Nested Form

for easy programming and efficient computa-
tion, we can write Newton form of the inter-
polating polynomial in nested form

p(z) = ao+ a1[(z — zo)] + az2[(z — zo)(z — x1)]
+ a3[(z — zo)(z — z1)(x — x2)] + - -
+ apf[(z —xo)(x — 1) -+ (T — TH_1)]

or, using standard product notations as

n 2—1
p(z) =ap+ > a; L,El(w — ;)

=1

using successive factorization, the nested form
IS

p(x) = ao+ (x —=zo)(a1+ (x —x1)(az + - --
+(x — Tp—1)an))--*)
— ( . ((a’n(CE — mn—l) + an—l)(a3 — wn—2)
t+an—2)--+)(x — zo) + ao
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Computation Procedure

to evaluate p(x) for a given x, we start from
the innermost parentheses, forming successively
some intermediate quantities

Vg = an

v = vo(T —Tp—1) +ap—1
vy = v1(T — xTp—2) +ap—2
v; = vi_1(T—Tp_j) +an_
vp = vp—1(T — x0) + ag

a pseudocode is

real array (ai)():n, (wz')O:n
integer 2, n
real x,v
V< an
for: =n —1 to 0 step —1 do

v+ v(x—x;) + a;
end for
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Divided Difference

the coefficients a; in Newton form of the in-
terpolating need to be computed. A notation
IS introduced for facilitating such computation

ai:f[wOawla'“vwk]

which is called the divided difference of order
k for f

Newton form interpolating polynomial is

pn(x) = ag+ ai(x — xg) + az2(x — xg)(x — 1)
+--tan(xr—x9) (. — Tp_1)

or written in a compact form

n 2—1
pn(z) = > a; I (z— xj)
=1 7=0

with the convention
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Computing Coefficients a;

we want pn(x;) = f(x;). SO we have

f(zo) = ag
f(x1) = ag+ ai(zy — xop)
f(x2) = ao+ ai(x2 —zg) + a2(x2 — xo)(x2 — 1)
the solution of this system is
apg = f(xo)
f(z1) —ag
al] =
Tr1 — T
_ J(z1) — f(=z0)
- Tr1 — T

the divided difference of order 1 is

f(x1) — f(=xo)
T1 — TQ

note that f[xzg,x1,..., x| is the coefficient of

z* in the polynomial pg of degree < k

flxo, x1] =

14



Computing Coefficients — Cont.

f(x2) — apg — ay(x2 — xo)
(2 — xg) (T2 — 71)
f(x2) — flxo] — flxo, z1](x2 — o)

(2 — xg) (T2 — 71)

— f[:l?(), L1, 332]
In general, we have

computational algorithm

e set flxo] = f(wo)

o fork=1,2,...,n, compute
flxo,x1,..., 2] using the above equation

15



Recursive Formula

the divided difference has a recursive formula

.f[m07m17"°9mk] —

flz1,xz2, ...,z — flxo, 1.+ Tp_1]
Tl — To

Proof:

flzo, 1, ..., xg] is the coefficient of =¥ in the
polynomial p; of degree < k, which interpo-
lates f at =g, x1,..., Tk

flz1, z2,...,xE] is the coefficient of k1 in
the polynomial gj_1 of degree < (k—1), which
interpolates f at ©1,x2,..., T}

flzo, €1,...,Tr_1] is the coefficient of z¥~1 in
the polynomial pg_1 of degree < (k—1), which
interpolates f at xg, ©1y...5TE_1
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Recursive Formula - Proof

we have

pr(®) = ae1(@) + - lak-1(2) ~ pr1 (2)]

to prove this identity, it suffices to show that
it holds at (k + 1) different points, since the
left-hand side and the right-hand side are poly-
nomials of degree < k. Note that the left-hand
side is pi(x;) = f(x;) fort =0,1,...,k

check the right-hand side at point xg

o — T

qr—1(xo) + [gr—1(x0) — Pr—1(T0)]

Tp — TQ

qr—1(xo) — [ak—1(x0) — PE—1(x0)]

= pr—1(x0) = f(xo)

17



Formula Proof - Cont.

check for points 1 < < (k—1),

z——w

Qho1(@) + g (23) — pr_1(@i)]
T — T

= F@) + o Ff (@) — )] = fl=i)
T — X

check the right-hand side at point x

@i (@k) + k1 (@k) — Pror (@)

. —
= qr—1(zk) = f(zg)

hence the said identity holds

we take the coefficients of =¥ on both sides,
which yields the desired recursive formula
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Invariance Theorem

the divided difference flxg, 1,...,xt] iS invari-
ant under all permutations of the arguments
LDy LYgsoesg L

this is because f[xg,x1,...,2xE] iS the coef-
ficient of &F of the polynomial pg(x) of de-
gree < k that interpolates f at xg,x1,...,Tf.
flz1, g, ..., x| is the coefficient of ¥ of the
polynomial pi(x) of degree < k that interpo-
lates f at &1, xg,...,xE. These two polynomi-
als are the same

the generic recursive formula is

f[wia LitloeeerLj—15 33_]] —

f[wi—l—la Ljtyeeey mg] — f[mza Ljt1gececes mj—l]

r; —
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Divided Difference Table

we can construct a divided difference table for
f to facilitate computation of the coefficients
of the interpolating polynomial

z | fl1| f[,] flss ] floss |
zo | flzo] | |
L0y 1]
r1 | fled] | | Flzo, z1, %2]
o L1y L2] f[m09 L1y L2y $3]
z2 | flz2] | | Flz1, 2, x3]
| L2y L3
3 | f[zs3]

the coefficients along the top diagonal are the
ones needed to form the Newton form of the
interpolating polynomial
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