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Polynomial Interpolation

Given a set of discrete values, how can we estimate other values
between these data

The method what we will use is called polynomial interpolation.

We assume the data we had are from the evaluation of a smooth
function. We may be able to use a polynomial p(x) to approximate this
function, at least locally.

A condition: the polynomial p(x) takes the given values at the given
points (nodes), i.e., p(x;) =y, with 0 <i < n. The polynomial is said to
interpolate the table, since we do not know the function.



Order of Interpolating Polynomial

A polynomial of degree 0, a constant function, interpolates one set of data

If we have two sets of data, we can have an interpolating polynomial of
degree 1, a linear function

X— X X— X
p(x)= (—l]yo + (—“)yl
X0 — X1 X1 — Xy

=Yot (M)(x— X9)

X1~ Xp
Review carefully if the condition is satisfied
Interpolating polynomials can be written in several forms, the most well

known ones are the Lagrange form and Newton form. Each has some
advantages



Lagrange Form

For a set of fixed nodes x,, xy, ..., x,,, the cardinal functions, I, I,,...

are defined as 0 ifizj
i) =0 :{1 if i = j

We can interpolate any function f{x) by the Lagrange form of the
interpolating polynomial of degree <n

Pa(x)= S L) f(x;)
i=0
Note that /(x) is of order n, so p,(x) is of order < n, and
P = D) f ) = L(x ) f () = f(x))
i=1

The (point exact) condition is satisfied

/
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Cardinal Functions

The cardinal function is

1.(x) = ﬁ (x_xf) 0<i<n)
What it looks like [y s
=27 20
\Xi —Xo \Xi —X1
(x_xi—l X~ Xin
\xi—xi—l)(xi_xm)m

p
X—Xx, )
\Xi ~ Xn

Note that /;(x;)=0, for i# j

and /;(x;)=1



Step by Step Construction

For any table of data, we can construct a Lagrange interpolating
polynomial. Its evaluation is a little bit costly, but we can always do that.
The existence of the interpolating polynomial is guaranteed

Can we construct the interpolating polynomial step by step, or if we
discover some new data, can we add those data to make the interpolation
more accurate?

We can use Newton form of the interpolating polynomial

Let p,(x) be an interpolating polynomial for the date set {(x;y,)} with
0 <i<ksuch that p,(x;,) =y;



Newton Form - Contl

We want to add another data (x,.,, ;+1) to have a new interpolating
polynomial p,,,(x) such that p,,(x;) =y;for 0 <i < (k + 1).
Let

Pr+1(X) = pr(X)+c(x—x¢)(x—x7)---(x—x;)

Where ¢ is an undetermined constant

Since py .1 (Xgi1) = Vg, W have
Pi(Xp1)He(xp g — X)Xy —X)
(X1 —XK) = Vi

We can solve this equation for ¢, with the condition that x,, x4, ..., x;, are

all distinct
Vie1 — Pi(Xp41)

(Xpr1 = X)Xy — X)) (Xppg — X))




Unigueness of Polynomial

Is the interpolating polynomial unique?

If p and q are interpolating polynomials for the data set {(x,;y,)} for0<i<n
such that p(x,) = g(x)) =,

Then the polynomial r(x) = p(x) — g(x) of degree at most n is zero at x,, x;,
..., X,. Note that a polynomial of degree n can have at most n roots, we

must have r(x) =0,orp—q=0. Hencep=g¢

The interpolating polynomial is unique

It may be written in different forms



An Example

Find the interpolating polynomial for this table
z| 0] 1|—-1
y[|=5]-3]-15]

Lagrange form
_(xe-D(x+1D)
ly(x)= O—1)0+1) =—(x-1)(x+1)
(x-0)(x+1) =1x(x+1)
a-0a+1) 2
(x-0)(x-1) 1

L= oy T2 Y

The interpolating polynomial is

I (x)=

pz(x)=5(x—1)(x+1)—%x(x+1)—1?5x(x—1)



