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8. Turing Machines and Equivalent
Models — The Church-Turing Thesis

Goal: to show you construction of Turing
Machines that can perform:

the addition function,
the subtraction function,

___ the multiplication function, and
the division function

for unary numbers



TM for the addition function for the
unary number system

Notations:

The unary number is made up of only one
character, i.e. The number 5 can be written in
unary number system as 11111. In this TM, we

are going to perform the addition of two unary
numbers.

For example:
2+3
e, 11+111=11111



Solution:

If you observe this process of addition, you will
find the resemblance with string concatenation

function.

In this case, we simply replace ‘+’ by ‘1’ and move
right to search for the right most ‘1" and convert

— that ‘1’ to ‘A’.
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Input: 4+2

[ The simulation for 1111+11A can be shown as below: ]

[efa)af+fajafaf | ]|

1State:0

| Move right up to the + sign: ]

[1]1] 1\1\;\1\1\/\\ | ||

| Convert +to 1 and move right: ]

[2]1] 1\1\1\;\1\/\\ | ||




conti.

i Keep moving right: I
[1]1] 1\1\1\1\;\A\ | 1]

[ Until we reach A: ]

[1]1] 1\1\1\1\1\/1\\ | ||

—[Moveleft: ]
[1]1] 1\1\1\1\;\A\ [ 1]
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cContil.

i Convert 1 to A, move left and stop : I
(L] ofafrfejafaf | ] |

fState:haIt

[Such a TM would look like the one below : ]

1 T A 1

AL e AL m
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Input: 4+2

[ The simulation for 111+11A can be shown as below: ]

[1fa)faf+fajafaf | ]|

1State:0

(1) af«foaja] [ ]

1State:1

e afafefafafal | ]|

1State:1

[efa)ofafafajafaf | ] |

1State:2




Contil.

[efa)fafafajafaf | ] |

1State:2

[efa)ofafafafafaf | ] |

1State:2

[efa)oafafajafaf | ] |

1State:B

[efa)afafafafaf | ] |

4/28/2025 f
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Note:

N N
This & IS to prevent

)

having a '+’ in the left
most cell

J
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Would the following TM work as well?

Can it handle the following input?

o) gaf+falafaf J 1| ves

1State:O
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Would the following TM work?

+ A 1
Start — — I
@ 1,R @ AL @ AL m
T
LR 1R

What if the input is like the one below?

\;\1\ jafujajaf [ | ] ]

4/28/2025

This input would be b
rejected by the TM
given in slide 9
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Can the above TM be modified to do addition of
— three numbers, four numbers, ..., n numbers in
unary form directly?

ik n p
| |

’ |
Lo oo+ fa]a [+ 2] 2|2fa]al-

4

9

m+n+p

l
J !

L[ faafe|afa]afa]afa]afa]a]-

* State=halt



TM for the subtraction function for
the unary number system

Notations and Assumption:
For example:

4-2

l.e.,, 1111-11=11

Develop a TM for the subtraction of two unary
numbers f(a-b) = ¢ where ‘@’ is greater than or
equal to ‘b’
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Solution:

If there are n 1’'s in the unary representation of b
and m 1’s in the unary representation of a, the
process is to reduce n 1’s from the unary
representation of a.

The reduction will be perform from the right side
— of the unary representation of a.
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So the input tape will look like:
Input: 4-2 BEEEEAEREEN

1State:0

Move right to the ‘=’ symbol:

[1]1] 1‘1‘i‘1‘1‘/\‘ | [ ]

Move right and convert 1 to *

ABREBE \ 1 [a] | \ \

Move left:

[1]1] 1\1\1-\*\1\/\\ | [ ]

18



Contil.

Again move left:

[1]1] 1\;\-\*\1\A\ | [ ]

Convert 1 to “* and move right:

[1]1] 1\*\1-\*\1\/\\ | [ ]

Keep moving right until a ‘1" is reached:
[1]1] 1\*\-\*\;\/\\ |1

4/28/2025
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Contil.

