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[. Context-Free Lar guages & Pushdown
Automata- Context-Free Languages

Goal:

To study a non-regular language

called context-free language,

and the machine called pushdown automaton
that recognizes this language.

Why do we want to study context-free language?
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[. Context-Free Lar guages & Pushdown
Automata- Context-Free Languages

Why do we want to study context-free
language?

Because reqgular languages do not include any
programming languages such as Pascal, C,
C++, Java or Python as members.

Why? Consider the data item a?b?. This item
can be a term in a polynomial and yet it Is not
recognized as a regular language term.




[. Context-Free Lar guages & Pushdown
Automata- Context-Free Languages

Can a machine recognize a language that is not regular?
YES.

The language is not regular, but it has a

non-regular gramma
S— aSb | A

A context-free arammar has=sFeductions of the form

where N is a non-terminal and w is a string containing
terminals and/or non-terminals.

Can have more than
one production
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[. Context-Free Lar guages & Pushdown
Automata- Context-Free Languages

Why Is the grammar called

‘context-free grammar” ?

Consider the rule
S — aShb

What this says is “wherever you find S, you can replace it with
aSb”.




[. Context-Free Lar guages & Pushdown

Automata- Context-Free Languages
Why is the grammar called “context-free grammar” ?

'-------------l
| S—aSb I

I
: CSB — CaSbB I

In summary, in the first case, you didn't need any context
— to apply the rule. You can apply it irrespective of the context
In which S appears. So, grammars which contain only rules
of first kind are called context-free grammars.



[ . Context-Free Lar
Automata- context-Free

guages & Pushdown

_anguages

Why Is the grammar ca

led

‘context-free grammar” ?

Now consider the rule

CSB — CaShB

IS says “You can replace S with aSb only if it is preceded by C
and followed by B”. Here it imposes a condition on when S can
be replaced with aSb. You can apply this rule only if S appears in
this particular context. Here, ‘context’ is used as is generally

used in normal English.




Think of the strings in the following
. Context-Fre form:
Bllitomata- Contexirax{@P)bb. (aabbjbb, (aaabb)bb, ...

A context-free language is

strings derived from a

context-free grammar.

Example. {a@"b" |n eN} is hnguage derived from the
C-F grammar

[ S—>aSb\| ]

Example. Any regular gramm context-free.
So regular languagel fare C-F languages.

Quiz. Find a grammar for { a"p™? |n €N}. |
nswer. S— asSb |bb. ]
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[. Context-Free Lar guages & Pushdown
Automata- Context-Free Languages

Quiz. Find a grammar forf { ww® | w € {a, b}* Ywhere W*

IS the reverse of w.
Answer.

Example.] S = aSa = abSha = abAba = abba
Question. |What if wefa,b,c,d}" ?
Would §S — aSa | bSb | cSc | dSd | A | work?
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[. Context-Free Lar guages & Pushdown
Automata- Context-Free Languages

[ Techniques for Constucting Grammars: ]

[ Let L and M be two C-F grammars wi];h_d_is_jgm_tﬁgtg
of non-terminals and with start symiRls A and B,

\__respectively.
Then

-|L UM has grammar S — A | B H|0\;]V %bouf)the
— alphabets™
* ILM has grammar S — AB :

' * has grammar S — AS| A
Why do we need
a ‘N here? °©
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Then
-I[LUM : S—>A|B plus «J (1)
* |[LM .S — AB nlus (2)
o IL*  S—>AS| AN JIS (3)
— |L*M has grammar S — AS|B (4)

S = AA...AAS _I

= AA...AAB



7. Context-Free Lan

guages & Pushdown

Automata- context-Free

_anguages

Examples. For a string x and letter a let na(x) be the number of

asinx.Let L={x &{a, b}*

A C-F grammar for L with start symbol E can be written as:
E — aEbE | bEaE | A.

| Na(X) = Nb(x) }.

Solution: S — EaE. Would § — aE or
S - Ea work?

Can this grammar generate

a*ab* a?b3aba®, b?aa’b3 ?



A C-F grammar for L with start symbol E can be written as:
E — aEbE | bEaE | A.

Question 1:

Would E - aEb | bEa|A work forL ?

NO.

Because we wouldn’t be abl te strings
| such as: abba, baab, alf Can not generate strings whose

nd st

E -2 aEbE -2 aEbbEaE -2 aAbbAaA = abba



Question 2:

Why don’t we need an ‘E’ on the left hand side of the
productions, i.e., why don’t we need productions of the
following form?

E - EaEbE | EbEaE | A

Because the left most symbol of each string in L is either
a’or b’ Ifitis ‘a’, we can start with the first production.
If it is 'b’, we can start with the second production.




[. Context-Free Lar guages & Pushdown
Automata- Context-Free Languages

1.1{x €{a, b¥* | na(x) = 1 + no(x) }.

Solution: S — EaE. =

Can this grammar generate |a*ab¥,

a*ab* = a (a* b*) L

a’b3ab>a® = (a’b3a)(b°a>)a

b%aa’b® = (b%a?)a(a’b?)



