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Abstract. A brief overview is given of recent results on theory revision with queries for propo-
sitional formulas, such as monotone and unate DNF, Horn formulas, read-once formulas, and
threshold functions. Several open problems are formulated for revision in propositional and predi-
cate logic, and finite automata.

1 Introduction

Theory revision is a branch of machine learning where it is assumed that the learning process starts with
an initial concept that is an approximation of the target concept. A typical example is an initial version
of an expert system provided by an expert, which needs to be refined using further examples or other
information available. It is argued that in order to learn a complex classification rule efficiently, one needs
such an approximation. Descriptions of theory revision systems are given, for example, in Ourston and
Mooney [15], Richards and Mooney [16] and Wrobel [21, 22]. One of the first papers studying revision
from a theoretical aspect is due to Mooney [14]. He assumed that the target theory can be obtained
from the initial theory by syntactic modifications, such as the deletion or the addition of a literal, and
gave bounds for the the number of random examples needed in the PAC model for revision in terms of
the number of these modifications necessary. Greiner [11] considered the computational complexity of
hypothesis finding in a related framework.

In this note we describe some results from our work on theory revision, given in the papers [8–
10, 17, 18]. We also formulate several open problems suggested by these results.

2 Definitions

We primarily use the model of learning with equivalence and membership queries (see, e.g., Angluin [2]).
In an equivalence query the learner proposes a hypothesis h; if h classifies every instance as the target
c then the answer is “correct”, otherwise the answer is a counterexample, that is., any instance x such
that h(x) 6= c(x). In this paper we assume that equivalence queries are proper, that is, they belong
to the target class. The only exception is the case of Horn formulas, where we use “almost proper”
equivalence queries (see below). In a membership query, the learner presents an instance x, and receives
the classification of that instance.

This learning model is of interest in computational learning theory partly because many important
learning problems, such as propositional Horn formulas and finite automata, have efficient learning
algorithms in this model, but do not have efficient algorithms in less powerful models. Furthermore,
in some applications, such as the construction of expert systems and natural language applications, it
seems reasonable to assume that the learning algorithm has the option of asking membership queries.
Equivalence queries can be simulated by random examples; alternatively, such an algorithm can be used
to find a hypothesis which is consistent with a set of counterexamples to the initial theory, given in
advance.

Some of the results use another standard learning model: mistake bounded learning [13], which
proceeds in a sequence of rounds. In each round the learner receives an instance, and produces a prediction
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ŷ of its classification. Then the correct classification y is revealed. If ŷ 6= y then the learner made a
mistake. The mistake bound of the learning algorithm is the maximal number of mistakes, taken over
all possible runs, that is, sequences of instances.

A mistake-bounded learning algorithm can be thought of as an equivalence query learning algorithm,
where the equivalence queries correspond to the predictions at each stage of the algorithm. These queries
are usually improper. In the example considered below, the target class is monotone disjunctions and
the hypothesis class is monotone threshold functions. Thus, proper equivalence and membership query
algorithms and mistake-bounded algorithms are incomparable in general.

The syntactic revision operators can, in general, be either deletion or addition type. The definition
of these operators may depend on the target class. A deletion operation is fixing a literal occurrence to
0 or 1 (in a DNF or CNF expression the effect of such an operation is the deletion of a literal, a term,
or a clause). An addition operation for DNF expressions is the addition of a literal to a term, and for
propositional Horn formulas it is the addition of a new literal to the body of a clause. It appears to be
the case that addition type revisions are more difficult to handle than deletion type revisions (this is
intuitively to be expected, and is also borne out by experience in most, though not all, cases).

The revision distance between the initial theory and the target theory is the minimal number of
revision operations needed to transform the initial theory to a theory equivalent to the target. A revision
algorithm is considered to be efficient if the number of queries is polynomial in the revision distance,
and only polylogarithmic in the total number of variables. The concept classes may have additional
parameters (such as bounds on the number of terms or on the size of the terms), which are considered
to be constants appearing in the bounds. We use d for the revision distance, n for the total number of
variables, m for the number of terms, and k for the maximal size of the terms. There is an interesting
connection between efficient revision algorithms and attribute efficient learning [5, 6].

