Solutions of Homework 6: CS321-003, Spring 2006
Due Date: 1:50pm, April 26, 2006

Please show all steps in your work. Please be reminded that you should do your homework
independently.

1. (10 points) Define f(z) =0 if z < 0 and f(z) = 22 if z > 0. Show that f and f' are

continuous. Show that any quadratic spline with knots ¢g,%1,...,%, is of the form
n—1
az? +bx+c+ Zdif(:c—ti)
i=1

Solution. The function f(z) is obviously continuous on (—o0,0) and [0,00). We
only need to check its continuity at z = 0. For this, we verify that

lim f(z) = lim 0=0,

z—0~ z—0~
lim f(z)= lim z%=0.
z—0t f( ) z—0t

Hence
lim f(z) = lim f(z),

—0— z—0Tt

and f(z) is continuous at z = 0 and thus on (—oo, c0).
The derivative of f(z) on (—oo,00) is

(ﬂ@:{m T <0,

2z, x> 0.
It can be verified readily (similar to f(z)) that f'(x) is continuous on (—o0, 00).

By the definition of f(z), we have, for 1 = 0,1,...,n,

0, T < t;,
(x —t;)%, z>t.

flz—t;) = {

Thus, f(z—t;) is a quadratic function with respect to z, and f(z —t;) and f'(z —1t;)
are continuous on (—00,00).

Define L
n—
q(z) = az® + bz +c+ Z dif(z —t;),
i=1
and

a=min{t;},  b=max{t;}.
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It can be seen that ¢(z) is a quadratic polynomial. Both ¢(z) and ¢'(z) are continuous
on [a,b].

For any quadratic spline, define ¢(t;) = y;, with just (n+2) parameters (a, b, c,dq,ds, . ..

to be fixed.
. (10 points) Find a quadratic spline interpolant for these data

z|-1|0]1/2]1]|2]5/2
y[ 2 [1] 0 [1]2]

Solution. Suppose the quadratic spline interpolant has the following form

Qo(z), z€[-1,0]
Qi(z), z€]0, 1/2]
Qz) = { Q2(z), =z€l[1/2,1]
Q3($)a [1 2]
Qu(z), z€[2,5/2]

Define z; = Q;(ti), the following is the formula for Q;

Zi+1 — 24 (

— )2 S —t y

Qi(r) =

It follows that
v = —2 42 (M) ,
tivy1 — 1

By setting zg = 0, we can compute recursively,

1-2
(i )=
zg=—(—2)+2 (1(/)2__10) = -2,
23 =—(—2)+2 (11__1?2> =6,
om0
25 = —(~4) +2 (55/”2‘_22) -
Hence, the quadratic spline interpolant is
o(z) = —(z +1)% + 2, z € [-1,0]
1(z) = =2z + 1, z €0,1/2]
Qz) ={ Qa(z) =8(z —1/2)* —~2(z —1/2), =z €[1/2,1]
Qs(z) = —5(:v —1)2+6(z—-1)+1, z€ll,2]
Qa(r) =12(z —2)2 —4(z —2) +2, =z€[2,5/2]

’ dn—l)



3. (10 points) Determine if this function is a quadratic spline? Explain why or why

not.
T —o<zx<l1
Q(z) =13 x? 1<z<2
4 2<zr <o

Solution. Q(z) is not a quadratic spline. The domain of definition is (—oo, 00)
which is not finite. Furthermore,

lim Q'(z) = lim 1=1,

r—1~ z—1—
lim Q'(z) = lim 2z = 2.
T—1t Q ( ) T—1t

It follows that Q'(z) is not continuous at z = 1, which violates the definition of a
quadratic spline.

4. (10 points) Determine the parameters a,b,c,d and e so that S is a natural cubic
spline
a+blz—1)+c(z—1)2+dz—-1)2 z€[0,1]
S(x) = 3 2
(x—1)°+ex”—1 z € [1,2]

Solution. We first compute the derivatives of the individual functions

Se(z) = b+2c(x—1)+3d(z —1)°
Sy(r) = 2c+6d(zx—1)

Si(z) = 3(z—1)?+2ex

Si(z) = 6(x—1)+2e

We will make use of the continuity condition and the definition of the natural cubic
spline.

From Sy(1) = Si(1), we have a = ¢ — 1.
From S{(1) = S{(1), we have b = 2e.
From S{j(1) = S7(1), we have 2¢ = 2e, with ¢ =e.

We also have
S5(0)=5"(2)=0

2%—6d=0, 2e+6=0,
we have e= -3, c=—-3. Thena=e—1=—-4,b=2e =—6,and d=¢/3 = —1.

5. (10 points) Determine the coefficients so that the function

z? + 23 0<z<1
S(z) = 2 3
a+br + cx® + dx 1<z<2



is a cubic spline and has the property Si’(z) = 12.

Solution. The derivatives are

Si(z) = 2+ 322
Sy(z) = 2+6x

Si(z) = b+ 2cx+ 3dz?
S!(z) = 2c+6dx
Si'(x) = 6d

Given the condition S7"(z) = 12, we have d = 2.

By continuity, we have Sj(1) = S(1), which yields 5 = b + 2¢ + 3d.
From S§(1) = S7(1), we have 8 = 2¢ + 6d.

We can solve the above two equations and get ¢ = —2 and b = 3.

From Sy(1) = S1(1), we have 2 = a + b+ ¢ + d, which gives us a = —1.