[. Context-Free Lar guages & Pushdown

Automata- Context-Free Languages
Examples. For a string x and letter a let na(x) be the number of

a'sinx. Let L ={x €{a, b}* | na(x) = nb(x)}.
A grammar for L with start symbol E can be written as:
\_ E — aEbE | bEaE | A. Y

Use this information to find grammars for following languages.

2. {x €{a, b} | na(x) =2 + nn(x) }.
—_Solution: S — EaEaE.

Can this grammar generate a*ab?ab?, a?b3ab>aa® ?

a*ab?ab? = aa(a’ab?ab?)
a’b3ab>aa® = (a’b3ab®aa*)aa



[. Context-Free Lar guages & Pushdown
Automata- Context-Free Languages

Examples. For a string x and letter a let na(x) be the number of
a'sinx. Let L ={x €{a, b}* | na(x) = nb(x)}.

A grammar for L with start symbol E can be written as:
E — aEbE | bEaE | A.

Use this information to find grammars for following languages.

Would the following T work?
3. {x €{a, b¥* | na(x) > no(x) }.

T - TEa | A
Solution: S >|EaE
I'— akET | A

What is T for?
S — EaET — EaEaET — EaEaEaET — ....

To ensure the number
of extra a’s can be as
many as possible




[. Context-Free Lar guages & Pushdown
Automata- Context-Free Languages

Examples. For a string x and letter a let na(x) be the number of
a'sinx. Let L ={x €{a, b}* | na(x) = nb(x)}.

A grammar for L with start symbol E can be written as:
E — aEbE | bEaE | A.

Use this information to find grammars for following languages.

3. {x €{a, b}* | na(x) > no(x) }.

Solution: S — EaET
I'— akET | A

Questions: would[S —EaES | /\] or [S—> EaES | a] work?

[None would work!!!  Why? ]




[. Context-Free Lar guages & Pushdown
Automata- Context-Free Languages

Examples. For a string x and letter a let na(x) be the number of
a'sinx. Let L ={x €{a, b}* | na(x) = nb(x)}.

A grammar for L with start symbol E can be written as:
E — aEbE | bEaE | A.
Use this information to find grammars for following languages.

4. {x €{a, b¥* | na(x) < no(x) .

Solution: S — EbET T — bET|A. «—| compare #4
o with #3
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[. Context-Free Languay( Infinite memory but
restricted access
Utomata- pushdown Automata

pushdown automaton (PDA): :
a finite automaton with a stack Fy

stack operations: pop, push, and nop.

a PDA Is an automaton that can memorize things

—— | What can we do with a PDA ? UNDO
can be used to model a parser for instance.

(Most programming languages have deterministic PDA’s )



[. Context-Free Languages & Pushdown

Automata- pushdown Automata
A PDA starts with one designated symbol on the stack.

A state transition is determined by:

current state

iInput symbol
top of the stack

If the machine is in state | and the input
_ _ letter is b and C is on top of the stack,
Representatlon- then pop the stack and enter state |

('\ pop u/j\! or (1,b,C,pop,J)]|.



Pushdown Automata, intuitively

Start S G

A stack Is used when events
occurred more recently are
more Important




Why not a Pushup Automaton?

Start X G

A queue is used when the order u
of occurrence Is important L



For the PDA example in slide 26:

ax N e Lalal bl Al Al
\ push(a)/N\push(a) ,’ Input string

stack

baa

3/4/2025 28

Output queue




Why Is stack data structure important?

(1) can reverse a word,
(2) for “undo” mechanism;
(3) can be used to match braces, ...

Very useful for language processing

Question: Can a queue do the same thing?
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Why Is stack data structure important?

(1) can reverse a word;

Yy (e Top
2 X Current top symbol 0
A\,
pus(?) b
\ / i
O\wan O por | a\
i N
7 H
push A X nop .
nop @ — Empty
space
Next input symbol I symbol

3/4/2025
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(2) for “undo” mechanism,;
Top

|

E; olEi—1| E;

low should the previous PDA be modified?

3/4/2025 University of Kentucky 31



A .
X g‘”

Ei_»

Ei 1

2 X
A
pusi(?)

i 3

Current top event

push

*)

Op

UNDO

O

Next input event

3/4/2025
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UNDO and REDO can be implemented
with two stacks

* Push all operations to Undo-stack

* When UNDO is called, pop operations from
Undo-stack and push it to Redo-stack.

* When REDO is called, pop operations from
Redo-stack and push it to Undo-stack.

How should the previous PDA be modified?
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(3) can be used to match braces

Top

!

L0 ]}

How should the previous PDA be modified?

(use two stacks, one for every input symbol,

3/4/2025 34

one for braces only)



Final State acceptance
vs Empty-stack acceptance

@cceptance of a string: )

A string w Is accepted by a PDA if there Is a
path from the start state to a final state such
that the symbols on the path edges
concatenate to w. Otherwise, w Is rejected.