Convert 1 to * and move left:

[1]1] 1\*\“*\*\/\\ | [

Keep moving left until a 1 is reached:

\1\1\11\*\-\*\*\/\\ | [ ]

Convert 1 to * and move right

[efaf -l faf | ] ]
t

20



Contil.

Keep moving, ignore all *’s and ‘-’ until we reach an ‘1’ ora ‘A’

\1\1\*\*\-\*\*\;\\ | [

Find a ‘A’. Turn left, ignore *’s and the ~, until an ‘1’ is reached

M;\*\*\-\*\*\A\ | [ ]

— Change the state to ‘halt’ and stop.

[efaf-fef-fel=af [ ||

f State=halt

21



The TM will look like the
one below (when n < m):

(" . 1 . )
This — IS to prevent
having a ‘=’ in the left * *
most cell y s L s L
g O O @
AL — L
— L 1,5
—( % (=5, @ (4]
2 1 _
4 (N 7 N1
1 * ’ * *
1R =R * R %, L %, L
1
« R

4/28/2025
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The TM will look like the
one below (when n <= m):

é . 1 . )
This = IS to prevent

having a ‘=’ in the left * *
L
most cell Y s L - A
\, ~Y N\~ AR
LA —{e)——0
AL — L
—L 1,8
—(0 % (12, (3, (4,
. 1 _
a4 (N 7 N1
I 1 %k * ’ * *
1R R R % L % L
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Note that iIn case m=n, the read/write head,
at the end, will point at the left most “+’

4 4
| | [ 1
‘A‘A‘A‘A‘l‘1‘1‘1‘-‘1‘1‘1‘ 1‘/\‘/\‘...

* State =0

9

4 4

- A !

| | [

1
* * * * - * |k * *

[A]afa]s

A‘A ‘

* State = halt



Can the above TM be modified to do subtraction
f(m —n) = c even when nis bigger than m?

a=2 b=5
‘Al/l A\A‘A 1 1‘-|1 1\1‘1 A‘A‘...
4
.
2-5l=-3 2 :5
| | r
‘AlA OIO‘O * | % x| « [ | % | % A‘A‘...

’ State=hait



The TM will look like the
one below (when m < n):

* * 0
*, [, *LO,_L
Y. A
A ® (6)—
AL 1
1S
1 —
= (O)—= )0 @ (4]
/ 1
(TN = N C TN
1 |0 ERRC « [0
1R +R|0OR * R *, L «L|oL
11 A
*, R0, R

4/28/2025
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Question 2:

Given three non-zero positive unary numbers a, b
and ¢, can a TM be built to carry out this function

fla+b—c)?

a=4 b=2 c=3
| | ! l_‘_\ | ‘ !
‘A‘A‘l‘1‘1‘1‘+‘1‘1‘-‘1‘1‘1‘A‘A‘...
.
— \ 4
atb-c=3
—— — —
‘A‘A‘l‘l‘l x| | = A‘- x | | = A‘A‘...

4



TM for the multiplication function for
the unary number system

Input:

m=3 n=4
A

. . —

! ' ! —
NEEEENRARNDADE

)

Output:

mxn=12

A
| |

L .. Jafafafafafafafafafaafafajalajafal |

* State=halt
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Basic concept: repeatedly attach m 1’s to the
end of the 2"d string until n iterations have been done

What is multiplication?

Extended addition. Why?

—

4 1111
4x5 == 4 - == 17111
- L 5
— 4 copies 1111 copies
4 1111
+ 4 _ + 1111 _

4/28/2025 29



Basic concept: repeatedly attach m 1’s to the
end of the 2"d string until n iterations have been done

What is multiplication?

Extended addition. Why?

1111 11111111
11117 = (1111 -
1111 1111
1111 + 1111

4/28/2025 30



Basic concept: repeatedly attach m 1’s to the
end of the 2"d string until n iterations have been done

What is multiplication?

Extended addition. Why?

