system are
m
a; = kzogi(xk)gj(xk)

The coefficient matrix is nonsingular if the basis function
20(%),g(x),...,g,(x) are linearly independent. The basis functions
should be appropriate for the problem in question and make the
resulting coefficient matrix well conditioned

13



Orthonormal Basis Functions

Given a set of basis functions {g,g,...,2,}, the set of all functions that
are linear combinations of the basis functions are
n
G ={ g: such that g(x)= ]Eocjgj(x) }
We are looking for a particular g(x) € G such that the fitting total error
is minimized

Any n + 1 functions that are linearly independent can be used as basis
functions. Different choices of basis functions make the normal
equation

M s

g [ g gi(xk)gj(xk):|cj = Oykgi(xk)

k

For 0 <i<mn, easier or more difficult to solve
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G 5 <is Funchions]

We say a basis {g.g;,---.2,} has the property of orthonormality if

; oyt =
k=0gi(xk)gj(xk)— i~ i%j

In this case, the normal equation is simplified as
m
c;= kgoykgj(xk) (0<j<n)
which can be evaluated straightforwardly

The Gram-Schmidt procedure can be used to orthonormalize a given basis
in order to have the above property. This procedure may be expensive

We can also choose some basis functions so that the coefficient matrix is
easy to solve, not necessarily as an identity matrix

15



Polynomial Basis Functions

Consider G as the space of all polynomials of degree < n. We naturally

choose )
g()(x):19 gl(x)=x, cees gn(x):x

Any polynomial in G can be represented as

g(x)=Z ¢;g;(x)= X ¢;x’
j=0 =0

J

The simple basis is, however, not very good, since they are too much alike

Assume we have the data restricted in the interval [-1 ,1] with

—-1=xy<x < <-<x, =1

We can define a set of Chebyshev polynomials that form a good basis

16



Orthogonal Polynomials

-0.5 1

Orthonormal basis polynomials associated with the Legender polynomials
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Chebyshev Polynomials

The first few Chebyshev polynomials are
T,(x)=1, T;(x)=x, Ty(x)=2x>-1
Ty(x)=4x> —3x, T,(x)=8x"-8x%+1
The Chebyshev polynomials can be generated recursively as
T;(x)=2x T (x)-T;5(x)  (j22)
They can also be written as

T, (x) = cos(k arccos x)

A function can be represented as a linear combination of the Chebyshev
polynomials

f(x)= jEOCjTj(x)

A function f{xx) written as a linear combination of the Chebyshev
polynomials can be evaluated efficiently

18



Chebyshev Polynomials
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The first few Chebyshev polynomials
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Evaluating Chebyshev Polynomials

To evaluate f{(x) for any given x in
n
f(x)= jEOCjTj(x)

We use a backward recursion procedure

W+2:\Nn+1:O

n

N

T (X) =W, —xw,

The Chebyshev polynomials are defined on the interval [-1,1], we would
also like the abscissas {x;} to lie in the interval [-1,1], i.e., min{x,} = -1
and max{x,} = 1. If they lie in a different interval [a,b], we can use a
transformation

1 1
x=—(b—a)z+ _(a+b
,b—a)z+_(a+Dh)

to map the interval [-1,1] onto [a,b]
20



Evaluating Chebyshev Polynomials

f (X) — ZCjTj (X) - Z(Wj - 2XW]+1 +Wj+2)Tj

— ZW T. ZXZ w,, T, + ZWHZT
n+1 n+2

:ZWT ZXZWJ Jl+ZWJ.TJ._2
j=2

>

w,T, ZXZWJ Jl+ZH:WJ.TJ._2

j=0

=W, T, +WT, +ZWT — 2XW,T, — ZXZWJ J1+Zn:ijj_2
j=2

=W, + XW, — 2XW1 + ZWJ (TJ - ZXTJ'_1 +Tj—2)

j=2
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Algorithm of Polynomial Fitting

1. Find the smallest interval containing all x, with @ = min{x,} and
b = maxix,}

2. Make a transformation to the interval [-1,1] using the map

2x, —a->b
kT b—a

0< k < m)