This kind acceptance Is called Final State Acceptance

3/4/2025 University of Kentucky




Final State acceptance [accepted J

\
a, X a, a -7~
“ba ,  «~—alalalabblAl
push(a) ‘ push(a) —— 1 _
\ Input string
Start_x - o
_ stack
n X\\ —a—
— \ —a—
N ! —a—
X

baabaa «—

3/4/2025 36

Output gueue




Final State acceptance
vs Empty-stack acceptance

[Em pty-Stack Acceptance. h
Instead of final-state acceptance, a PDA can also be
defined to accept a string by the condition that the stack

\__Is empty. )

The two types of acceptance are equivalent in that they
define PDAs that accept the same class of languages.

empty-stack PDA < final-state PDA
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Empty Stack acceptanc{accepted J

\
a, X a, a =~
’ ba > <+lalalalalblb| Al
push(a)push(a) r=_ :
\ Input string
Start X

stack

\
P AX

\
<pop /

baabaa «—
Output gueue

3/4/2025

Stack is empty ]




[. Context-Free Languages & Pushdown
Automata- pushdown Automata

Question: is the following PDA a final-state acceptance PDA for
the language L={a"b" | n eN} ?

a.X a.a
push(a)’ push(a) b_
; \ '/ N Pop
P . 7N
Start X K 3 ba N\} A X ’k\f)/
pop pop
or
IYES | . ¥
pop or T
nop

3/4/2025 University of Kentucky 39



[. Context-Free Languages & Pushdown
Automata- pushdown Automata

Question: is the following PDA an empty-stack acceptance PDA
for the language L={a"b™" | n e N} ?

a. X a.a
push(a)’ push(a) b.a

; N '/‘\,‘ P
Dot
Start X K S a N\}/ A X
\& = )
-|Is/\accepted? ‘
So A\ is accepted b/c the

stack is empty now
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[. Context-Free Languages & Pushdown
Automata- pushdown Automata

Question: is the following PDA an empty-stack acceptance PDA
for the language L={a"b™" | n e N} ?

a.a
push(a) ba
™\ Pop

]
Start X \O N 5
-|Is\a\b/\ accepted? ‘\\ /
A, X
So ab is accepted b/c the pop

stack is empty now

sity of Kentucky 41

‘Try aabb, aaabbb, ... yourself |




[. Context-Free Languages & Pushdown
Automata- pushdown Automata

Nondeterminism can occur in two ways:

T

e ™ : £a) _
f = dod) y )
—— / ;\r,‘.\'\':' ...... ; .’-’ i ,/ I\ - ol N
Ny L J S P N
A V. R o ¢ b C N— *,/ 5%
I | ) ‘ \ K )
\ push®@) ¢+ N/ \ push(D) } L



§(i,a C) means when you are in state i, the next input symbol

IS a and the top element in the stack is C, the number of
A\l instructions that can be used for this combination

Deterministic PDA: gt most one legal transition for jha.sameg
combination of input symbol, state and top stack

Nondeterminfsm: the 2" case:

b=ADb, henfce,
If o(1, /\, C) Is not empty,

then processing o(i, b, C)
could give us two different
legal transitions. Why?




[. Context-Free Languages & P
Automata- pushdown Automata

Deterministic PDA: at most one legal transition fo
combination of input symbol, state and top stack symbol

Nondeterminism: the 2" case:

In addition to gettyrg o(i, b, C)
we can get o(i, A\, C) first and
then followed by &(j, b, D) where
] Is the next state of d(i, A, C) and

D Is a stack symbol right below C (after popping C).



[. Context-Free Languages & Pushdown

Automata- pushdown Automata
Intuitively,

Deterministic PDA: never have a choice

Nondeterminisitic PDA: may have several alternatives
how to continue

A PDA is deterministic if
15(i, a, C)| + |8, A, C)| < 1
for any state i, any alphabet symbol a, any stack symbol C.



[. Context-Free Languages & Pushdown
Automata- pushdown Automata

Example. A PDA to accept the language {a'h" |n>0} asa
graph and as a set of 5-tuples.

W

y aX Y aa !

:\ push(t;Zﬂ push(a) |
_____________ N~
( ) .' _ —
i Start ——»! Ov;ﬁ#u 1 ,“/‘»\-
- / {ba P\

PP )

Deterministic or
nondeterministic?

Will this PDA accept aabbb?
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[. Context-Free Languages & Pushdown
Automata- pushdown Automata

Example. A PDA to accept the language {a'h" |n>0} asa
graph and as a set of 5-tuples.

a, X a.a
push(a)’ push(a) b_a
) pop

Start j’ /\/ 7
o O/ b.a l/ AX Kj/

! _»oe 4} nop 1

— (0. a. X, push(a), 0)

consider: aaabbb A ;‘3: — (0, a. a. push(a), 0)
\;\ —> (0. b. a. pop. 1)

—> (1. b. a, pop. 1)

— (1. A. X, nop. 2).

Accepted
] (final state)

University of Kentucky




a counter here, implicitly.

7 . Context-Free Lal The stack plays the role of

Automata- pushdown A

Example. A PDA to accept the language { a'b"
raph and as a set of 5-tuples.

as a

a X a.a
push(a) push(a)

£

_”On

Start

2.4
N Pop
oy (

—/  ba

pop

l L
A ax

llOP

In this case, we can recover all the a’s in
(output:

string aaabbb.

Ae given
bababa)

Each time we pop an ‘a’ out from the stach we get
one ‘a’ back. What is the significance of this?