Newton Form

The zeroth order polynomial is
Po(x)=-3
Let the 1%t order interpolating polynomial be
P1(x)=py+ec(x—xp)=-5+c(x-0)
We want p,(x,) = -3, hence -5 + ¢(1 — 0) =-3, we have ¢ =2, it follows that
p1(x)=-5+2x
Let the 2"d order interpolating polynomial be
P2(x) = pi(x)+c(x—xp)(x—x;)

Put p,(-1) =-15§, i.e., -5+2(-1) + ¢(-1 - 0)(-1 — 1) =-15. We have ¢ = -4.
The Newton form of the interpolating polynomial is

Pry(x)=-5+2x—-4x(x—-1)

10



Nested Form

For easy programming and efficient computation, we can write Newton
form of the interpolating polynomial in nested form

p(x)=ay+a;[(x—xy)]+a,[(x—x5)(x—xq)]
+ay[(x — %0 )(X = %) (X = X5)]+ -

+a,[(x—xy)(x—x1) - (x—x,_1)]

Or, using standard product notations as

n i—1
p(x)=a0+2a{ (x—xj)}
1

i=1 | j=
Using successive factorization, the nested]form is
p(x)=ay+(x—x¢)(a; +(x—xy)(a,+--
+(x=2,1)a,)) )
=(-((a,(x—x,4)+a, ;) (x-x,_,)
+a, ) )x—xy)+a,
11



Computation Procedure

To evaluate p(x) for a given x, we start from the innermost parentheses, forming
successively some intermediate quantities

Vo = 4,
Vi="VY (x — Xu-1 ) + a, 1
) = Vi (x —Xp-2 ) ta,

Vi =vi(x—x,;)+a,_;

v, =V, 1(x—xy)+a,

A pseudocode is

real array (@;)o.,» (X;)o.,

integer i,n

real x,v

vV<a,

for i=n—-1 to 0 step -1do
v v(x—Xx;)+a;

end for



Divided Difference

The coefficients a; in Newton form of the interpolating need to be
computed. A notation is introduced for facilitating such computation

a, = f[X,%,... %]
Which is called the divided difference of order & for f

Newton form interpolating polynomial is
Pn(X)=ay+a;(x—xp)+a(x—x¢)(x—xq)
+”'+an(x_x0)”'(x_xn—l)
Or written in a compact form

P00 =Y A Tx-x)

With the convention

13



Computing Coefficients a;

We want p,(x;) = f(x;). So we have
Sf(x9) =a,
f(x))=ay+a;(x;—x)
f(x3)=ay+a;(x; —x¢)+a,(x; —x0)(x; —x1)

The solution of this system is a, = f(x,)

_ Sf(x1)—ay
X1 =Xy
_ S (x1)— f(xy)

X1 =Xy

a,

The divided difference of order 1 is
x:)— f(x
PN (CARFIED
X1 =X

Note that flx,, X{, ..., X;] is the coefficient of x* in the polynomial p, of
degree<k

14



Computing Coefficients — Cont.

_ f(xy)—ay—a;(x; —x,)
(X3 = Xo)(x; —Xx7)
_ J(x2)— flxol— flxg,x11(x; — x¢)
(X, —x¢)(x; —x7)
= flx¢,Xx15X,]
In general, we have
SIXgs X190 X5 ] = |
f(xk)_zfz_()lf[x(),xla'--9xi]Hlj_=10(xk —X;)

2

H’}_l (x; —X;)

Computational algorithm

Set flx,] =f(x,)

Fork=1, 2,..., n, compute
flxg¢s Xq,--., X;] using the above equation

15



Recursive Formula

The divided difference has a recursive formula
f[XO,xl,...xk] ==

f[x19x29--'9xk]_f[x09x19-~9xk—1]
X — Xy

Proof:

flxy, Xq,--., X;] is the coefficient of x* in the polynomial p, of degree <k,
which interpolates fat x;, x;,..., X,

flxq, X,,..., X;] is the coefficient of x*! in the polynomial ¢,_, of degree <
(k—1), which interpolates fat x;, x,,..., x;

flxy, Xq,--., X;4] is the coefficient of x¥! in the polynomial p,_,of degree <
(k— 1), which interpolates fat x,, x;,..., X4

