Orthonormal Basis Functions

given a set of basis functions {gg,g91,---,9n},
the set of all functions that are linear combi-
nations of the basis functions are
n
G ={ g: such that g(x) = 'ZO cjgj(x) }
J:
we are looking for a particular g(x) € G such
that the fitting total error is minimized

any n + 1 functions that are linearly indepen-
dent can be used as basis functions. Differ-
ent choices of basis functions make the normal
equation

3

n

m
> > x (x C; =
iZ0 kzOQZ( k) g]( k) 7

|| 1]

s\ L
" Oykgz( k)

for 0 <1 < n, easier or more difficult to solve
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Chosen Basis Functions

we say a basis {gg,g1,--.,9n} has the property
of orthonormality if
S g;(x (1) = 0;; = i i
k:ng( k)gg( k) 1] 0 i#j
in this case, the normal equation is simplified
as
m .
ci= Y yrgi(zg) (0<j<n)
k=0
which can be evaluated straightforwardly

the Gram-Schmidt procedure can be used to
orthonormalize a given basis in order to have
the above property. This procedure may be
expensive

we can also chose some basis functions so that
the coefficient matrix is easy to solve, not nec-
essarily as an identity matrix
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Polynomial Basis Functions

consider G as the space of all polynomials of
degree < n. We naturally chose

go(a:) = 1, gl(a:) = Ty ooy gn(aj) = ,’L‘n

any polynomial in G can be represented as

the simple basis is, however, not very good,
since they are too much alike

assume we have the data restricted in the in-
terval [—1, 1] with

—1:m0<w1<...<...<mm:1

we can define a set of Chebyshev polynomials
that form a good basis
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Chebyshev Polynomials

the first few Chebyshev polynomials are

To(z) =1, Ti(z) = x, To(x) = 2x% — 1

T3(x) = 4z® — 3z, Ty(x) = 8z — 8x2% + 1

the Chebyshev polynomials can be generated
recursively as

Tj(z) = 22 Tj_1(z) — Tj_o(x)  (j >2)
they can also be written as

Ty.(x) = cos(k arccos x)

a function can be represented as a linear com-
bination of the Chebyshev polynomials
f@) = ¥ ¢ Tj(x)
7=0
a function f(x) written as a linear combination
of the Chebyshev polynomials can be evaluated
efficiently
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Evaluating Chebyshev Polynomials

to evaluate f(x) for any given «x in

f(@) = X ¢;Tj(x)
7=0

we use a backward recursion procedure

| Wp42 = Wpy1 = 0

W; =¢j +2rwj 1 — Wjy2 (n >3 > 0)

| 9(x) = wo — 2wy

the Chebyshev polynomials are defined on the
interval [—1, 1], we would also like the abscissas
{z;} lie in the interval [—1,1], i.e., min{x} =
—1 and max{x,} = 1. If they lie in a different
interval [a, b], we can use a transformation

1 1
mzi(b—a)z—l—g(a—l—b)

to map the interval [—1,1] onto [a, b]
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Algorithm of Polynomial Fitting

1. find the smallest interval containing all x
with @ = min{x;} and b = max{x;}

2. make a transformation to the interval [—1, 1]
using the map

22 —a—b
a = —k ¢ (0 < k < m)

b—a -

3. decide on the order of the polynomials,
around 8 or 10

4. using the Chebyshev polynomials as a basis,
generate the (n4+1) X (n+1) normal equations

¥ 1S Ti(2)Ti(21) Y urTi(z1)

(2k)T5(2K) | i = (2
iZ0 k=0 t\Fk)Lj\Zk)| Cy kzOyk \~k
foro<i<mn
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Algorithm (II)

5. use an equation-solving routine to solve the
normal equations for coefficients cg,c1,...cCn
to obtain the function

n
f(z) = % ¢; Tj(x)

7=0
6. transform the function back to the original
variable as

f (2:13 —a — b)

b—a

the computational extensive part is to form the

coefficient matrix of the normal equation
Ac =0, let A = (aij)O:nXO:n and b = (b;)o:n

m . .
aj = Ti(z)Tj(2k) (0<1¢,5 <n)
m .
b; = X ykTi(zk) (0 << n)

specific procedures are detailed in book
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Polynomial Regression

assume the data collected contain errors, the
procedure of smoothing data is to remove the
experimental errors as much as possible

smoothing data is different from interpolation,
since the latter assumes that the data are ac-
curate

given a table of experimental data

x| xo|T1| | Tm

Y| yo|y1| | Ym
we want to find a polynomial that represents
the original data features

N .
Pn(x) = zEO a; '

we have
vi = Pn(z;) +¢  (0<i<m)
where ¢; is the observational error in y;
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Polynomial Regression (II)

we can use the method of least squares through
solving a system of normal equations to deter-
mine Pp(x). A quantity call variance

1
2
On

m

X [y; — pn(xi)]? (m > n)
m — n =0

can be computed to see how good the approx-

imation is

if the original data really represent a polyno-
mial of degree N with noise, then

O >01> >0 =011 ="""=040_1
we can compute o3,0%,... until we see for

some N that o}y & o 1 R ORyg R -,
then we choose the polynomial Pn as the one
representing the original data trend

the drawback is we need to compute pg, p1,- - -
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Inner Product

let two functions f and g whose domains con-
tain {xg,x1,...,Tm} we define

(f,9) = ¥ fla) g(i)

as the inner product of the functions f and g

an inner product (-,:) of two functions has the
following properties

1. (f,9) =(g;f)
2. {f,f) > 0 unless f(x;) =0 for all ¢

3. {(a f,g) =a(f,g) where a is a scalar

4. <fag+h> — <fag>‘|'<f7h>
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Orthogonal Polynomials

a set of functions is orthogonal if (f,g) = 0
for any two different functions in the set

we can generate a set of orthogonal functions
as

[ qo(x) =1

fqi(z) =z — o

| qn+1(x) = zqn(x) — angn(x) — Bngn-1(x)
for n > 1, where

_ (xqn;qn)
o=
(dns qn)
( qny qn—1)
IBn —
<q'n—1a Qn—1>

the polynomials {qo,q1,---,9m—1} can span a
linear space in which they are a basis
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Representing a Function

a polynomial of degree n(< m — 1) in the
spanned linear space can be represented as

p(z) = ¥ a;q;(c)

=0
if we form the inner product with respect to g;
on both sides

(p,qj) = Z,%_?fo a; (qi,q;5)

for 0 < j < n and using the fact that (g;, ‘Ij> —
0 if 2 £ 7 (why?), we have

(P qj) = a; (g5, q5)
Hence
_ (P ay)
T (g q5)
for 3 =0,1,...,n are the needed coefficients
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