[. Context-Free Languages & Pushdown

Automata- Pushdown Automata

Example. A PDA to accept the language {a'h" |[n>0} asa
graph and as a set of 5-tuples.

a, X a.a
push(a)’ push(a) b.a
) 7y
2 (oY G N
Start ——»{ 0 | » 1 F——==¢
N / b.a \‘_l./ lif{,.)('\ \J/
I
pop \Siop: |

‘_/‘

S
E——

This PDA does not accept aabbab, but would accept aabb. Why?

Because after the substring aabb is processed, we are in state 1
and we can only execute the instruction A, X/nop then.



[. Context-Free Languages & Pushdown
Automata- pushdown Automata

Quiz. How should you modify the machine to accept
{a"b" | n eN} (final state)?

a,X a.a
push(a) push(a) ba
7N 'f N Pop
X }— \/: /\/ //'—‘\\
2. bea £ <o A X k_)
pop nop

(0. a. X. push(a), 0)

Answer: Add the instruction ’ (0, a. a. push(a). 0)
(0, A, X, nop, 2) (0. b. a. pop. 1)
(1. D. a. pop. 1)

3/4/2025 University of Kentucky -
(1, A, X, nop, 2).




[. Context-Free Languages & Pushdown
Automata- pushdown Automata

Example. A PDA to accept the language { a'b" | n >0} as a
graph and as a set of 5-tuples.

a. X a.a

b.a

push(a) push(a) -
Instead of ;\ #f\' PP PRGNS \\
X '~ A== AN
N~ ba N AX \-_)/

Pop
a, X a,a M

nop > 4

\—-—_—’

Start X

Would this PDA
also work?

3/4/2025 51



[. Context-Free Languages & Pushdown
Automata- pushdown Automata

Example. A PDA to accept the language { a'b" | n >0} as a
graph and as a set of 5-tuples.
closer push(a) push(a) nondeterministic?

Start X @ —

look

Would this PDA A, X
also work?

-
o
U ‘

3/4/2025 University of Kentucky 52



Example. A PDA to accept the language { a"b" | n > 0} as a
graph and as a set of 5-tuples.
a, X a, a
push(a) _ push(a)

Start X
Oz
Would this PDA PP i
ou IS 0
x  pop
nop
— NO

This PDA accepts
{(a™b™)(a™2p™2)--- (a™b"™)a™ | n;,k,me N }

such as: A, a, aa, aabbh, aabbaa, ..., aabbaaabbbaa, ...




[. Context-Free Languages & Pushdown

Automata- Pushdown Automata

‘Example. Find a PDA to accept the language {a°"b" | n € N}. ‘
A solution:

¥ 2 a’s for
a a,a - ==~

: < 2 -~ b.a ~~Oneb
push(a)” push(a) ., o N

?Q [ g
Start X 0 '/ \ ‘\\‘l nop m

S Rt I TS I &Y
] pop M pop 7

AX Deterministic, or
nop nondeterministic?

3/4/2025 University of Kentucky 54



Does every high-level programming
language have a deterministic PDA?

YES or NO

Yes. Why? because each high-level language

has a context-free grammar, and a CFG is
equiyalent to a DPDA,.... s




of a stack

{. Context-Free Languages & Pﬁays the role}

Automata- Pushdown Automata

An important definition:

Instantaneous Description (ID)

( current state, unconsumed input, stack contents )

e.g.] (0, aaaabb, X) |. start in state O with X on the stack

— and the input string being aaaabb

3/4/2025 University of Kentucky
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[. Context-Free Languages & Pushdown

Automata- Pushdown Automata

Example. Find a PDA to accept the language {g?"b" | n €N}.
A solution:

a. X a.a
push(a)’ push(a)

. X ?Q i “ =, 7N\
Stalt g O \1 % b\_/ —b\@il
Kpop \1‘\'\ /

for input aaaabb: “--\--\._
(0. aaaabb, X) AX s (1. baaaX)
(0. gaabb, aX) mop (2. b, NaX)
(0. gabb, gaX) (1. ABY
(0. abb, aaaX) o (240 %)
(0, bb, waaaX) e [(3. A. X)| accepted




[. Context-Free Languages & Pushdown
Automata- pushdown Automata

‘Example. Find a PDA to accept the language {a°"b" | n € N}. \

A solution:
a. X a.a b a
push(a)  push(a) p_
Start Lu 0 ) /\ N nop —N\G’\\u

\& N R \>/
pop pop /

AX

/ o

How do | know the PDA should be built this way? ‘

3/4/2025 University of Kentucky 58




[. Context-Free Languages & Pushdown
Automata- pushdown Automata

‘Example. Find a PDA to accept the language {a°"b" | n € N}. \

A solution:

| First, to accept A , we have two choices: |

Start X Start X

A X A, X
nop

nop

3/4/2025 University of Kentucky 59



[. Context-Free Languages & Pushdown
Automata- pushdown Automata

‘Example. Find a PDA to accept the language {a°"b" | n € N}. \

A solution: Then, build mechanism to push|g™lonto the stack

a, X a, a a, X a, a
push(a) A~ push(a) push (a) ~push (a)