For certain types of revision problems, such as revising finite automata, revision operators unique to
the problem domain must be used.

3 Results

The following two theorems summarize most of our positive results in the query model. The first theorem
contains revision algorithms for the deletion model, and the second theorem contains results for the
general model of deletions and additions. The revision algorithms for Horn formulas use CNF hypotheses
with each clause being a revision of a clause from the initial formula, but one initial clause can have
multiple revisions in a hypothesis.

Theorem 1. In the deletion model of revisions

(a) monotone k-DNF formulas can be revised with O(k · d · log n) queries,
(b) m-term monotone DNF formulas can be revised with O(m · d + m2) queries,
(c) m-clause Horn formulas can be revised with O(m3 · d + m4) queries,
(d) read-once formulas can be revised with O(d · log n) queries.

The graph of a Horn formula has the variables as its vertices, and has an edge from every variable in
the body of a rule to the variable in the head (with extra vertices T and F defined in the natural way).
A Horn formula is depth-1 acyclic, if its graph is acyclic and has depth 1. A Horn formula is definite with
unique heads if the heads of the clauses exist and are all different. A 0–1 threshold function is 1 if and
only if at least t of its relevant variables are set to 1 (for this class revision means deleting or adding a
relevant variable, or changing the threshold by any amount).

Theorem 2. In the deletion and addition model of revisions

(a) m-term monotone DNF formulas can be revised with O(m3 · d · log n) queries,
(b) 2-term unate DNF formulas can be revised with O(d2 · log n) queries,
(c) depth-1 acyclic m-clause Horn formulas can be revised with O(m3 · d · log n) queries,
(d) definite m-clause Horn formulas with unique heads can be revised with O(m3 · d + d · log n + m5)

queries,
(e) 0–1 threshold functions can be revised with O(d · log n) queries.

A DNF formula is k-projective if it is of the form

ϕ = ρ1t1 ∨ · · · ∨ ρ`t`,



where every ρi is a conjunction of size k, every ti is a conjunction and for every i it holds that ρiϕ ≡
ρiti. This class of DNF formulas was introduced by Valiant [19] (see [18, 19] for motivation and basic
properties). The revision distance of an initial k-projective DNF ϕ0 and a target k-projective DNF ϕ of
forms

ϕ0 = ρ1t1 ∨ · · · ∨ ρ`t` ∨ ρ`+1t`+1 ∨ · · · ∨ ρ`+at`+a

ϕ = ρ1t
∗
1 ∨ · · · ∨ ρ`t

∗
` ∨ ρ′1t

′
1 ∨ · · · ∨ ρ′bt

′
b

is defined to be (somewhat differently from the previous definition for DNF)

a +
∑̀
i=1

|ti ⊕ t∗i |+
b∑

i=1

max(|t′i|, 1),

where |t| is the size of t, and |t⊕ t′| is the number of literals in the symmetric difference of t and t′.
The following theorem gives an efficient revision algorithm for k-projective DNF. It uses a slight mod-

ification of Valiant’s attribute efficient learning algorithm [19], which is based on Littlestone’s Winnow
algorithm [13]. A generalization of this result to the case of noisy examples is presented in [17].

Theorem 3. In the deletion and addition model of revisions k-projective DNF can be revised with O(k ·
d · log n) mistakes.

As a counterpart to the previous positive results, we mention a negative result. Consider the variables
x1, . . . , xn, y1, . . . , yn, let

ti = x1 ∧ · · · ∧ xi−1 ∧ xi+1 ∧ · · · ∧ xn ∧ yi

and ϕ = t1 ∨ · · · ∨ tn.

Theorem 4. In the deletion model of revisions at least n− 1 queries are needed to revise ϕn, even if it
is known that exactly one literal yi is deleted.