16



Recursive Formula - Proof

We have

Pi(xX)=q;_1(x)+ [q_1(xX)— pr_1(X)]

k— %o

To prove this identity, it suffices to show that it holds at (k£ + 1) different
points, since the left-hand side and the right-hand side are polynomials of
degree < k. Note that the left-hand side is p,(x,) = fix;,) fori=0,1,..., k

Check the right-hand side at point x;

07Tk [q1_1(x¢)— Pr_1(xp)]

X, — X,
= q-1(X0) — [qx_1(x0) — Pr_1(xy)]
= Pr-1(x9) = f(x¢)

qr_1(x9)+

17



Formula Proof - Cont.

Check for points 1 <i< (k- 1),

qr_1(x;)+ i~ Vi [q1_1(x;)— pr_1(x;)]
X — X
= Fx)+ R () - F(x)] = £(x0)
X — X

Check the right-hand side at point x*

Tk TSk [q5_1(x;)— Pr_q1(x;)]

X —Xg
=qr_1(xx) = f(x)

qr_1(x;)+

Hence the said identity holds

We take the coefficients of x¥ on both sides, which yields the desired
recursive formula

18



Invariance Theorem

The divided difference fl|x,, xy,..., X;] is invariant under all permutations of
the arguments x,, xq,..., X;

This is because f]x,, xy,..., x;] is the coefficient of x* of the polynomial
pu(x) of degree < k that interpolates fat x,, x;,..., x;. flxq, Xp,..., X;] is the
coefficient of x* of the polynomial p,(x) of degree < k that interpolates f at
X1, X,y X These two polynomials are the same

The generic recursive formula is

f[x,-,x,-+1,...,xj_1,xj] =

f[xi+19xi+29“'9xj]_ f[xiaxma---axj—l]

X;—X;

19



Divided Difference Table

We can construct a divided difference table for fto facilitate computation
of the coefficients of the interpolating polynomial

z | fl] fly | flss ] flysy |
zo | flzo] | |

flxo, 1]
x| f[x1] flxo, 1, 2]

fjmla 5132i f[m[}a L1y L2,y 1123]
w2 | flra]| | flz1, 22, z3]

o flx2, 3

x3 | flxs)

The coefficients along the top diagonal are the ones needed to form the
Newton form of the interpolating polynomial

20



Divided Difference Algorithm

A pseudocode for computing divided difference is

real array (@;)o..xoms (X;)0:m
integer i, j,n
for i=0to n do
a;p < f(xi)
end for
for j=1to n do
for i=0 to n—j do
aj < (@ppq,jo1 =4 j1) (X4 — X;)
end for
end for

This algorithm computes and stores all components of the divided
difference. The coefficients of the Newton interpolating polynomial are
stored in the first row of the array (a;).,x0.» i-€-, in @(0 : n, 0)

21



Computing the Coefficients only

If we compute divided difference only for constructing Newton interpolating

polynomial, there is no need to store the unnecessary divided difference
terms. (But they will be computed, used, and discarded)

real array (ai)O:n' (Xi)O:n
integer i, j,n
for i=0to n do
a; < T(x)
end for
for j=1to n do
for i=n to j step —1 do
&« (& —a_ ) /(% - Xi—j)
end for
end for