Start X Start X

A, X
nop

60



[. Context-Free Languages & Pushdown
Automata- pushdown Automata

‘Example. Find a PDA to accept the language {a°"b" | n € N}. \

A solution: Then, build mechanism to push|g™lonto the stack

a, X , a, X a, a
push (a)

Start X Start X

A, X

nop

61

Ignore this one because it accepts {a" |ne N}




[. Context-Free Languages & Pushdown
Automata- pushdown Automata

‘Example. Find a PDA to accept the language {a°"b" | n € N}. \

A solution: Then, build mechanism to pop a from the stack
2 times for a given b

a, X a, a
push(a) ~\ push(a)

Start X

‘cr
o))
>
)

o | L
o
©
i)
o
o

A, X
nop

3/4/2025 niversity of Kentucky 62



[. Context-Free Languages & Pushdown

Automata- Pushdown Automata

Example. Find a PDA to accept the language {g?"b" | n €N}.

A solution: Then, build mechanism to pop a from the stack
2 times for each b, to accept a*"b"

a, X a, a b, a

push(apush(a)

Start X

3/4/2025 n O p niversity of Kentucky 63



[. Context-Free Languages & Pushdown
Automata- pushdown Automata

‘Example. Find a PDA to accept the language { a*"b" | n € N}. \

A solution: Then, build mechanism to pop a from the stack
2 times for each b, to accept a*"b"

a, X a, a b, a

— Remove this
push(apUSh(a) _pop edge if n>0
Start X

A, X
3/4/2025 n O p

niversity of Kentucky 64



[. Context-Free Languages & Pushdown
Automata- pushdown Automata

‘Example. Find a PDA to accept the language {a"b?" | n € N}. \

Idea: build mechanism to pop a from the stack once for
for every two b‘s

—___———__--

- =~

- —y
’f ~—

- ~
- ~
e RS
, b, a , d S
7 === pr—— \\
/ S AR
’ (Lnhop_s (POP ~ \
/ 3 \
|
\ I
\ //
_\
\ b, a 7/
N —== 7
~ - ~ P

—_—y -
=~ - -
_——————_——
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[. Context-Free Languages & Pushdown
Automata- pushdown Automata

Example. Find a PDA to accept the language {a"b*" | n €NJ}.

Idea: build mechanism to pop a from the stack once for
for every two b‘s

3/4/2025 University of Kentucky 66



[. Context-Free Languages & Pushdown
Automata- pushdown Automata

Question: is the following PDA a final-state acceptance PDA for
the language L={a"b" | n eN} ?

a. X a.a
push(a)’ push(a) b.a

N ~, Dop
;OY' /'[ ~ A

» 1 1//*\\'
Start X / ba AX ’K\f)/

IYES | 4X

3/4/2025 University of Kentucky 67



[. Context-Free Languages & Pushdown
Automata- pushdown Automata

Question: is the following PDA an empty-stack acceptance PDA
for the language L={a"b™" | n e N} ?

a. X a.a
push(a)’ push(a) b.a

; N '/‘\,‘ P
Dot
Start X K S a N\}/ A X
\& = )
-|Is/\accepted? ‘
So A\ is accepted b/c the

stack is empty now
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[. Context-Free Languages & Pushdown
Automata- pushdown Automata

Question: is the following PDA an empty-stack acceptance PDA
for the language L={a"b™" | n e N} ?

a.a
push(a) ba
™\ Pop

]
Start X \O N 5
-|Is\a\b/\ accepted? ‘\\ /
A, X
So ab is accepted b/c the pop

stack is empty now

sity of Kentucky 69

‘Try aabb, aaabbb, ... yourself |




[. Context-Free Languages & Pushdown
Automata- pushdown Automata

Transform Final-state acceptancelto‘em pty-stack acceptancgl:

Introduce a new start state s, a new stack symbol Y, a new empty

state e, and construct ed and actions as shown in the

3/4/2025 University of Kentucky 70



Transform [final-state acceptance]tojempty-stagk acceptancd

Introduce a new start state $, a new stack symbolJY, a new empty
state e, and construct edges and actions as shpwn in the
diagram below. Note that\2 stands for any stagk symbol.

ush( push(X)
Start —Y)@ &
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[. Context-Free Languages & Pushdown
Automata- pushdown Automata

Example: given the following final-state PDA, convert it to a
empty-stack PDA

a. X a.a
push(a)’ push(a) ba
ARG '/ N, Pop
R o Y A
Start , =
e N T N
Pop nop)

A, X
nop
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[. Context-Free Languages & Pushdown
Automata- pushdown Automata

Example: given the following final-state PDA, convert it to a
empty-stack PDA

a.X a.a
push(a) push(a) ba

\ \ POP
Start 'Y ; '/

——— S
push(X) %

“nop
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[. Context-Free Languages & Pushdown
Automata- pushdown Automata

Example: given the following final-state PDA, convert it to a
empty-stack PDA

OR a. X a.a
push(a) push(a)

Start Y ;\\/
— : r 0}
ALY /' ba

push(X) \QOP

3/4/2025 University of Kentucky 74



Question: is the new stack symbol 'Y’
really needed here ?