Theorem 1 shows that in the deletion model a monotone DNF can be revised efficiently, if it has small
terms (part (a)), few terms (part (b)) or few occurrences of each variable (part (d) applied to read-once
DNF). Theorem 4, on the other hand, shows that if neither of these conditions hold then efficient revision
is not always possible.

In computational learning theory one considers the complexity of learning a target concept from a
given concept class. For a revision algorithm, the concept class consists of revisions of the initial concept.
Thus the complexity of this revision task associates a learning complexity to a single concept. (More
precisely, we have several learning complexities, depending on the edit distance bound.) This appears to
be a novel feature of revision algorithms. Thus, Theorem 4 refers to the revision complexity of a specific
formula. Theorems 1, 2 and 3, in this sense, provide meta-algorithms that work for revising a whole class
of formulas.

4 Two simple revision algorithms

In this section we give two simple examples of efficient revision algorithms. The first revises monotone
conjunctions with equivalence and membership queries. The second is Winnow, which is shown to revise
monotone disjunctions efficiently in the mistake bounded model. Compared to these simple algorithms,
the main complication arising in the revision algorithms described in Theorems 1, 2 and 3 above is the
ubiquitous credit assignment problem.

Proposition 1. In the deletion and addition model of revisions monotone conjunctions can be revised
with O(d · log n) queries.

Proof. Let us assume that the variables are x1, . . . , xn, we would like to revise the initial conjunction
t = x1 ∧ · · · ∧xr, and the target conjunction is h. The first equivalence query is t. If we receive a positive
counterexample a = (a1, . . . , an) then, as t(a) = 0, it must be the case that ai = 0 for some i, 1 ≤ i ≤ r.
As h(a) = 1, this means that xi does not occur in h. Thus we have identified a variable that is deleted
from t. If we receive a negative counterexample a = (a1, . . . , an) then there is an i > r such that ai = 0
and xi occurs in the target. Let a(j) be the vector obtained from a by switching the first j 0-bits of a to
1. Then a = a(0) < a(1) < · · · < 1 (where 1 is the all ones vector and < is the componentwise partial



ordering of {0, 1}n), thus 0 = h(a(0)) < h(1) = 1. Using O(log n) membership queries implementing a
binary search, we find a j such that h(a(j)) = 0 and h(a(j+1)) = 1. The variable switched on in a(j) to
get a(j+1) is a variable added to t. Thus in both cases we found a variable deleted from, or added to t,
using O(log n) queries. Repeating this process, h is identified with O(d · log n) queries. ut

Next we give a revision algorithm for monotone disjunctions, in the mistake bound model.

Theorem 5. In the deletion and addition model of revisions monotone disjunctions can be revised with
O(d · log n) mistakes.

Proof. We use the Winnow algorithm. Let the set of variables be x1, . . . , xn and the initial disjunction
be x1 ∨ · · · ∨ xk. The algorithm maintains a weight wi for each variable xi. Initially w1 = · · · = wk = n
and wk+1 = · · · = wn = 1. In each round, given weights w1, . . . , wn and an instance x = (x1, . . . , xn), we
predict ŷ = 1 if w1x1 + · · ·+ wnxn ≥ n, and we predict ŷ = 0 otherwise. If a mistake is made, that is, if
ŷ 6= y, then those weights wi for which xi = 1 are updated to wi 2(y−ŷ). The case when ŷ = 0 and y = 1
(resp., ŷ = 1 and y = 0) is called a promotion (resp., demotion).

The analysis of the mistake bound is as follows. Consider first an i such that xi is in both the initial
and the target disjunction. Any time that xi = 1, the hypothesis correctly predicts that the disjunction
is 1, so wi is never updated, it always (correctly) remains at n.

In a promotion step, the weight wi of some variable xi that needs to be added to the initial disjunction
to get the target disjunction, is doubled. The weight of such a variable is never halved. Once it reaches
n, it will never be doubled again. Thus if there are altogether d1 variables to be added, there can be at
most d1dlog2 ne promotion steps. The total weight increase in each promotion step is less than n, as the
weights to be doubled add up to less than n before the promotion. Thus the total weight increase over
all promotion steps is at most d1dlog2 nen.