The two algorithms assume the same computational cost

22



Memory Allocations

Here we show how the memory is occupied and updated in computing
coefficients of Newton interpolating polynomial

st | flzo] | flx1] | flz2] | Flzs] | flzal

2nd
3rd
4th

oth

Computation must be done backward to avoid erasing needed memory
locations



Inverse Interpolation

It is also possible to use a polynomial to approximate the inverse of a
function y = f(x). Given a table

y| wo | yv1i | - | wyn
z| o | 1 | 0+ | Tn

An interpolation polynomial
n i—1
p(y)= Zci (y- .Vj)
i=0  j=0
Can be constructed such that p(y;) = x;. This interpolating polynomial is
useful to find the approximate location of a root of a function f{x). E.g.,
there is a root in [4.0,5.0] for this table

y| —0.579 | —0.363 | —0.185 | —0.034 | 0.097
x| 1.0 [ 20 | 3.0 | 40 | 5.0

24



Neville’s Algorithm

Neville proposed a different scheme to construct interpolation polynomial
step by step. Start with zero degree polynomials P(x) = f(x;), we
construct higher degree interpolation polynomials by the recurrence
relation

Sij (x) = ( X—=X;_; )Si,jl (x)

X; — X
l
+ Si_1,j-1(x)

With §;)(x) = PAx) = f(x;). The relation table can be written as

xg | Soo(T)

x1 | S10(z) S11(T)

x2 | S20(x) S21(x) S22(x)

z3 | S30(x) S31(x) Ss32(x) S33(T)

xg | Ss0(x) Sa1(x) Ssz(x) Ssz(x) Ssa(x)

25



Interpolation Property

Redefine constant polynomials as Pl.(O)(x) =y; for 0 <

We can define higher order polynomial as

PP (x)= ( Yi-j ] PU(x)

i xi—]

+ (xxi B )P,-(_jfl)(x)

i~ Xi—j

x_

Therange ofjis1<j<mandthatofiisj<i<n

The interpolation properties of these polynomials are:

< n,

The polynomial P,¥) defined above interpolate as follows (see p. 153 for a

proof)

PP)=y, (0<i-j<k<i<n)

26



Higher Dimensional Interpolation

It is possible to define interpolation polynomials of several variables. The

tensor-product interpolation is used on rectangular domain [a,b] % [a.f].

Select n nodes in [a,b] and define the Lagrange polynomials as
nooX—X;

L(x)= 1] / (1<i<n).

jij=1%Xi — X

Select m nodes in [a,f] and define

h(x) = ﬁ y—JY;

jzi,j=1Yi =V

(1<i<m).

Then function

P(x, 1) = 3 3 £(xps ) () ()

i=1 j=1
A two dimensional table with data
(xiayjaf(xisyj))

27



Computing First Derivative

The first derivative can be approximated as
1
f'(X)zzlf(x+h)—f(x)] (1)

For accurate approximation, A should be small. Thus f{x + k) and f(x) are
close to each other. This may cause loss of significant digits in finite
precision computation

Using Taylor’s theorem, we have

f(x+h)= f(X)+hf'(X)+%h2f"(§)
For & between x and x + h. It follows that

f1x) = LGt W= f)1= ) (&)

1
The approximation error of (1) is— zhf"(f)a or of order O(h). Thisis a
first order (or sided) approximation of first derivative. The error goes to 0
asfastash — 0

28



Higher Order Approximation

It is desirable to have some higher order (faster) approximation schemes
1
fle+m) = f)+R )+ b1 (x)

1 3 £y 1 4 (4)
I+ O )

Flx—h)y= f(x)— hf'(x)+ %hzf"(x)

1.3 XX | 1.4 4)
Subtracting these two equations, we have

f(x+h)— f(x—h)=2hf"(x)
2 (AA 2
+§h3f (x)+§h5f(5)(x)+---

29



2"d Order Approximation

It follows that 1
f'(x)= —[f(x+h)—f(x—h)]

f"'( )— f<5>( )—

After dropping the h|gher order terms, we have a second order
approximation formula as

£~ ﬁ[fm By~ f(x— )]

The leading truncated terms of this approximation scheme is — if"'(x)
Hence the approximation is of O(h?). The approximation error goes to 0 as
fast as h? — 0. The exact truncation error is

f"'(§1)+f"'(§2 1 e
"4 [ 5 } hf (&)

