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CS 633 3D Computer Animation
Solution Set - HW 3 (40 points)
Due: 2/8/08

If we want the user to til@ an impression that the object is moving in constant speed, we
need to parametrize the path aibw ac length. For a B-spline curve, he should the
re-parametrization process be done? Note that a B-spline asually has seeral sey-
ments and each segment is defined differently.

Let C(t) be a wbic B-spline cure with n segmentsC,(t), C,(t), ..., C,(t). To re-
parametrizeC(t), we need to build an arc length table first. The arc length tablelts b
as follows.

For 0 <t <1, the arc length is computed using the expregs{oh= C,(t).

If L, is the length ofC,(t), then for 1<t < 2 the arc length is computed by first comput-
ing the arc length oZ(t) = C,(t — 1) and then adding this arc lengthLtp

In general, ifL,, L,, ..., L,_; are the lengths of the gmentsC,(t), C,(t), ... C,_(t),
then fork -1 <t < k the arc length is computed by first computing the arc length of
C(t) = Cy(t -k +1) and then adding this arc lengthltp+ L, + -+ -+ L, ;.

Prove the third equation on page 104 of the textbook, i.e.,

_ Vot —ty)
2(1_ tz)

S0 = 0%+ volt 1) * [Vo It -t

whent, <t < 1. To prove the abee guation, you need to siwathe follonving equation
first.

Vo
1_t2

va(t) = - (t—1) + vy

(10 points)

First note that

SO=[ W d +st),  tstsl

Since
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Vot
Sy(tp) = % + Vo(t; — tg)

we have
t Vot
S5(t) = [ va(t) dt + =% + vo(t, ~ta).

The acceleration betwegpnand 1 is a constani, so he velocity betweet, and 1 can
be expressed as

Vo) = [ =belt +v,(tz) == blt =) + vy(t)

The value ofv,(t,) is vy and the value of;(t) at t = 1 equals 0. Therefore,

and so

_ t _ Vo _ VOtl _
S(t) = .[tz [ 1-1, (t-t) +vo] dt+ - Vo(tz —t1)

Vo(t = t,)? Voly
=207 Lyt —t) 2t +vg(ty

2(1-1,) ot —t2) > ot —t1)

Thereare two goproaches to definespherical linear interpolation (see page 111 for the
definition of this term) between twunit quaternions. In the second approach,
derp(q;, g,; u) is defined as follows:

sin((1-u)d) +sin(u¢9)
sing 1" sing

slerp(ay, Gz; U) =

2

Prove that whenu =1/2 the abwe definition indeed gies the mid-point of the arc
betweerg, andq,. (10 points)

To show that whenu = 1/2 the abwe definition indeed gies the mid-point of the arc
betweeng; andq,, we haveto prove that

. + 0o
|, + dyl

slerp(dy, Gp; 1/2) = *)

Whenu = 1/2, we hae
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sin@/2) , sin@/2)
sing "t sing
_ sin(6/2)
~ sing

slerp(ay, Gp; 1/2) =

2

(0 +d2)

= 20s612) (01 + 02)

Let g; =[wy, (X1, Y1, Z1)] and g, = [w,, (X5, Vo, Z,)]. Sinceq; and g, are unit quater
nions andy; [, = cosg, we have

lol1 + Gal = VW1 +Wo)? + (X1 + %)% + (Y1 +Y2)? + (2 + 2)?

=+200S6 + 2
=V2(2cod(6/2)-1)+ 2

= 2 0sE/2)

Hence, (*) is proed.

Prave the second approach generates the same asrhre first approach. (10 points)

We will show that, for each & u < 1, we hae

sin((1-u)d) +sin(u9)
sing 1 sing

Q1(QIlQ2)u = a2 (**)

where co® = q; [b,.

Let q; =[cosa, vsina], Q, =[cosp, vsinp], wherev is a unit vector in the direction
of the rotation axis.

0(di' )" = au([cosa, ~ vsinal[cos B, vsin A])
= g,([cosa cosp + sina sing, vcosa sing — vsina cosp])"
= u([cos(B - a), vsin(B - a)]"

By settingd = B — a, we have

a1(07g,)" = [cosa, vsina][coss, vsing]
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= [cosa, vsina][cos(ud), vsin(ud)]
=[cosa cosud) — sina sin(ud), vcosa sin(ud) + vsina coss)]

=[cos(a + u6), vsin(a + ud)]

We daim that
cos@ +ug) = 2 sin((1- us)iér?\); cosp sin(ué) o
sin(a + ué) = sin((1-u)8) sina + sin(us) sin B o

sing
To prove (1), note that

Sina sin B = cosH — cosa COoSp.
Hence,

COSs( +ud) = cosa cos(ub) — sina sin(ub)

. . sin(B - a
= cosa cosu) - sina sin(ud) L
sing

. . [Tosa sinB —sina cosp [
= cosa cosug) - sina sin(ué .
a to) a sin(ué) l sin@ i

sina sin B cosa sin(ué) — sirf a cosg sin(ud)

= cosa cosb) — Sng

(cos8 — cosa cosB) cosa sin(ué) — sir’ a cosp sin(ué)

= cosa cosb) - sne

cosa cosi8) sin 8 — cosé cosa sin(ub) + cos a cosB sin(ub) + sirf a cosp sin(ub)
sing

cosa (sing cosd) — cose sin(ud)) + cosp sin(usb)
sin@

cosa sin((1-u)d)) + cosp sin(ud)
sing '

To prove @), recall that = B — a and co® = cosa cosp +sina sin 3. Hence

, sing | . ,
sin(e +ud) = <ing (sina cos(d) + cosa sin(ud))

1
= sne (sin@ sina cosd) + sin(B — a) cosa sin(ud))
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= i . in@ sina cos(d) + sin B cos a sin(ué) — sina cosa cosp sin(ué?)D
sin@ E? [

= sing (sin B sin(ué) + sind sina cos(ig) — sin B sin(ud) + sin B cos a sin(ud)

Sin

- sina cosa cosp sin(ub))

% (sin B sin(ué) + sind sina cos(d) — sirf a sin B sin(ué)

— sina cosa cosp sin(ub))

1 . . : . . .
= sing (sinB sin(ud) + sind sina cos(d) — sina cose sin(uo))

= ﬁ (sinB sin(ud) + sina (sing cos(g) — cose sin(ub)))

= ﬁ (sing sin(ue) + sina sin((1-u)8))

Therefore, (**) is proed.