In a demotion step, none of the variables in the target disjunction have value 1. The variables that
are set to 1 must have weights totaling at least n, so we decrease the weights of variables not in the
target disjunction by a total of at least n/2.

Let d2 be the number of variables that need to be deleted from the initial disjunction to obtain
the target disjunction. The total weight to decrease over all demotion steps can be at most n + d2n +
d1dlog2 nen. Here the n term is from the initial weight 1 of the at most n variables in neither the initial
nor the target disjunction, the d2 n term is from the d2 variables to be deleted, and the d1dlog2 nen term
is from the weight added in the promotion steps. Dividing by n/2, we get that the number demotion
steps is at most 2 + 2d2 + 2d1dlog 2ne. Since d = d1 + d2, this gives the desired mistake bound. ut

It is interesting to note that Winnow is not an efficient revision algorithm for 0–1 threshold functions,
if, as in Theorem 2 (e) above, one also allows the revision of the threshold. To see this, consider the
initial concept x1 ∨ · · · ∨ xn (true iff at least one variable is on) and assume that we would like to revise
it to the concept which is true iff at least two variables are on. Then each unit vector is a negative
counterexample to the initial concept, and Winnow will only change the weight of a single component
for each such counterexample. Thus, altogether, it will make at least n mistakes.

5 Open problems

We mention several open problems. A general question is to simplify the existing revision algorithms
(the description and analysis of the 2-term unate DNF revision algorithm, for example, takes up more
than 15 pages).

Problem 1 In the deletion and addition model, is there an efficient revision algorithm for

(a) m-term unate DNF formulas,
(b) m-clause Horn formulas?

It would be especially interesting from the practical point of view to be able to handle Horn formulas
with deletions and additions, as this is the class used by several revision systems. On the other hand, we
note that Horn revision can mean different things in different contexts (see [9] for a detailed discussion
of this issue). A technical problem for the revision of Horn formulas is to replace the “almost proper”
equivalence queries in Theorems 1 and 2 by proper ones.

Another problem concerns extending the model of revisions with addition.



Problem 2 Are there efficient revision algorithms when the addition operator also allows for the addition
of a literal to start a new term or clause?

The work described above deals with revision in propositional logic only. It appears to be a very
interesting topic for further research to study similar revision algorithms in predicate logic.

Problem 3 Are there efficient revision algorithms in predicate logic using queries?

We mention two possible starting points. Learning Horn formulas in predicate logic with queries
has been studied in several papers, for example [3, 4, 12]. As a first step for revisions, one could look
at the class of universally quantified function-free Horn expressions in the different setups considered
by Khardon [12]. Another interesting framework is the robust logic of Valiant [20]. Valiant argues for
the importance of attribute efficient learning in this model, which is both logic-based and is biologically
realistic from certain aspects. Extending Valiant’s argument, there appears to be motivation to consider
efficient revision here as the modification of previously learned, or innate concepts. Theorem 3 above
gives an efficient revision algorithm in a somewhat related framework. Adding to the problems mentioned
in Problem 1 above, it may be useful here to extend the results of Theorem 2 (e) from threshold functions
to conjunctions of threshold functions.

Another domain where revision appears to be interesting is finite automata. Some of the earliest work
on learning with equivalence and membership queries showed that finite automata can be learned in this
model [1]. Syntactic revision operators for finite automata can be classified by two parameters: Whether
they are addition or deletion type operators, and whether they act only on transitions or on states as
well.

Problem 4 Are there efficient revision algorithms for deterministic finite automata

(a) in the transition operators model,
(b) in the transition and state operators model?

Goldsmith, Homer, and Klapper [7] conjecture that the answer to these questions is negative. We
are not aware of any results on the related computational problem of finding the minimal number of
revisions of a finite automaton to get an automaton equivalent to a given target automaton.

Similar questions can also be asked about grammars. Here, syntactic revision operators for context-
free grammars could be classified by two parameters: Whether they are addition or deletion type oper-
ators, and whether they act on productions or on nonterminals.
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