== 11111111111111111111

4/28/2025 31



Implementation:

Input:

m n

A A
| | | |

[afrlajaffajafafajajafafa]- |

t

Step 1: move right, ignore all the 1’s and *, to find
the first A, convert it to * and turn left

[afrlafaf<fajafafaj-jafafal- |

t
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Step 2: move left, ignore all the 1’s, until a * is
found, then turn right

G

[afrlajaf<fajafafaj]afafal- |

t

[afrlajaf<fajafafajjafafal- |

t

The portion of the TM for step 1 and step 2:

1 * A

33



r——"—"~""~""~""="="="="="="="="="=-"="=""="="="="="=-"=-"=-"=-"=-"=-"=-"=-"=== 1
—i Step 3: move right, mark the first 1 reached with!

r ——————————————————

:_a_n_’X’ and turn left.llf no ‘1’ found but “*’ is

_ reached, convert it to ‘A’, move one unit to the
right and stop.

A afijafaffajafafaljajafal- |
C *
[afrlafaf x| afafaj-]afafa]- |

t
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Step 3 move rlght mark the first 1 reached with

A

[afofaaf xPxgxfxfelafafa]- |
C *

[affaaf IxIx|xfxjalafafa]- |

* State=halt
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The TM will look like as follows :




— reached, keep that ’A, turn right and change all

the Y's to 1, when we reach the **, keep that ™,
move one unit to the right and go to Step 3.

>

[afrlafaf x| afafaj-]afafa]- |

g *
[afrlafv] x| g af o <]afafa]- |

t
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Step 4: move left, mark the first 1 reached with

an ‘Y and turn rlght| If no ‘1’ found but a ‘A’ i

l
|
—reached, keép that ’A turn right and change all !
"the Y's to 1, when we reach the ¥, keep that *, »

:move one unit to the right and go to Step 3. /

(Al Vv xafafaf]afajal- |

t

— [afeafaf X afafal-]ajafal- |

t

4/28/2025 38



The TM will look like as follows :




Step 5.1: move right, ignore all the Y’s, the first
=’ all the X’s, all the 1’s, the second ‘*/, all the 1’s

— until we reach a ‘A’. Convert that Atoa 1 and
then turn left.

[afrlafv] x| g af o <]afafa]- |

t

[afrlafvf x| g af afJifafal- |

— t
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Step 5.2: Move left, ignore the first ™, all the 1’s,
all the X’s, until the second **’ is reached. Keep

— that " and move one unit to the left and go to
Step 4.

[afrlafv] x| g af o <Jafafal- |

t

[afrlafv] x| g af af <Jafafa]- |

- t
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From slide 33

\Step4\C\A\1\ 1] faju]of [ajajaf- |
[afr]a]v]~ \X\ Lo Jajafa - |

|Step 5.1

[afr]a]v]* \X\ [Lfo Jrfafa]-|
t

[afrlafvi=fx]afafaf- Jafafajala] - ]

t
[afr ]V fx]afafaf-afafajaja]- |
t

‘Step 5.2

‘Step4‘

W WY
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= CELTTOETT R [a[a[ ]
' ¢
‘ C\A\l\Y\Y\*\X\l\l\l\*hMA\A\A\--- |
StepS.ZC 4
= (AL v]y] P fafafaf- o Ja]a]afaf-- |
Step 4 4
= 2 COT DT D [Tl ]
(Ster C ¥

ALY A Ixfefe faf-fufaa]afaf- |

t

4/28/2025
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(A DU X2l [ [ [ A~

‘Step5.2C 3
(A Y[ fxfafafafa]a] fafa]-

| Step 4 C X
Ialofaf o] <x] afafa]=|a]af2][a]a] -

‘Step 3‘ 2

Al Y[y ] =Ix] X af af <] 1] 1f 1fa]a]--

_ t
‘ Then put second copy of ‘111’ here

4/28/2025
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The TM will look like as follows :




Can the above TM be modified to do multiplication
of three numbers, four numbers, ..., n numbers in
unary form directly?

