Interpolating Quadratic Spline

given a set of data

T|to |ty |ta| | tn

Y Yo Y1 Y2 || Yn
a quadratic spline Q(x) can be constructed to
interpolate these data, using tg,%t1,...,%tn as
the knots

a quadratic spline consisting of n separate pieces
of quadratic functions of the form

Qi(z) = a;® + bz + ¢; x € [t;,t;i1]
there are 3n coefficients to be determined

the interpolation conditions Q;(t;) = y; and
Qi+1(t;+1) = yi+1 9give 2n conditions. The
continuity of Q’(x) gives another n — 1 condi-
tions at the interior knots. The last condition
can be specified (arbitrarily) as Q'(tg) = 0
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Computational Procedure

construct a piecewise quadratic function

- Qo(x) T € [to,t1]
Q(w) — Ql(m) S _tl:a t2]

| Qn-1(z) = € [th—1,1n]
which is continuously differentiable on [tg, t5]
and Q(t;) =y; for0<i<n

the computational procedure is based on a re-
cursive procedure on Q%(t;). Assuming Q'(t;) =
z;, then we have

Zi4+1 — =4 2
. — — ¢ (x — t: .
Qz(m) 2(ti—|—1 — tz)(m z) + zz(w z) + Y;

this definition can be verified by showing that

Q;(t;) = y;, QLi(t;) = z;, and Qi(t;11) = zi41.
Note that

2141 — <4
Qj(z) = fl @ — ) + 2
1+1 — “2
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Computational Procedure

the defined quadratic function Q;(x) does not
necessarily satisfy the condition Q;(t;41) = ¥i+1
fore =0,1,...,n — 1. If we apply this condi-
tion, we have

Zi4+1 — *¢
2(t;41 — t;)
after simplification, we obtain

2
Yir1 = (ti41—t;) +2zi(ti41—t;)+ys

Yi+1 — Yq

Zit1 = —%; + 2

] 0<i<n-—1)
tit1 — ¢t

from this equation, we can compute the val-
ues of zg, 21,...,2n recursively, by assigning an
arbitrary value to zg. Then the second degree
spline is written as

2341 — =4 2
. _ _ ¢t (p — ts .
Qz(m) z(ti—l—l — tz)(w z) + Zz(m z) + y;

for each interval [t;,t;14], 2 =0,1,...,n — 1.
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Subbotin Quadratic Spline

knots are points where the spline function can
change its form, nodes are points where the
values of the function is specified

it is not necessary that the knots are nodes.

Subbotin suggests to use the midpoints of the
knots as the (interpolation) nodes and the two
end points. This yields n + 2 conditions. The
continuity of Q@ and Q' give another 2(n — 1)
conditions, for a total of 3n conditions. No
free variable is required

let the knots bea =t < t1 < -+ < t;, = b,
we define the interpolation nodes as

70 = 1o ™ = tn

T = %(tz— +ti11) (1<i<n)
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Subbotin Quadratic Spline (II)

the quadratic spline function Q(x) should sat-
isfy the interpolation conditions

Q(7;) = v (0<:<n+1)

let Q%(t;) = z;, where Q;(x) is defined on the
interval [t;,t;41], which can be written as

1
Qi(x) = yiy1+ 5(Zi+1 + z;) (T — Tit1)

+ —(2zig1 — i) (® — Tip1)?

2h;
where h; = t; 11 — t;. We can verify that

Qi(Ti+1) = Yir1, QL) = 24 Qi(tir1) = zit1
we also want to impose the continuity condi-
tion at the knots

lim Q;_i(x) = lim Q;(x) (1<i<n-—1)
r—t; az—>t;-|'
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Subbotin Quadratic Spline (III)

these conditions lead to a recursive formula

hi_1zi_1+3(hj—_1+h;)z;+h;z;11 = 8(yi11—Y;)

fori=1,2,...,n—1

we impose the first and last interpolation con-
ditions

Q(70) = Yo Q(Th+1) = Yn+1
which yield two more equations

3hozo + hoz1 = 8(y1 — ¥o)
hpn—1zpn—1+3hp_12n = S(yn—l—l — yn)

now we have n 4+ 1 equations for the n + 1
UNKNOWNS 20y 21y ..+ 4 2n

we need to solve a linear system of the form
Ax = b with A being a tridiagonal matrix
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An Example

determine if the function is a quadratic spline

—x?2 <0
Q(w)={ z =50

the interval can be viewed as (—oo,00) which
iIs not a closed interval

also, the derivative of Q(x) is

/ |2z =<0
@@= 30
hence, Q’(x) is discontinuous at = = 0. It

follows that Q(x) is not a quadratic spline

how about the function

0.1x2 0
Qz) = { 9.322 — 1842 +9.2 1