3. Decide on the order of the polynomials, around 8 or 10

4. Using the Chebyshev polynomials as a basis, generate the
(n+1) %X (n+1)normal equations

S| T T,(z)T S T
j=0|:k=0 l(zk) J(zk):|cj k=0yk l(zk)

for0<i<nm

22



Algorithm (ll)

5. Use an equation-solving routine to solve the normal equations for
coefficients ¢, ¢y,..., ¢, to obtain the function

n
f(x)= jEOCjTj(x)
6. Transform the function back to the original variable as
2x—a-b>b
)
—a

The computational extensive part is to form the coefficient matrix of the
normal equation Ac =b, let 4=(a;)g.uxo., and b= (b;),.,

“ij =k2=:0]}(zk)Tj(zk) (OSi,an)

b= X »iTi(z) (0sisn)

Specific procedures are detailed in book

23



Polynomial Regression

Assume the data collected contain errors, the procedure for smoothing
data is to remove the experimental errors as much as possible

Smoothing data is different from interpolation, since the latter assumes
that the data are accurate

Given a table of experimental data

z|xo|x1 |- | 2m
y|lyo |y |- |ym

We want to find a polynomial that represents the original data features

N :
Py(x)= X a;x'
i=0

We have
! Vi =Py (x;)+¢; 0<i<m)

where g; is the observational error in y;

24



Polynomial Regression (ll)

We can use the method of least squares through solving a system of normal
equations to determine P, (x). A quantity call variance
2 1 2 2
Op ="+ §O[J’i - pn(xi)] (m > n)

m-—ni

can be computed to see how good the approximation is

If the original data really represent a polynomial of degree N with noise,

then 2 2 2 2

2 —- — _
0-0 >O-1 >"’>O-N—O-N+1—“‘—O-m_1

We can compute 6%, 6,2, ... until we see for some N that 6,? = 65,,> =
Gniy” = ..., then we chose the polynomial Py as the one representing the
original data trend

The drawback is that we need to compute p,, ps5---

20



An Example of Regression

=

YW= 35410 + 11 262 - 595%

F-squared = B17

A relationship between the hours studied and the test scores
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Inner Product

Let two functions fand g whose domains contain {x,, x;,..., X,,} We
define

f28)= T fG)g(x)

as the inner product of the functions fand g

An in

S
S
A
v

ner product ¢,*» of two functions has the following properties

g =g/

f)>0 unless f(x;)=0 for all i

a f,g)=a(f,g) where ais a scalar

g+h>=<f, > <f9h>
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Orthogonal Polynomials

A set of functions is orthogonal if <f,g> = 0 for any two different
functions in the set

We can generate a set of orthogonal functions as
(qp(x) =1
q,(x)=x—-q,

kqn+1 (x) = X{q, (x) —a,q, (x) _ ﬂnqn—l (x)

AN

Forn>1, where <x qn’qn>
a, =
@4
X n’>1n—
,Bn:< q4n-9 1>
<qn—1’qn—1>

The polynomials {g4, 415---» 4,,.1} €aN span a linear space in which they
are a basis



Orthogonal Polynomials

We can check the orthogonality of polynomials as
<(Q;,(Qy =< X—Qy,{, >=< X, —*,(,,], >
=< X0, 0o >~ <0y, 0y >=0

<0Q,,0; >=< Xq, —,q; — /1,0, >

=< X0y, 0y > —; <0, 0, >—f,<0y,q, >=0

The remaining part can be proved by using induction

Assume <(;,q; >=0 for0<1I, j<m-1

< qn >=<0;, XQp1 2 10ng — ﬂm—qu—Z >

=<0{;,Xq,; > —a, <Q;,(,, > _le <0,Qn_2 >

=X<0Q;,0,,>=0

29



Well Defined?

