Convergence Analysis

let the function f have continuous first and
second derivatives f/ and f”/, and r be a simple
root of f with f/(r) # 0. If xg is sufficiently
close to r, then Newton’'s method converges

to r quadratically.

@nt1 — 7] < ¢lzn —r)?

if xp, differs from r by at most one unit in the
kth decimal place, i.e.,

|y — 7| < 1075

then, for ¢ = 1, we have

[ Zp+1 — 7| < 10~ 2F

the number of correct decimal digits doubled

after another iteration
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Convergence Proof

let e, = r — x,, Newton’'s method gives a
sequence {xy} such that

€n+l1 = T —Tp4l =T — Tp + S {n)
f'(zn)
— e, + f(xn) _ enf,(wn) + f(xn)
f(zn) I (zn)

using Taylor's expansion, there exists a point
&n between x,, and r for which

0 = f(r):f(mn+€n)

1
= f(zn) +en f’(w’n) + 9 6727, f”(ﬁn)
it follows that

1
enf'(@n) + f(@n) = — e £(én)
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Convergence Proof Cont.

we thus have

117
define a upper bound

. 1 maXgz_r|<§ | £ ()]
0(5) — 9 maXlw-rlS& |f’(m)| ’ (5 > O)

we can choose d small so that

len| =|zn —7r| <6 and | —7| <6

this is to guarantee that x,, is close to r within
a distance of §
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Convergence Proof Cont.

for very small 4 > 0, we have

1 1f"(€n)
2 | f/(zn)

< 0¢(9) |len| = plen

e? < ¢(0) 6721

n

lent1| =

with p = d ¢(d) < 1 if d is small enough, there-
fore

|513n—|—1 — Tl — |€n—|—1| < Plenl < |en| <9

Tn41 IS also close to r within a distance of 9.
By recursion, if xg is close to r, then

len| < plen—1| < pPlen—1| < --- < p"leg|
Since p < 1, this is to say

lim |ep] =0 as n — o
n—oo
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Weakness of Newton’s Method

Newton’s method converges fast, only when xg
IS chosen close to r. In practice, there might
be a number of problems also

1.) needs derivative value and availability
2.) starting point must be close to r
3.) lose quadratic convergence if multiple root

4.) iterates may runaway (not in convergence
domain)

5.) flat spot with f/(z,) =0

6.) cycling iterates around r

15



Systems of Nonlinear Equations

Newton’'s method is really useful for finding
zero of a system of nonlinear equations

fi(x1,x2,...,xn) = O
fo(x1,22,...,2n) = O
fn(x1,22,...,2n) = 0
written in vector form as
f(x) =0
where
f = (fisf2s--osfn)t
X = (wl,mz,...,mn)T
we have

x(k+1) — x(k) _ ¢/ (x (k)] =1 (x(F))

f/(x(k)) = 3(x(k)) is the Jacobian matrix
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A 3 Equation Example

fi(z1,z2,23) = O
fo(x1,z2,23) = O
f3($1,$2,m3) =0

using Taylor expansion

fi(x1 + h1,x2 4+ h2,x3 + h3)
— fi(wlaw2aw3) +

Of:
fz+h2 of; of;

h
1Bm1 o0xo Ox3

let x(0) = (mﬁo),mg"),mg"))T be an approximate
solution and the computed correction be h =
(hl,hz,hg)T. Hence

0 ~ f(x(? + h) = £(x(?) + £(x(ONHn
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Example Cont.

the Jacobian matrix is
 0f1 Of1 Of1 ]

3:131 3:132 3:133

J— | 9f2 0fz Of

3:131 3:132 8333

0fs 0fs Ofs
_8:131 8:1:2 8:1:3_

it follows that

h =~ —[f'(x(9))]71¢(x(?)
hence, the new iterate is

x(1) = x(0) _ ¢/ (x(0))]~1£(x(0))

in practice, we solve the Jacobian matrix in

[J(x*))nk) = —f(x k)
so that

K1) — (k) L ()
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Secant Method

in Newton's method

. f(zn)

f'(zn)
we need to evaluate f(xy) and f/(xn) at each
iteration

Lntl = Tn

we can approximate the derivative at € = xp,
by
f(xn—1) — f(zn)

f(zn) =
Ln—1 — Ln

thus, the secant method generates iterates

Ln — Ln-—1

\Ff(@n) — F(@n_)

Ln+1l = Ln

only one functional evaluation at each iteration
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Comments

secant method needs to iterates to start with,
can use bisection method to generate the sec-
ond iterate

secant method does not need to know the
derivative of f(x)

if |f(xn) — f(xnp—1)| is small, the computation
may lose significant digits and becomes unsta-
ble

the convergence rate of secant method is su-
perlinear

lent1| < C'len|®

with a = %(1 -+ \/5) ~ 1.62. Its convergence
rate is between that of bisection method and
the Newton’s method
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