First, non-final states have nothing to do with “Y’ or ‘e’.

Consider the following final state acceptance PDA that
accepts the CFL L={a"h™ |n,m €N; n>m}

a, X a a

push(a) push(a)

3/4/2025

b, a
pop

S/

b, X
pop

AX
pop

But not this one ]

Are a, a

aabbbb accepted by this

PDA ?

~aab, aaaabb,

Yes




Consider the following final state acceptance PDA that
accepts the CFL L={a"b™ |n,m €N; n>m}

‘Is a accepted by this PDA ? ‘

=] AN

Input queue

b, a

pop

aa (:__:2 b, X

push(a) /push(a) @ pop @
AX

pop

stack

3/4/2025 76

Yes



Consider the following final state acceptance PDA that
accepts the CFL L={a"b™ |n,m €N; n>m}

‘Is aaa accepted by this PDA ? ‘

ARV
Input queue
b, X
pop
()
pop
—or—
a4 | stack
a
X

3/4/2025 77

Yes



Consider the following final state acceptance PDA that
accepts the CFL L={a"b™ |n,m €N; n>m}

‘Is aab accepted by this PDA ? ‘

RNV
Input queue

b, X
FmO
AX
pop

| stack

a

X

3/4/2025 78

Yes



Consider the following final state acceptance PDA that
accepts the CFL L={a"b™ |n,m €N; n>m}

‘Is aabb accepted by this PDA ? ‘

abk/

3/4/2025

Input queue

111

stack

79

Yes or No



Consider the following final state acceptance PDA that
accepts the CFL L={a"b™ |n,m €N; n>m}

‘Is aabbb accepted by this PDA ? ‘

a bk b

3/4/2025

Input queue

—a—
—a—
+

NO

stack

80



If we add an empty state ‘e’ and construct new edges
and instructions as follows, would this give us an empty-
stack acceptance PDAfor L={a"b™ |nm €N; n>m

}?  NO.Why?

b, a
pop
a, X aa C 7 b, X

push(a) push(a) pop @
AX

pop

ANX Aa
pop pop

3/4/2025 81




It accepts strings a”, n = 1, by empty stack

aaNNAAN

Input queue

stack

11

push(a) push(a) pop
A X

pop

b, a
pop
a, X aa C ? b, X

3/4/2025



It accepts strings ab™, n = m, by empty stack

aabAA -
Input queue —a—| e
+

push(a) push(a) pop
A X

pop

b, a
pop
a, X aa C 7 b, X

3/4/2025



But it would accept strings a™b"™, n 21,
by empty stack

aabbA accepted —a—
A stack
Input queue
+

a, X aa
push(a) push(a)

)
3/4/2025 / -




Using a new stack symbol Y’ in the transformation
process Is necessary here.

aabb would not
be accepted here

push(a) push(a) pop

a, X aa C 7 b, X

AX Aa AY
pop pop pop

op
)8

e So Y is really needed here ”




A final state acceptance PDA for the language
L={a"h" | n eN} ?

a.X a.a
push(a)’ push(a) b.a

£ pop

)

Start X

_

When A is accepted, the stack is empty ‘

3/4/2025 University of Kentucky

86



A final state acceptance PDA for the language
L={a"h" | n eN} ?

Start X

A1, X

pop

|When $pA is accepted, the stack is empty |

11

3/4/2025 University of Kentucky
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In this case, when we do the transformation, a new stack
symbol ‘Y’ is also needed b/c otherwise we wouldn’t be
able to move from state 2 to state ‘e’.

a, X a,a
push(a) push(a) b.a
oY ™ Pop
Start }—(—)\/’ /1/1\/
v el B N AX
push(X) pop pop
_)
A, X
pop
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[. Context-Free Languages & Pushdown
Automata- pushdown Automata

Transform lempty-stack acceptancefto|final-state acceptanceq

Introduce a new start state s, a new stack symbol Y, a new final
state f, and construct edgesS and actions as shown in the
diagram below/

— empty-stack PDA

AY
push(X)

- Start
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S accepted

:The arrangement here ensures that i
pted by the

1by the empty-stack PDA the M
Lfinal—state PDA
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[. Context-Free Languages & Pushdown
Automata- pushdown Automata

Theorem: The context-free (C-F) languages are exactly
the languages accepted by PDAs.

5, )

Proof: We’'ll see two algorithms,

one to transform a C-F grammar to an empty-stack PDA,

& one to transform an empty-stack PDA to a C-F

~— grammar. QED. )

- - -~ ~

” ~
£ | C-F grammar <{ empty-stack PDA ¢ final-state PDA ,)
~

\N -

3/4/2025




[. Context-Free Languages & Pushdown
Automata- pushdown Automata

For each programming language,
there is a PDA to recognize that
programming language.

b/c each programming language Is
a context-free language




[. Context-Free Languages & Pushdown
Automata- pushdown Automata

empty-stack PDA:

- The idea Is to use the stack of the PDA to simulate the
(leftmost) derivation of a string in the grammar.

- The PDA has ONE STATE, but we allow multiple stack
operations.

