Homework 5: CS321, Fall 2004
Due Date: 2:50pm, April 5, 2004

Please show all steps in your work. Please be reminded that you should do your homework
independently.

1. (10 points) Find an approximate value of ff z ! dr using composite Simpson’s rule
with A = 0.25. Give a bound on the error. Then calculate the exact value of the
integration and compute the exact error to see if the error bound is accurate.

Solution. The composite Simpson’s rule consists of using the basic Simpson’s rule
for each of the half intervals.
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~ 0.693254

The error bound for the composite Simpson’s rule is

el = |25 B4 0(€)

Since

1FW©)) = (24675 <24, for z €1,

We have .
el < 55 % 0.25* x 24 = 5.2083 x 10™*

The exact solution is computed as
/1233_1 dz =nz|? =2~ 0.693147
The error of the numerically approximated solution is
0.693254 — 0.693147| = 1.05 x 10™*

We see that the error of the numerically approximated solution is is smaller than
the theoretical error bound. We can conclude that the theoretical error bound is
accurate in predicting the accuracy of the approximate solution.

2. (10 points) A numerical integration scheme that is not as well known is the basic
Simpson’s % rule over three intervals

a+3h 3h
/a f(@)do ~ S [F(a) + 3f(at ) + 3£ (a+2h) + f(a+ 3h).



Estimate the error term for this rule and explain why this rule is not as popular as
the Simpson’s rule.

Solution. Denote f(a) = f and use Taylor expansion, we have

fla+h) = f+hf’+%h2f”+%h3f"’+ih4f<4>+---

" 4 n

fla+2h) = f+2hf +20°f +h’f -|—§h4f(4)+---
" 2

fla+3h) = f+3hf’+gh2f +gh3f”’+§7h4f(4)+---

It follows that

f(a)+3f(a+h) +3f(a+2h) + fa+3h)
= 8f+ 12hf + 120%fF + 9R3f" + 12—1h4f(4) + e

and
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The Taylor series for function F(a + 3h) is
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By the Fundamental Theorem of Calculus, we have F' = f,F" = f',..., and
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Subtracting the above two equations, we obtain

a+3h 3h
/a F(@)dz — 22 (F(a) + 3f(a + h) + 3f(a+ 2h) + f(a + 3h))
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Compared with the basic Simpson’s rule, this g has a larger error bound. It also has

one more functional evaluation and is more expensive to compute.



3. (10 points) For what value of a does the straightforward Gaussian elimination pro-
duce erroneous answers for this system?

r1+x0 = 2

ari+1T2 = 2+«

Explain what happens in the computer.

Solution. Straightforward Gaussian elimination lead to
l-a)ze=2—-«

We solve
2—«

ro =
l—«o

Substituting zo into the first equation, we have

(07

T = —
11—«

We can see that if @« — 1, both z; and zo approach infinity, causing computer to
overflow. In fact, when o = 1 the system
1 +1z2 = 2

1 +x9 = 3
is inconsistent.

4. (10 points) Solve the following system using straightforward Gaussian elimination
with forward elimination and back substitution. Carry four significant digits.

3x1+2x9 — 523 = 0
221 — 3x0 + 13 =

1 +4x0 — 23 =
Solution By eliminating x; from the last two equations, we have

3r1+2x9—5x3 = 0
—x9+x3 = 0
59 + 213 =

After eliminating x5 from the third equation, we get

3x1 + 2x9 —dx3 =
—T3+x3 =

4ry =



It follows that 3 = 1. From
—x9+ x3 =0,

we compute z9 = 3 = 1. Moreover, from the first equation
3x1 + 2x9 — b3 =0,

we obtain )
1 = 5(5LE3 — 2:1,‘2) =1

. (10 points) Solve the following system using Gaussian elimination with scaled partial
pivoting. Carry four significant digits.

3x1 4+ 2x9 — x3
5.’1)1 + 3.’1)2 + 2:()3 =

—x1+ 22 —3z3 = -1

Solution. Note that [ =[1 2 3] and s = [3 5 3]. To find out the first pivoting row,

we examine | | 35 1
qi;,1
] =1,23p =4, —, —
{eti-nasp {554

It follows that the first pivoting row should be the first row. After the first elimina-
tion, the system becomes

314+ 229 — 3 = 7
1 11 23
—§$2 + ?.'LB = —?

5 10 4

3727 g% = 3

Check the second pivoting row,

|qu; 2| } {1 5}
LR . :2 = _— =
{ s, =23 15’9

So we choose the third row as the pivoting row. We now have

3x1+2x0—23 = 7
37
3.1'3 = —g
5 B 10 _ 4
3727 3™ T 3

The solution is x3 = —2.4667, 290 = —4.1333, 21 = 4.2667.



