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System of Linear Equations

ai1x] t+aj2xa+ - +apxrn = b
a21 1+ as2xs+ -+ aspxry, = bo
An1 1 +an2x2+ *+*+apnTn = bn

where a;; are coefficients, x; are unknowns,
and b; are right-hand sides. Written in a com-
pact form is

n o
Zaz‘jijbi, 1=1,...,n

j=1
it can also be written in matrix form
Ax = Db
where the matrix is
a1 aiz ... aip |
A — a.21 a?2 ¢ oo a?n
| Gpl1 Ap2 ... Gnn

and x = [wlaw2,---,mn]T, b= [bl, b2,...,bn]T



Gaussian Elimination

linear systems are solved by Gaussian elimi-
nation, which involves repeated procedure of
multiplying a row by a number and adding it
to another row to eliminate a certain variable

for a particular step, this amounts to

aik .
Gij Qi = Ok (k<j<n)
al.
b, < b; — vk bj.
Qg

after this step, the variable x4 is eliminated in
the (k 4 1)th and in the later equations

the Gaussian elimination modifies a matrix into
an upper triangular form such that a;; = 0 for
all = > 7. The solution of an upper triangular
IS then easily obtained by a back substitution
procedure



Back Substitution

the obtained upper triangular system is

a11x1 + ai12x2 +a13x3 + -+ aipTn = b1
a20x2 + ao3xg + +++ + aonxry, = bo
azs3rs3 + -+ agpnrn = b3
an—1,n—1Tn—1 1+ Cpn—1,nTn = bn—1
Annn — bn

we can compute

from the last equation and substitute its value
in other equations and repeat the process

1 n
;= —\bj— > a;jx;
Q;; J=1+1

fore=mn—1,n—2,...,1



Condition Number and Error

a quantity used to measure the quality of a
matrix is called condition number, defined as

p(A) = [lA]l [|AH)

the condition number measures the transfer of
error from the matrix A to the right hand side
vector b. If A has a large condition number,
small error in A may vield large error in the
solution x = A—1b. Such a matrix is called
ill-conditioned

the error e is defined as the difference between
a computed solution and the exact solution

e—=x — I

since the exact solution is generally unknown,
we measure the residual

r=b—Azx
as an indicator of the size of the error



Small Pivot

€xy] + a2 1
] +x2 = 2

for some small €. After the first step of Gaus-
sian elimination

€exy +x2 = 1
1 1
1——:132 = 2 — —
€ €
we have
2—1/€
T o
2T 121/
1 — xo
xr] =
€

for very small €, the computer results will be
xo = 1 and &1 = 0. The correct results are

r1 = ~ 1

ro = ~ 1




Scaled Partial Pivoting

we need to choose an element which is large
relative to other elements of the same row as
the pivot

let L = (l1,12,...,1l) be an index array of in-
tegers. We first compute an array of scaling
factor as S = (s1,82,...,8n) Where

s; = max |ag| (1<i<m)
the first row © is choosing such that the ratio
la;.1|/s; is the greatest. Suppose this index
is l1, then appropriate multipliers of equation
l1 are subtracted from the other equations to
eliminate &1 from the other equations

suppose initially L = (I1,1l2,...,lp) = (1,2,...,n),
if our first choice is lj, we will interchange lj
and l7 in the index set, not actually interchange
the first and the lj rows, to avoid moving data

around the memory



Example

straightforward Gaussian elimination does not
work well (not robust)

exy+xo = 1
1 +x2 = 2
the scale factor will be computed as § = {1,1}.