- The stack symbols are the terminals and nonterminals of the
grammatr.

- The designated starting stack symbol is the grammar start
symbol.
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ransform to empty-stack PDA:

I
| | AN N | !
I a,ax b,bNAS
. N={S} ! ! ety 1 | |
| SR | | NBORARORADOD ! |
\/
1 T = {;5} \R} | | !
: I - I = > I
I S:start symbol : |
I start :
| |r ___________ : : I
! > = A po | rmmmmmmmme s i S ST
: i =S =a3h 'I | | E < pop, push(S), push(a),push(a) > i I
| S — aaS : : l ;:I-f:f:gz::::::2:::::::2::::::::::'\l
' T : . AS i
|

L I | 1 <pop,push(b), push(S), push(a) > ,::
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ransform to empty-stack PDA:

What is the language of
this C-F grammar?

‘ {a™t2"p™ | n,m e N} ‘

S : start symbol

S - A
P={S—>a5b}

S — aal

A\, aa, aaaa, ..., a*", ...
ab, aaab, aaaaab, ...
aabb, aaaabb, aaaaabbb, ...
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ransform to empty-stack PDA:

Now, consider the following PDA:

a,a b,b
0 0

pop pop AS
S pop, push(b), push(S), push(a)

AS
— A S pop, push(S), push(a), push(a)

pop
Deterministic or S

non-deterministic?




DFA vs NFA

For a DFA, you have only one chance to determine if
a given string is accepted by the DFA because there
will be only one path in the DFA for that string. If that
path does not lead to a final state, then the only
conclusion is that string Is not accepted by the DFA.

For an NFA, there could be several different paths in
the NFA for that string. If one path does not lead to a

final state, you can try other available paths to see if
one of them would work.
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Transform C-F grammar to empty-stack PDA:

: p_OPAPOP g \:

S ipop,push(b) push(S), push(a) E
i 3

',’ ’S\‘n ipop, push(S), push(a), push(a) ! i

iy J  TTTTTTTTTT T -

PDA instructions:

(0, a, a, pop, 0)

(0, b, b, pop, 0)

(0, A, S, pop, 0)

(0. A, S, <pop. push(b), push(S), push(a)>, 0)
(0, N\, S, <pop, push(S), push(a), push(a)>, 0)




Transform C-F grammar to empty-stack PDA:

How do | know the PDA should be constructed
the above way?

The work of a PDA reverses the work of a

grammar in the sense that a grammar generates
a string while a PDA executes a string

For Instance: S = aSh = aaaSh = aaab

On the other hand: aaab — aab —ab—-b —> A



Key ldea:

when top symbol of the stack is a nonterminal
and next input symbol is not a A

then put a A in front of the un-consumed portion
of the Input string

and the PDA should have an instruction for you
to replace the top symbol of the stack with the
right hand side of a grammar production.

3/4/2025 University of Kentucky 102



a,a b,b
pop pop

AS
S @ pop, push(b), push(S), push(a)
AS

A, S pop, push(S), push(a), push(a)

pop
(0, Aaaab, S) (0, A, S, (pop, push(b), push(S), push(a)), 0)
(0,aaab, aSh) (0, &, a, pop, 0)
(0, Aaab, Sh) (0, A, S, (pop, push(S), push(a), push(a)), 0)
(0, aab, aaSh) (0, a, a, pop, 0)
~ (0ab,ash) |X& (0, a, a, pop, 0)
(0, Ab, Sb) S (0, A, S, pop, 0)
- - -
(0, b, b) S (0, b, b, pop, 0)
(0, A, A) -\g- |Accepted |




(0, Aaaab, S)

(0, aaab, ash) (Left-most derivation of aaab)
(0, Aaab, Sh)
(0, aab, aash) S = aSb = aaaSb = aaab
(0, ab, aSh)
(0, Ab, Sb)
(0, b, b)
0, A, A)
[s—aas ] S — /
POp pop | a
" a N a a
h 0 0 0 0
push pus S ppSpushS ppS ppSpp
So operations on the stack
reflect derivation of the string
b —% aaab




Transform C-F grammar to empty-stack PDA:

So, when the PDA processes the
string aaab, operations on the stack
of the PDA reflect the derivation of
the string aaab

Now the process of transforming a
— C-F grammar to an empty-stack
PDA
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[. Context-Free Languages & Pushdown
Automata- Pushdown Automata

Transform|C-F grammar|to lempty-stack PDA.
ol ;
— Use the stack of the PDA to simulate the (leftmost) derivation
of a string in the grammar

» Push S (start symbol of CFG) on the stack
» From this point on, there are two moves the PDA can make:

D

-
1. If a non-terminal A is at the top of the stack, pop it and push the

, right-hand side of a production A — B1B2 ---Bn from G )
2. If aterminal a is at the top of the stack, pop it and match it with

whatever symbol is being read from the input string




Leftmost and Rightmost Derivations

Consider the grammar G = ({S, A, B,C},{a, b, c}, S, P)
where
P={S—>ABC, A—»aA|A, B—bB|A, C—cC|A }

Leftmost derivation (always expand the leftmost variable first):
S = ABC = aABC = aBC = abBC = abbBC = abbC
= abbcC = abbc

Rightmost derivation (always expand the rightmost variable
first):
S = ABC = ABcC = ABc = AbBc = AbbBc = Abbc
= aAbbc = abbc

Note:
1. Different derivations result in different sentential forms, but

2. For a C-F grammatr, it doesn't make difference in what order
we expand the variables.




[. Context-Free Languages & Pushdown
Automata- pushdown Automata

S —> A|aSb|aaS

How to simulate a leftmost derivation of aaab for the grammar

push

Pop

+
push

=

.

