3.2 Controlling Motion Along

Sﬁace Curve

e constant speed
e speeding up
e speeding down

CS Dept, UK



Constant sgeed

To ensure constant speed, must parametrize by arc
length (constant distance-time function)

Why?

JAY

Lower Higher
speed speed
Original
Parameter
Space

O 1 2 3l 4l' 5l CS Dept, UK



Constant sgeed

To ensure constant speed, must parametrize by arc
length (constant distance-time function)

Why? o

e \/
t : original ‘C(t) 1

parameter . . . . . .
space O 1 2 3 4|5
\G(t) ‘ G(s) C(G™(s)) has constant speed
S : arc length

CS Dept, UK



Constant sgeed

However, calculating arc length

dC(t)

S= [ ? dt
J df

IS too difficult (sometimes, impossible)

WHY?

CS Dept, UK



Constant sgeed

C(t) = (x(t). y(t). z(t) Y= at®> + bt> + ct + d

laz]

—\NAM¥ + BB +CP+Dt+ E

—

—

Vv

ds
( 7 )

rbx\
- b.
\ b:J

2

[ +

@y &y
dt dt

11/2

—

Sometime
Impossible
to compute

Jept, UK



Constant sgeed

Remedy |. estimate arc length by forward

differencing

Create a table

0.0 005 0.10 0.15 020

Index Parametric Value  Arc Length
0 0.00 0.000
1 0.05 0.080
2 0.10 0.150
3 0.15 0.230
4 0.20 0.320
5 0.25 0.400

CS Dept, UK



Forward Differencing
C(t+9)

C(t)=at” +bt’ +ct® +dt+e ___f,‘,(f).{ﬂ<— AC(H)
C(t+5) = C(t)+AC(t) |

t t+0

SVl Cc(0) —— C(5) —— C(28) ——

AC(0) — . AC(6) — . AC(20) — .

NC(0) =, NC(5) = NC(26) =
ASC(0) 4&(:(5) = AC(26) el
Nc©) —Z ac(s) —< A*C(25) =



Forward Differencinﬁ

To compute a new point, only 4 additions are needed. Why?

AC(D=C(t+05)—C(t)
= (4ad)t° + (6a0° +3bo)t”
+(4a6° +3bo” + 2¢o)t
+(ad0* +bo° +co° +do)

)

A°C(t) = AC(t+ ) - AC(t)
= (12a0°)t* + (24a0° + 6b54)t
+(14a0* +6bS° +2c6?)

C(t+6) = C(t) + AC(t)

AC(t+8) = AC(t) + A°C(t)

CS Dept, UK




constant

Forward Differ

AC(t+ ) = A°C(t) + A’C(t)

= (24a5°)t + (3625* +6b5°)

A'C(t) = AC(t 7{ — NC(t)| B [A'C(t+8) = AC() + A'C(t)
=24a5"

— C(t) —C(t+9)
C(t+0)=C(t) + AC(t
We have |C(t+0)=C(t)+AC(t) AC(t) 4AC(t+5)

AC(t+0)=ACH+ACH) | ooy = pc(tes)
N°C(t+06) = A°C(t) + A’C(t) = NC(t) el C(t+9)

NC(t+0)=AC{H)+A'C(t)| ACEH)” = AC(t+5)




Forward Differencinﬁ

Hence, iIf we know

C(0), AC(0),

then

A°C(0),

C(0)
AC(0)
A*C(0)
A’C(0)
A'C(0)

/:I

=

C(9)
AC(5)
A°C(9)
AN’C(0)
A'C(9)

A’C(0), A‘C(0)

Disadvantage: large
numerical error

Error would propagate all
the way from the start to
the last point

CS Dept, UK




Constant SEeed

Let LENGTH(t1, t2) be the length of the space curve

from C(t1) to C(t2) O )
/*)f |

Need to solve two problems:
1. Given ti and tz, find LENGTH(t1, t2)