m n D
——= A 5
[‘1‘1‘1 « 1 [1 ]+ 1‘1”A‘A‘A‘~--‘ |

t
m*n*p ‘

A

| |

L .. Jafafafafafafafafafaafafajalajafal |

* State=halt
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Solution:
‘Step 1 \
m
A

|

E S

L[ JafaTa]-T ]

-
-
n=p

A

]
Clafajafafafafajal-J [ L] ][ |

1
t



Solution:
‘StepZ\
m n o) n
—— — — A

P
[‘1‘1‘1 A EEBE !1‘1‘1‘£

y
m=*N*p ‘

|
I I
L. \*\1\1\1\1\1\1\1\1\1\1\1\1\/\\/\\/\\---\ | |

X X *




‘Step 3 \
ik
|

N P Nxp Mx*N*p
L N e ——
[‘1‘1‘1 *1‘1 *1‘1]* 1‘1‘1‘1 *1‘1--|

4 |

Move ‘np’ units to the left

9

i

M=*N*p

1
[ ]
\A\:\l\ gofufefifufufafafafajajaf-J | |



Input: i

TM for the division function for the
unary number system

Develop a TM for the division of two unary numbers m and n such
that f(m/n) = g + r where g is the quotient and r is the remainder.

e

[afrafofufajafafujplalf | |

OUtp : q r

N

[afrfiofifafalala]a]- |

4/28/2025 * State=halt 50




Basic concept: divide the unary representation of
m into subgroups of length n; the number of subgroups
IS the quotient and the excess part is the remainder.
nT4 me :Q — A :
: \ : o :
1111 1111111111 IR=A |

If n<=(current) m do
= create a subgroup of length n
= add1toQ

= erase this subgroup from m

Otherwise, set the current mto be R




— )

— )

1111

m
A

1111111111

current m

A

\

A

lx ke x x11 11111

(erase this subgroup from m)

\

IR=A

h____

(Increment



-
=

| A I~ I

[ \ L . ‘ Q= !
1111 P Rxrx11 11111 | |
|

IR=A
current m -
(Increment

T nlW Q by 1)
|_ ___ B
| | r ! IQ =2 I
1111 ****'111111 I I
"""""" IR=A !
(Create a subgroup of length 4) e e -

N m

A A o~ - |
' \ j i . ! |Q =2 '
1111 ****L****:ll I I
(erase this subgroup from m) ._R_ _A_53_ |



— )

And then stop

l \ \ 'g=2
i Q=2
: !
'IR=A
m
l ‘ ' 'g=2
------- : |Q_2

\ LR_;,Z_ _

(set this part as R)

54



Implementation:

Input:
n=2 m=>5
e W e
[afefafolafafafafaal] | | |
t

Step 1.1: move right, ignore all the 1's and 0O, to find
the first A, convert it to Q and turn left

I N
Iafi)afola]afa] 2] dqlafa]al-| | | |

t -




Step 1.2: move left, ignore all the 1’s, X’s and O
until a A is found, then turn right

alijifofafajrfufdoiafalal-{ [ | |
t
alijifofafajifujjoiafalal-{ [ | |
t

The portion of the TM for Step 1.1 and Step 1.2:

! Y S 0 A
WStart7 (O SG)s(o s()AE
N N CN CN
R R 11X
4/28/2025 1R 1R 1,L X,L _L 56



Step 2 (test if n > (current) m)

Repeat the following process: mark a 1 in n with a
B then mark an available 1 in m with an A.

If all the available 1’s in m are marked before all
the 1’s in n are marked (i.e., n > (current) m), then
go to Step 4 (to format an output and then stop).