S
b

Pop

Pop

N

b

Pop
+

push
=

‘S=>aSb=>aaaSb => & |S—asb; S—aaS; S—A

Pop

o L ;W/

.

S
b

Pop

Output: aaab

LN

b

Pop




[. Context-Free Languages & Pushdown
Automata- pushdown Automata

Example. For the grammar: S — A|aSb|aaS, do a leftmost
derivation of aaab and show the IDs for executing It.

First, get PDA instructions for terminals and productions:

( Terminals Corresponding PDA instructions )
a (0, a, a, pop, 0)
| b (0, b, b, pop, 0) Start with this oneJ
J Productions Correspondin A Instructions )
S —aSh (0, A, S, (pop, push(b), push(S), push(a)), 0)
S — aaS (0, A, S, (pop, push(S), push(a), push(a)), 0)
S—> A J

115



This Is the empty-stack PDA:

a,a b,b
pop pop

AS

S pop, push(b), push(S), push(a)
AS

A S pop, push(S), push(a), push(a)

pop

Why?

114



First note that:

A leftmost derivation of aaab:

—1D's for aaab: PDA instructions:
(0, Aaaab, S) (0, A, S, (pop, push(b), push(S), push(a)), 0)
(0,aaab, aSh) (0, &, a, pop, 0)
(0, Aaab, Sb) (0, A, S, (pop, push(S), push(a), push(a)), 0)
____ (0, aab, aash) (0, a, a, pop, 0)
(0,ab,asb) |2 (0, a, a, pop, 0)
(0, Ab, Sb) S (0, A, S, pop, 0)
- - a
(0,b, b) <-|  (0,b, D, pop, 0)
0, A, A) o
(0. A, S |Accepted|




|ID’s for aaab: CTG Productions:
(O Aaaab, S)
S - aSb
(O aaab, aSb)
(0, Aaab, Sb)
< S - aaS
(Q,aab,aaSb)
(Q,ab,aSb)
(0, Ab, Sb)
9(0’ b’ b) ) S ~ A
-ﬁ—L 0,A, A PDA instructions:
%Sh(b), push(S), push(a) pop A S
/ aa pop, push(S), push(a), push(a)
— )

pop ]




Example: transform the following C-F grammar
to an empty-stack PDA

AN N NN B BN EEN BN BN EEN BN NN BN BN NN BN B

S : start symbol

('S > d|ABC

—————————————————————

R
ol

o] A-al | G
1" 7] B -bBlA R —— ’
I . C > cC|A )
I e —
I ity of Kentucky 117



(S - d|ABC )

P=4 A — aAlA > d Input queue
- B — bB|A
. C - cC|A ) 7t &~

a,a b,b Cc,C d,d

pop’ pop’ pop \pop A S
< pop, push(C), push(B), push(4) >
AA
< pop, push(A),push(a) >
A B
< pop, push(B), push(b) >
AC
< pop, push(C), push(c) >

sy AMA AB AC
< pop, push(d) >F pop pop’ pop =




(S - d|ABC )

A - aA|A

B — bBJ|A
A

a Input queue

a,a :b,b cc dd
pop ' 1pop’ pop’ pop AS
= pobuush{(C) prush(B) push{A) 2
?? A 1
I < pop, push(A), push(a) >
AB

< pop,push(B),push(b) >
AC

< pop, push(C), push(c) >

A S AMA AB AC
< pop, push(d) >"pop pop’ pop




Example: transform the following C-F grammar
to an empty-stack PDA

T={a,b,cd e}

S : start symbol




(S - d|e|ABC )
A — 3AlA aabe Input queue

=1 BobBA | F ~
. C scClA Dothlsathome]

aa bb cc dd " ee

pop’ pop’ pop’ pop‘pop

AS

< pop,push(C), push(B), push(4) >
AA

< pop, push(A), push(a) >
A B

< pop, push(B),push(b) >
AC

< pop, push(C), push(c) >

AS " AS SN AAABAC

< pop, push(d) >\ < pop, push(e) 3’ pop’ pop’ pop

124




(S - d|e|ABC Y

o_) A —aAlA aabe
. 8 = ol o | irejected ]
. C —->cC|A )

Input queue

aa bb cc dd {e&e

pop’ pop’ pop’ pop‘pop

AS
< pop,push(C), push(B), push(4) >

AA

< pop, push(A), push(a) >
A B

< pop, push(B),push(b) >
AC

< pop, push(C), push(c) >

AS " AS SN AAABAC

< pop, push(d) >\ < pop, push(e) 3’ pop’ pop’ pop S
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End of Context-Free
Languages and
__ Pushdown Automata |
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