2. Given the arc length s and a parameter value
t1, find t2 so that LENGTH(t1, t2) = s

CS Dept, UK




APPROACH II: estimate arc length by

adaﬁtive subdivision

(uniform forward differencing is easy, fast and intuitive,
but generates large numerical error) and

Uniform forward differencing

4 } i / can not handle this case
A
VAN

More points should Less points should
be computed be computed CS Dept, UK




APPROACH II: estimate arc length by

adaﬁtive subdivision

ldea: using chordal deviation to determine if a region
should be further subdivided

i )

If Length(A) + Length(B) - Length(C) > &
further subdivide the segment

otherwise
stop subdivision of the segment s pept, ux



APPROACH II: estimate arc length by

adaﬁtive subdivision

Algorithm:

1=0;:s =

0;

C(m)

ArcLengthTable[ 1] < (O, S);
STACK < Push [0, 1] ;

while (STACK not empty) {

[a, b] < Pop STACK; @) c(b)
m « (a+ b)/2;

1 <

| 2«
| 3 <

_engt
_engt

_engt

(C(a), C(m));
(C(m), C(b));

a m b

N(C(a), C(b)); Cs Dep, UK



APPROACH II: estimate arc length by

adaﬁtive subdivision c(m)

f(LL+L2-L3> &) {
STACK < Push [m, b];
STACK <= Puch [a, m];

C(a)
}

else {
S=s+L1;
ArcLengthTable[i + +] < (m, s);
S=sS+ L2;
ArcLengthTable[i + +] < (b, S);

}

} CS Dept, UK
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APPROACH II: estimate arc length by

adaﬁtive subdivision

Potential Problem: can not detect the following
situation

Possible solution: force the subdivision down to a
certain level then embark the adaptive subdivision

CS Dept, UK



t(u) = ((b-a)/2)u + (b+a)/2

APPROACH llI: compgdting arc length
numericall

b dC(1) . ,
s=| | = di =) f(D)dr
= | . Li(x)d
-1 dt(u) P J Ao
= J fU(n)) du
-1 du
Z) W. : Gaussian weights
-1 —
= S (1)) du
: R M=
—1 ll'(.\‘): _—1—[_ ( = ‘])
g F(u) du IS ey

X: : Gaussian nodes

2 w; F(x;) '
=

CS Dept, UK




APPROACH IlI: computing arc length

numericall¥

It Cc(t)=at*+bt?>+ct+d

t3 +

/

\

0,

Dy

Oz/

t% +

0. t*+C t+cC
2

0,t" +C 1+0

0 t°+Ct+C

(c, )

Cy

\C2
h

X
y

z )

t+]|C

\Z)
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APPROACH IlI: computing arc length

numericall¥

we have

(%j :(3axt2+2bxt+cx)2

dt
=9a,t* +12a b t’+(6a,c, +4b>)t°
+4b.c,t+cC>

Then

B dC (1) B ax , dy ., dz 5 4y

fO=1—=1=1Z) +(—)" + ()]

VAP + B3 +C2+Dt + E



APPROACH IlI: computing arc length

numericall¥

where 4 =9(a> +a° +a2)

B =12n b, +ab, + a,b,)

C =4(b; + b2 + b})

+ 6(a,c, + a,c, +a,c,)

D = 4(b,e; + b6, +b,6,)

5 JR ..
E=g. %8, +6 ept, UK



APPROACH IlI: computing arc length

numericall¥

How to build an arc length table?

 uniform Gaussian integration
« adaptive Gaussian integration

similar to adaptive subdivision except

dt

b~

dC (1

Length(a, b) = j | )
= i

CS Dept, UK



APPROACH IlI: computing arc length

numericall¥

Once the arc length table is created, then

1) for given t1 and t2, how to find Length(ts, t2) ?
2) for given t1 and s, how to find t2 so that
s = Length(ts, t2) ?

