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Method of Least Squares

computer aided data collections have produced
tremendous amount of data that are impossi-
ble to understand without some sort of post-
processing

given a set of data

x| xo|x1| | T

Y| yo|y1| | Ym
if we assume that the data form a linear func-
tional relation, we can write the function as

y—=ax-+b
with the coefficients a and b to be determined

for each pairs (x;,y;) we can request

y; = ax; + b
for e = 0,1,...,m. Note that, if m > 1, we

have more than two linear equations to deter-
mine just two unknowns



Over-Determined System

in general, we have more equations than un-
knowns. There is no exact solution to the
problem. However, we could determine a solu-
tion that minimizes the total error

suppose the linear equation is given as

y—=ax-+b

if the point (x;,vy;) is on the straight line de-
fined by the function, we have

y; —(ax; +b)=0

in most cases, a point (x;,y;) is not on the
line, we have

ri =Y; —(ax; +b) #0

fort =0,1,2,...,m. |r;| is the curve fitting
error



Minimizing Total Error

one can reason that if the sum of the errors is
Mminimized, the data should fit the line as best
as it can

the total error can be represented as
m m
o 7| = o laz + b — yi|
we can minimize the above functional to select
the coefficients @ and b. This can be solved

by the techniques of linear programming

this is an l{ approximation (1-norm approxima-
tion)

the shortcoming of this formulation is that the
function of the total error is not differentiable.
Many tools in calculus may not be used



Method of Least Squares

an alternative is to minimize a different error
function
m 2
¢la,b) = > (azp +b—y)
which is continuously differentiable

this is also called an lo approximation. It is a
special case of the I, approximation with the
I, norm is defined as

n 1/p
lollp =1{ 2 |il?| (1<p <o)

1=

where ¢ = (z1,%2,...,2Zn)L is an n vector

from statistical considerations, if the errors fol-
low a normal probability distribution, the min-
imization of ¢ produces a best estimate of a
and b



How to Compute a Minimum

we use a technique in calculus to determine
the extreme points of a function

0o — 0 0o B
da ob
this gives us two equations

0

m
kioz(awk +b—yg)rpy = 0

m
ez, +b—yg) = 0

they are called the normal equations and can
be written explicitly as

m 2 m m

(kgo m"’) @+ (k:go wk) b= T kT
m . m

(kgo ib‘k) a+(m+1)b = o Y

which can be solved for a and b



Least Squares Solution

the solution of the previous two-by-two linear
system can be solved as

a = o (’m-l-l) Z mk;yk:—(% mk)(% yk)]
d | k=0 k=0 k=0
where

d=(m+1) 3 af (%7’ )2
= {m ry — 4

k=0 k k=0 k
lots of simple computations

Linear Example

xz|1.0/2.0/2.5]3.0
y[3.7/4.1]4.3|5.0




Least Squares Fit

the data in the previous slide lead to

20.25a + 8.5b 37.65
8.5a +4.0b = 17.1

which can be solved for a = 0.6 and b = 3.0

Linear least squares fit
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Nonpolynomial Example

we can fit a table by a nonpolynomial function
x|0.24| 0.56 | 0.95 | 1.24 |...|2.77]2.99

y|0.23| —0.26 | —1.10| —0.45 | --- | 0.56 | 1.00
alnx + b cosx + ce®

Nonpolynomial least squares fit
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Basis Functions

a general least squares fitting can be written
as
y= 3 cjgj(x)
7=0
in which the functions go(x), g1(x),...,gn(x)
are called basis functions. They are known
and kept fixed

given a set of data (x,yr), we want to find
the values of C; to minimize the total error as

m

n 2
d(cosC1y...5Cn) = k§O 'EO C4 gj(mk) — Yk

we again set the partial derivatives to be zero

8¢

— =0 (0<i<m)
oc;
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Basis Functions (II)

the partial derivatives are for 0 <1< n
aqb m n
9% _ % sz
dc; k=0 [j=0

setting them simultaneously zero, we have
n m
> { > g;lx (T

Z0 kzogz( k) 9;(Tk)
this is the normal equation, which is a system
of linear equations with unknowns cg,c1,...,Cn

¢; g;(xx) — yk] gi (k)

(k)
c; = ¥ (T
i~ Oykgz k

the coefficients of the linear system are
m
ajj = > 9i(@k) g;(k)
the coefficient matrix is nonsingular if the ba-
sis function ggo(x),g1(x),...,gn(x) are linearly
independent. The basis functions should be
appropriate for the problem in question and
make the resulting coefficient matrix well con-
ditioned
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