In the first step, the scale factor ratio array
{e,1}. So the 2nd row is the pivoting row

after eliminating 71 from the 1st equation, we
have

(1—€)xp = 1— 2€¢
xry+ a9 = 2
it follows that
1_2€~
Tro = T
r] = 2—xo9~x1

we computed correct results by using scaled
partial pivoting strategy



Long Operation Count

we count the number of multiplications and
divisions, ignore summations and subtractions

the 1st step, finding a pivoting costs n divi-
sions.

additional n operations are needed to multiply
a factor to the pivoting row for each of the n —
1 eliminations. The cost is n(n—1) operations.
The total cost of this step is n? operations

the computation is repeated on the remaining
(n — 1) equations. The total costs of Gaussian
elimination with scaled partial pivoting is

n?+(n—1)°+---+424+3% 422 =
n(n+1)(2n + 1) |~ n3

6 3
back substitution costs n(n — 1)/2 operations
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Tridiagonal and Banded Systems

banded system has a matrix such that a;; =0

if |[¢ — 7| > w. For tridiagonal system, w = 2

' d1 ¢
ay do co
az d3

C3

Gp—1 dp—1 Cp—1

an—1

dn

general elimination procedure

di+—(h-—

bi+—bi—

a; 1
d;_1

a; 1
d;_1

Ci—1

b;—1

the array ¢; is not modified.

nonzero is created

matrix can be stored in three vector arrays

L1
L2
L3

No additional




Tridiagonal Systems

the back substitution is straightforward

bn
Ty = —
n d,
b._c‘m. 1 .
T, = — dz- an (t=n-—1,...,1)
2

no pivoting is performed, otherwise the proce-
dure will be quite different due to the fill-in

diagonal dominance: a matrix A = (a;j)nxn
is diagonally dominant if

n R
lag| > X aggl (1<1i< n)
J=1,j71

for a diagonally dominant tridiagonal system,
no pivoting is needed, i.e., no division by zero

we want to show Gaussian elimination preserves
diagonal dominance, i.e., |d;| > |a;—1| + |c;]
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Iterative Solution Methods

obtain an approximate solution to a linear sys-
tem iteratively

a11x1 + aijgxr2 +ai13x3 + -+ aipnTn = b
ag1x1 + az2x2 + as3x3 + - -+ asprn = b2
an1T1 + an2x2 + anszxrs + -+« + apnTnn = bn

create a single equation for each variable

by — (a12x2 + a13x3 + + + + + @1nTn)

r1 =
aii
. ba — (a2171 + a23x3 + - -+ + a2pxn)
2 p—
a2
bn — (anlml + an2xo + apzxrsy + - - )
Inn —

Ann
we assign an arbitrary value to each of the vari-
ables in the right hand side to start iteration
12



Jacobi Iteration

we repeatedly use each set of computed values
as the next iterates, and hope the process will
converge to the true solution. (May stop early
if necessary.) This iteration procedure is called
Jacobi iteration method. Convergence is not
guaranteed for general matrices

o) =

b1 — (alzwgk_l) + a13$;(),k_1) + -4 amw%""”)

ail
o
by — (azlw( by a? w:(),k_l) + oo+ agnpelF—)
a22
5 -
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Gauss-Seidel Iteration

if the iteration process converges, it may be
faster if we use the new values as soon as they
are available. This gives the Gauss-Seidel iter-
ation method

o) =

b1 — (alzmgk_l) + a13«’13:(),k_1) e+ alnflfrfq,k_l))
aiq

a2

bn — (anlwgk) + an2mgk) + an3mi(5k) +--)

ann
in general, Gauss-Seidel is faster than Jacobi,
but the later is more attractive to run on par-
allel computers. No convergence is guaranteed

14



SOR Method

around 1950, David Young at Harvard Univer-
sity found that iteration can be accelerated
by using a weighted average of the successive
approximate solutions. Given some parameter
0 < w<K?2 we perform

(k—1)

mz(k):wééz(-k)-l—(l—w)a:i 1 =1,2,...,n

this step symbolizes the beginning of modern
iterative methods

with an arbitrary initial guess, convergence of
these basic iterative methods is guaranteed if

1.) the matrix is strictly diagonally dominant;
2.) the matrix is symmetric positive definite,

ie., A= AT and 2T Az > 0
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