~or (i), use Newton-Raphson method
Let f(t) =s - Length(t1, t), construct a sequence of
points { pn} as follows

Pn=2P

f(pn—l)

" f,(})n—l)

CS Dept, UK



APPROACH IlI: computing arc length

numericall¥

the limit point of { pn}

>

lim p, =1,

Hn—coco

IS the t2 that we are looking
for.

o ’ o
However, at any point, if £(p, ) =— (Pos)
f'(p,,)=0 oris very close Prs— P,
to zero, use binary

subdivision to find ta. CS Dept, UK




Speed Control: general idea

—_——

Time is always uniformly
subdivided. 1

C(u)
For each ti, iIf we know
S(ti), then use the arc T = |
length table to find the ’ T u(s(®) b
corresponding u, then & % | . normalized
compute C(u) to find ?s(2) ascleagth
the location of the object . = PR—
at time ti 0 Iy Ip I3 Iy .. !

CS Dept, UK



Speed Control: general idea

The core of speed control is the construction
of the distance-time function, s(t).

Constraints:

1. s(t) is monotonicint <

Strictly increasing

2. s(t) Is continuous -«

Possible Choices:

NoO jumps

1. constant speed
2. ease-in/ease-out <—

start slowly, be fastest at the middle of
the animation, then finish slowly

3. constant acceleration

4. general distance-time functions

CS Dept, UK




Speed Control
S

1. Constant speed

s(t)=ct

02 04 06 08 10
CS Dept, UK



Movement of a pendulum

A

Speed Control

_ f :77\ /'A \
£ A\

i D A
2. Easy-in/easy-out DN
Example:
stopp:/@osition S—
[' position f
0
acceleration-1
—r/2 0 /2

maximum velocity

CS Dept, UK



Speed Control
S

Using Sinusoidal pieces

A S
|

How to design a distance-time
function for this case?

5(1) (3 pieces: sine [- /2, 0],

straight line segment,
', sine [0, 7/2])

0 T kK by 11
acceleration deceleration

Constant speed CS Dept, UK



m(x) = x/f (normalization)

bk |
2ky/n % i
I0)=(+1) — i | =
it S— ——”’Ell \ note that d— — d—
0_ dt t=k, dt t=k,
U B . 1:(;:(‘:
Pt ( B)=t+(——Dk
— | \\~ b/ 4 ’,I
0 Rl —
-~ - p __--’;-‘~~\
| T il___=-—"ﬂ’= :




Speed Control

Hence,
r ’)k
—[sm((——l) )+1] 2 0<t<k
2]\'71
s)=s(+——-k))/ f. ki<t<k
V4
TITIT. ky<t<l




(iii)

Constant acceleration

acceleration
a P Q
0- 0 M
deceleration
- b _____________________________________________ ( — : :
7 7> 1
o < =
Velocity Distance
+ A
Vo (t, —t) +V,t, /2
Vo
Vot, 1 2|———
1 —




(i) Constant acceleration

Vo(t, —t)+v,t, /2

-
. Vof.1/2 ; 1
C ' ' J
0
A A A
s1(0) =7 s2() =7 s3(6) =7
=at*/2
r . , 1
C ' ' ]
0 n L5 1
2
Vot
si(t) = — 0<t<t
1() 21y, 1
Vol
sz(t)=v0(t—t1)+-%, t<t<t,
Voly
s =vla—H)+ 5~ [why? |
vo(f —1,)
+fvn— r—1). o o |
o 2(1-1) 1t=1,) % Dept, UK




Vol /2
|

; = ]
0 Vo(t, =) +Voty /2
s5:1(0) =7 s»(t) =7 s3(t) =7
- (l)r: "l f': ]1
Speed for [t,,1]: —b(A-t,)=v,(1-t)/1-t,)
_ +)2
s,(t) =~ =D
2(1-t,)
g=Yol=t) t)+%
vV, (1-t)? LV (1-t,) ob
S,(t) =— +Vo(t, 1) +—
3 (1) 21 t) > o(t, —1,)
-t V,t
:Vo(t_tz){l_ 1_52)}"'\/0(1:2 t1)+%




End of
Interpolation Il



