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Polynomial Interpolation

given a set of discrete values, how can we es-
timate other values between these data

T | xo | @1 || Tn

Y| yo|yL| | Yn
the method that we will use is called polyno-
mial interpolation.

we assume the data we had are from the eval-
uation of a smooth function. We may be able
to use a polynomial p(x) to approximate this
function, at least locally.

a condition: the polynomial p(x) takes the
given values at the given points (nodes), i.e.,
p(x;) = y; with 0 < ¢z < n. The polynomial is
said to interpolate the table, since we do not
know the function.



Order of Interpolating Polynomial

a polynomial of degree 0, a constant function,
interpolates one set of data

if we have two sets of data, we can have an
interpolating polynomial of degree 1, a linear
function

p(x) = (m_ml)yoJr(m_mO)m

Ty — T1 T1 — TQ
Y1 — Yo

= y0+( )(fb’—fb’o)
xr1 — g

review carefully if the condition is satisfied

interpolating polynomial can be written in sev-
eral forms, the most well known ones are the
Lagrange form and Newton form. Each has
some advantages



Lagrange Form

for a set of fixed nodes xg,®1,...,Tn, the car-
dinal functions, lg,l1,...,lyn, are defined as
. |0 ifz#3
(@) =% =11 iz
we can interpolate any function f(x) by the
[Lagrange form of the interpolating polynomial
of degree < n
n
pn(x) = > Li(x) f(z;)
1=
note that [;(x) is of order n, but pp(x) is of
order < mn, and

pn(zj) = él Li(z;) f(z;) = Li(x;) f(z5) = f(z5)

the (point exact) condition is satisfied



Cardinal Functions

the cardinal function is

Li(x)= 1 (m_wj) (0 <i<mn)
JFJ=0\T; — Zj

what it looks like

r — I r — I
l'w = )( )...
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w—wi_l)(a:—mm
Lg — Lj—1) \Lg — L4411
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note that l;(x;) = 0, for i # j

and l;(x;) =1



Step by Step Construction

for any table of data, we can construct a La-
grange interpolating polynomial. Its evaluation
Is a little bit costly, but we can always do that.
The existence of the interpolating polynomial
IS guaranteed

can we construct the interpolating polynomial
step by step, or if we discover some new data,
can we add those data to make the interpola-
tion more accurate?

we can use Newton form of the interpolating
polynomial

let p.(x) be an interpolating polynomial for the
date set {(x;,y;)} with 0 < 2 < k such that

Pr(z;) = y;



Newton Form - Cont.

We want to add another data (xg41,Yr+1) to
have a new interpolating polynomial pg.q(x)
such that pgyi(x;) = y; for 0 << < (k 4+ 1).
Let

Pr+1(x) = pr(x) +c(x—=zo)(x—21) - - - (T— )
where ¢ is an undetermined constant

since pr4+1(Tk+1) = Yr4+1, We have

Pr(Tpi1) + c(Tp41 — To)(Tp41 — Z1)
o (Tl — TE) = Ypt
we can solve this equation for ¢, with the con-
dition that x¢,x1,...,xE41 are all distinct

_ Yi+1 — Pe(Tr11)
(Tg+1 — o)(Tgs1 — x1) * * * (Tpr1 — Tk)
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Uniqueness of Polynomial

is the interpolating polynomial unique?

if p and g are interpolating polynomials for the
data set {(=x;,y;)} for 0 < 7 < m such that

p(z;) = qz;) = v, -

then the polynomial r(x) = p(x) — q(x) of de-
gree at most n is zero at g, £1s...,Tn. NOte
that a polynomial of degree n can have at most
n roots, we must have r(x) =0, or p—q = 0.
Hence p = ¢q

the interpolating polynomial is unique

it may be written in different forms



An Example

find the interpolating polynomial for this table

z| 0|1 |-1]
y|—5|—3|—-15]
Lagrange form

B (a:—l)(ac—l—l)__m_ .
(@) = o pog1 = @ DE+D
@0+ _1
h@) = G Tgatn 28t
la(x) = (@ =0)(@=1) —1:13(:1:—1)

(-1 —-0)(—1—-1) 2
the interpolating polynomial is

p2(x) = 5(x—1)(x+1) —zm(m—l—l) —125:1:(:1:—1)



Newton Form

the zeroth order polynomial is

po(z) = —5
let the 1st order interpolating polynomial be
p1(x) = po + c(xz — zg) = —5 + c(x — 0)
we want pi(x1) = —3, hence —5 + ¢(1 — 0) =
—3, we have ¢ = 2, it follows that
p1(x) = =54 2x
let the 2nd order interpolating polynomial be

p2(x) = p1(x) + c(x — o) (z — x1)

put p2(—1) = —15, i.e., =54+ 2(—1) + c(—1 —
0)(—1 —1) = —15. we have ¢ = —4. The
Newton form of the interpolating polynomial
IS

p2(x) = =5+ 2x — 4z(x — 1)
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