Solving a system by analysis

5.3.2 The Jacobian Aisdiicut

- lterative numeric solution” j o use incremental method, we
/ need to use Jacobian. Why?

- Construct the motion incrementally

What is a bacobian}? foetax)

Consider y = f(x) ./'(X)}AQ dy
;g ay o
f > E or d) o~ / dx X .\"i"d.\‘ >

Hence, f (x + dx) can be approximated by
f(x + dx) = f(x) + dy

~ J(x) [ dx

Works only when

<= ;
dx is small
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In the 2-variable case,
! e f(xl’ .\'2),

af af .. *
d,V"' all d"l alz d.lz ( )

f(xl +dxl9x2 +dx2) = f(xl’xZ) £ dy

af d :
~f(xl’x2)+ [ax{; > ai]l




Why is (*) true?

Let X, +dx, be fixed, then
Ig(x) = f (X, X, +dx,)| can be considered
as a functionof one variable x, therefore

g(xl + dxl) ~ g(xl) + g’(xl) dxl

of (X, X, +dXx,) dx,

= f (X, X, +dx,) +
OX.

~ T (X, %)+

of (x;, X,) dx. + of (X, X
2

2 ) d X1
OX, OX,
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If f(xy.x5) = (fi(x1. x5). fo(x;.x;)) then

J(xy +dxy, x3 +dx;) = f(x1, %) + dv
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oF JF
gl = - dX — 1S ¢ obiar
Y oy 18 called a Jacobian

The Jacobian maps the velocities of X to the velocities of
Y .
¥ = X)X

So a Jacobian is a linear transformation (like a rotation)

In our case, xi are the joint angles and yi are position
and orientation of the end effector:

V = J(@©) -6

with

I/ — [‘\'x. 1.).. \’:. wx~ a)}" (0:]
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V = J@) -6
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V = J(@) - 8

V' . vector of linear and rotational velocities
represents the desired change 1n the
end effector
eg v,=(G-E),

6 : vector of joint angle velocities
unknowns of the equation

J(8) : each term of J(0) relates the change
of a specific joint to a specific change
in the end effector



Rotational change:
- merely the velocity of the joint angle about the axis of
revolution at the ioint under consideration

N S ~
X N // :
X Z i ) N //’/ Z :
X - L '
-

-/

Linear change (in the end effector) :
- the cross product of the axis of revolution and the
vector from the joint to the end effector
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A Simple Example: o G

@

AN

Objective:

Orientation
of E Is of
Nno concern

move the end effector E to the global
location G % 1
83*\'\‘]\532

"
o

AN

Instantaneous changes 1n position induced
by joint angle rotations CS Dept, UK



Therefore, the corresponding equation Is:
| (G o E)\ I
(G o E)y —
L (G o E)\ il

((ZxE) (ZRE~P): EXE—~P)) |

(£LXE), (LX(E-PFy), (LX(E=13)),

where Z2=(0, 0, 1)

Or, simply.

V=J-86
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5.3.3 Numerical Solutions to IK

Howtosolve V=J-6 for 6 ?

(1)

Non-singular (J 1s a square matrix)

é pe— J—l : V\seldomtohappen!!!

(2)

Singular (/7' does not exist)
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(3)
If the manipulator 1s redundant

( dim(J@)=mxn, m<n

J(0) 1s of full rank )

Since rank(J)=m and the mxm matrix
(JJ') is invertible, we can define

B=JHY 'V
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So,

(JTY) B=V

JF - B=0T-0

JF -5 —8)=0

J' B=26

b & b

JEJTINY1 v =6

J+ = JT(JJT)—I

is called the pseudo inverse of J
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In real-life implementation,  should be computed as
follows:

First, use an efficient method such as LU decomposition
to solve the following equation for £ .
(3'3)B=V
Then substitute S into the following equation to solve for 8
JTp=0
Then we use Euler method to update the joint angles.
The Jacobian has changed at the next time step, so the
computation must be performed again and another step
taken. This process repeats until the end effector

reaches the goal configuration within some acceptable
tolerance. CS Dept, UK




0 can also be computed as

6=(73)" 3TV Why?

One possible way to find a solution to an under-
determined system like the following one

MX=Y (*)

(M is an m x n matrix with n > m, X is an unknown
vector of dimension n and Y is a constant vector of
dimension m) is to solve the following system for X.

(M'M)X=M"Y (**)
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Note that if we define F(X) as follows:

F(X)=(MX-Y) (MX-Y).

we get a non-negative function whose minimum occurs
at a point X where Eq. (*) is satisfied (why?).

Hence, to find a solution for (*), we simply compute the
derivative of F(X) with respect to X, set it to zero, and
solve for X. Note that

FX)=X"M -YHMX-Y)
=X M'MX-X*'M'Y-Y MX+Y'Y.
Since X'M'Y = Y'MX, we have

FX)=X"M"MX-2X"M'Y+Y'Y
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Since X'M'Y = Y'MX, we have

FX)=X"M'Mx-2X"M'Y+Y'Y

By differentiating F(X) with respect to X and setting it to
Zero,

dF (X
(, ) T MX - 2MTY =0
dX

we get (**). Hence, solving (*) is equivalent to solving
(**) for X.

From this one can see now why @ can also be

computedas 6= (J N )_1; TV
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End of Kinematic ||
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