Otherwise (i.e., n <= (current) m), go to Step 3.

all the 1’s in n (see the example in the next slide)

57

[i.e., there are still some unmarked 1’s in m after marking]




Initially,

Currlent m

| |
[aft]a]ojafafs]aji]olafal-] |

t

[a[slajofalalafaf1jola[af-] |

C *
\A\B\B\i\A\A\l\l\1\Q\A\A\A\---\ [ | ©

No more 1’s in n to mark, but there are still
some unmarked 1°s in m (l.e., n <= current
m), SO go to Step 3

58



After a while,

Current m
,_L\
[a]t[afolx]x[x{x]t|of1]1]Af- ]
g *
[aleTelolx[xIxIx]afo it faf-[ T ] e
)

No available 1 in current m to mark/match for
~ the 1 just marked in n (i.e., n > (current) m),
SO go to Step 4.
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The portion of the TM for Step 1 and Step 2 is as
follows

(n < (current) m)

Portion of the
TM for Step 3

1,R 0 A 0
0000
CN CN C N C N
1 1 1 x 1

1,R 1,R 1L XL 1L

Portion of the
TM for Step 4

(n > (current) m)




Step 3: This step marks n 1’s of m with X’s (so the

next ‘current m” has n less available 1’s than the
— current ‘current m’) and adds 1 to the quotient

and then go to Step 2 (to perform the next

(n <= (current) m) test).

From (*) in Step 2 :

Current m
A

| |
_C\A\l\l\O\l\l\l\1\1\Q\A\A\A\---\ /

t

\A\B\B\i\A\A\ lajajofafafal-{ | | ©




|

t
C\AIBIBIOI><I><I1I [1[o]aala]-T ]

[ale 2o I IxTafa[aJo e afa]-] ]

t

4/28/2025
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The portion of the TM that does Step 3 :

(Step 3)



Step 4.
This step formats the output by using the number of

1’s put behind Q as the quotient and the number of
available 1’s in current m as the remainder, then

terminates.

From (**) in Step 2 (slide 58):

C\A\l\1\o\x\x\x\x\l\q\l\l\/\\..- | S

t

[afelBlolxx[x[xajoftfijal-] | | ¢

t
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C\AIBIBIOIXIXIXIXIAIQ\ tial-T T ]

t

[a[e]e[o[x[x[x]x]aJo[a [t Jo[a]-] ]

g *
[aleTe[o[xIx[xxT 1] o[ 1] 1] o] ofa]--]

* No more A’s

> [a[s Lo X XXX o a0 1 ]a] - ]

* halt
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1

The portion of the TM that performs Step 4 :

necessary?

(Step 4) G [Is this instruction

(n > (current) m)




End of Turing
Machines Il



Input for question 1 of HW10 — 2025s

m=3 n=2

——
01 2 3 4 5 6 7 8 9 10 11 12 13
alefa]af«Jafajafalafalaf-]| |

t

4/28/2025

68



Question 2 of HW10-2025s

Input:

n=2 m=5
l_‘_\ [ A 1

o1 2 3 4 5 6 7 8 9 10 11 12 13

[afr]afofrfajafafajajajajalal-| |

t

69



	Slide 1: CS375: Logic and Theory of Computing
	Slide 2: Table of Contents:
	Slide 3: Table of Contents (conti):
	Slide 4: 8. Turing Machines and Equivalent Models – The Church-Turing Thesis 
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19
	Slide 20
	Slide 21
	Slide 22
	Slide 23
	Slide 24
	Slide 25
	Slide 26
	Slide 27
	Slide 28
	Slide 29
	Slide 30
	Slide 31
	Slide 32
	Slide 33
	Slide 34
	Slide 35
	Slide 36
	Slide 37
	Slide 38
	Slide 39
	Slide 40
	Slide 41
	Slide 42
	Slide 43
	Slide 44
	Slide 45
	Slide 46
	Slide 47
	Slide 48
	Slide 49
	Slide 50
	Slide 51
	Slide 52
	Slide 53
	Slide 54
	Slide 55
	Slide 56
	Slide 57
	Slide 58
	Slide 59
	Slide 60
	Slide 61
	Slide 62
	Slide 63
	Slide 64
	Slide 65
	Slide 66
	Slide 67
	Slide 68
	Slide 69