We need to show

<dg,,q,>*=0

If this is not the case, then
< qn’qn >=0 and Z[q (X )]

This means that

q,(x.)=0 for 1=012,---,m

It follows that it has m+1 root. If n is smaller than m, then we know the
gn is the zero polynomial, which is not true, since

q,(x) =1
d,(X) = X—«,

g, (x) = x* + (lower order terms)



Representing a Function

A polynomial of degree (n <m — 1) in the spanned linear space can be
represented as

p(x) = Eﬂai‘h(x)
If we form the inner product with respect to g;on both sides
<p9qj> = ,an"<q"’qf>
For 0 <j < n and using the fact that «<q,,gp = 0 if i #j (why?), we have
<1’"Ij> = a,-<q,-,q,->

<p,q,->

<qj’q.i>
forj=0, 1,..., n are the needed coefficients

Hence

aj=

31



Solving Inconsistent Equations

A system of linear equations of the form

j=0

with m > n is inconsistent, if there is no possible vector (x;, x;5..., X,,) tO
make the residual zero. There is no solution in the conventional sense
satisfying this system

It is of some interest in applications to find the vector that minimizes the

2-norm residual " 2
P(xg,Xy5...X,) = Z(Z“ijj _bk]

k=0
We can take the partial derivatives with respect to x; and set them equal
to zero to obtain the normal equations

Z( Zakiakj ij = I;)bk“ki

j=0\ k=0

m
Jj=0

for 0<i<nm 32



Direct Factorizations

The normal equations obtained can be solved by Gaussian elimination
and its solution of the original system in the least squares sense

If we write the original linear system as
Ax=D>b
It is also possible to directly factor the matrix 4 as

A=0R
where Qis an (m + 1) X (n + 1) orthogonal matrix satisfying Q7 Q0 =1 and
R is an upper triangular (n + 1) % (n + 1) matrix satisfying r;, > 0 and
r;=0forj<i. We then have

Rx=0"h

which can be solved by a back substitution
33



Singular Value Decomposition

The QR factorization can be obtained by an algorithm called modified
Gram-Schmidt procedure (to orthogonalize the row vectors)

A more involved algorithm needs to compute the Singular Value
Decomposition of the matrix 4 as

A=Uzv?!
In which U and V are orthogonal, i.e.,
UTU:Im+1 VTV:In+1

And X isan (m + 1) x (n + 1) diagonal matrix having nonnegative entries
(o, )

o}

34



Pseudo Inverse

If A is a nonsingular square matrix with

Ax=>b
We can compute the true inverse of A, i.e., AL to solve the linear system as
x=A"p

If Aisan (m + 1) x (n + 1) rectangular matrix, we first compute the singular
value decomposition of A as in the form of

A=UzyT

We then “invert” X as (0_61 \




Pseudo Inverse (ll)

We can define the pseudo inverse of 4 as
At =vz o’
And the “solution” of the rectangular linear system is defined to be
x=A"b=VI'U" b
It can be shown that this definition of solution does minimize the residual

norm of the original inconsistent system

Note that QR factorization and Singular Value Decomposition are more
expensive to perform, in many cases, than solving the normal equations.
In case that the matrix 4 is a sparse matrix, we may be able to solve it
more efficiently using certain iterative methods

Forming the normal equation AT A4 is an option

36



Proof (I)

Consider a system of linear equations Ax = b, and A is an mxn matrix. The
minimal solution of them systemis x=A"b=VE'U” b, with

A=V tu’
Proof.
Let x be any n-vector. Define

y=V'x and c=U'b
Using the orthogonal properties, we have
p=inf || Ax=Db|=inf ||[UZV ' x-Db||

:irlf|UT(U2VTx—b)||

—inf |2V x-UTb|l=inf || Zy —c||

Note that X is a diagonal matrix
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Proof (2)

From previous page, we have

IZy—clP=> (v, —¢)+ D¢
i=1 i=r+1

To minimize the expression, we need to minimize the first terms on the
right-hand side, by defining

yi:& for 1<i<r

Other components of y can remain unspecified.

We can set ]
y.=0 for r+1<i<m

Sowe set y =¥"'c,and

Xx=Vy =V 'c=VZ'U'b=A"D
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There are some interesting properties for the pseudoinverse. They are

Some Properties

called Penrose Properties.

Proof:

A= AA"A

A" = ATAAT
AA* = (AA")T
ATA=(AA)

AATA=UZV'(VZ U UV’
—Uzx v =uUzvT = A
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