30



Richardson Extrapolation (l)

First derivative can be approximated as
1=, [f(x+h)— f(x—h)]
+a,h* +ah* +agh®+ -

In which the constants a,,a,,... depend on the higher order derivatives of f
and the value of x. When such information is available, it is possible to
construct much more accurate approximation schemes

Define a function

w(h) = | f(x+h)— f(x—h)]

Which is an approximation to f’(x) with error of order O(h?). This
approximation becomes accurate as # — (0. So we can study the quantity

limh —0 W(h)

31



Richardson Extrapolation (ll)

Richardson extrapolation estimates the value of w(0) from some computed
values of w(h) near 0

) = riomollf (3 (3

Multiply the 2"d equation by 4 and subtract it from the 15t equation

h 3 15
w(h)—4w(5) = —3f'(x)—Za4h4 _R“6h6 e
Hence
U l= froosnts Sanss..
¢(2)+3[w(2) w(h)} f1)+7 R+ cagh” +

f’(x) can be computed as accurate as O(h%)

32



General Approach

A general Richardson extrapolation form

w(h)=L-Y a,h**
k=1

Where we assume that w(h) is computable for any 2> 0 and we want to
approximate L as accurately as possible

Choose a special sequence L define
1
h

D(n,0) = W(z_”) (n20)

Then, we have

© n O\ 2
D(n,0)=L+ ). A(k,())( )

k=1 2"

With A(k,0) = -a,,. D(n,0) is a rough approximate of L =lim,_, ,y(x)

33



Richardson Theorem

The extrapolation formula is

4m
D(n,m) = D(n,m—1)—
4™ -1
1
4 1D(n—l,m—l) (1<m<n)

Richardson Extrapolation Theorem:
© PRRL
D(n,m)=L+ ), A(k,m)(—n)
k=m+1 2

ForO0<m<n

The proof of this theorem is based on induction on m, see p. 175 of the
Book. Proof will be given in class

Not that D(n,m) approximates L at the order of O(h*"). The convergence
rate is fast

34



Computational Procedure

Richardson extrapolation computational procedure:
1.) write a procedure to compute w(h)

2.) decide on suitable values for n and h
3.)fori=0,1,..., n, compute

D(i,0) =y (h/2")

4.)for 0 <i<j<n,compute

D(i,j) = D(i,j—1)+
@4 -1)7'[D3, j-1)-D(-1,j-1)]

35



Using Interpolation Polynomial

We can approximate the function f{x) by a polynomial p,(x) of order n,
such that p,(x) = f(x)

To compute f’(x), we use the approximation f’(x) = p’ (x)
Higher order polynomials are avoided because of oscillation

Let p interpolates f'at two points, x, and x;
P1(x) = f(xg)+ flx9,x0](x—xy)
The first derivative of p,(x) is

S (x1)— f(x)

X1 — Xy

P'1(x)= flxg,x]= ~ ['(x)

36



15t and 2"9 Order Approx.

Let x,=x and x, =x + h, we have
1
S )= Lf(x+h)=f(x)l

This is just the O(h) order sided approximation formula

Put x, =x— h and x; =x + h, we have the O(h?) approximation scheme
F16)y= o 1f G+ h)= fx= )
A three point polynomial interpolation is
P2(x) = f(xo)+ flx¢,x1](x—xy)
+ f1x0, X1, X2 1(x — x)(x — x71)
We have corrected approximation

Py (x)= flxg, x11+ flxg, X1, %,](2x — Xy — Xx7)

37



Second Derivative

If we have first derivative, we can use
1
SN (x)= ﬁ[f'(x+h)— S'(x—h)]

To approximate the second derivative to O(h?)

A direct approximation would be using Taylor expansion

f(x+h)+ f(x—h)=
2f(X)+h2f"(x)+Z[%h4f(4)(x)+...}

Hence, we have
f'(x)= hiz[f(x+h)—2f(x)+ f(x—h)]

This approximation is of O(h?) accuracy
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