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D. Reqgular Languages & Finite Automata

- Constructing Efficient Finite Automata

Question: can we get a most efficient regular
expression for a given NFA%
§Why? mMost compact ]

\
{NFAs} 4=mp {DFAs}

Irst, transform the given NFA to a DFA

\_Then, transform the DFA to a minimum-state DFA /
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Constructing Efficient Finite Automata

Transforming an NFA to a DFA

(The A-closure of a state s, denoted /(s) , is the set consisting
of s together with all states that can be reached from s by
traversing /\-edges.

.. T TS
The /-closure of a set S of states, denoted A(S), Is the union
_ of the N\-closures of the states in S. )

N(0)= .{O, 1, 2}

A({0, 1})

»f Kentucky

A

) UA(1)
0, 1,2} U {1, 2}
10,1, 2}



Constructing Efficient Finite Automata

The same NFA again:note

fN.
R P .lga T, ’ b A
/y\ 5 S0 o {1,2} {1}
A\ 1
2

L2 o
5 o o

_ AQ) = {01 B~ AL 2)= {2}
AQ= {1, Z}%A({O, 1,2}) = {0,1, 2}
A=

| A\@)= 3 |
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Constructing Efficient Finite Automata

Example. Given the following NFA.

Iy | a b A
'O B PN TN S 0|2 {00 &
3 }OQ =2 A 1 |{2} @ o
\_/‘“-\__b_*/ F2 |0 {& O
I lea F 3|33 9O O
To transform it to a DFA, we first construct A-closures of the states
of the given NFA:
—‘First:\ A(0) ={0,3}
A) =41
() {} Start state
A(2) ={2}
1/24/2025 A (3) _ {3} University of Kentucky 7




Constructing Efficient Finite Automata

M\ N_2 Y )
Y s D@D A(0)
S _’\9/"‘\__ W -
A l D‘ \a

Then, how to get the
States of the DFA?

1. Build the tree on the right
2. ldentify all distinct nodes

0,3}, {3}, {0, 1, 3}, &, {2,3}, {2) {2}



Constructing Efficient Finite Automata

Example. Given the following NFA.

P4 B ok
CgoseD Hik
A\"@I) a F3|p © o
_@O) ={O@ T,({0,3}, a) = A(T (0,a) UT, (3, @)
AQ) ={L =A@UL3})
A@)={2) - A3
AD =13 Lt 9




Constructing Efficient Finite Automata

Example. Given the following NFA.

gD T
“*/y\’ a F3lm o o
@ To (03} b) = A(T, (0. b)UT, (3. b)
— (A ={T =A{0.3UY)
A(2) ={2} =A({0,1})
AQR) ={3} =AQUAQ)
={0,3}U{1}={0,1,3}




Constructing Efficient Finite Automata

Y w3 7N
SRS O o O LR
A\ \t'//:\\‘ \
A {0,3}

a b
So, we have {3}/\{6, 1:3}

1/24/2025



Constructing Efficient Finite Automata

i % (TN i@ N
y { b_LD—2) \-> b A(0)
—O_ ||
AN {0,3}
s
Then, build the {3} {0, 1, 3}

next level of the tree: N i) - g g
. . 2 :
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Constructing Efficient Finite Automata

Example. Given the following NFA.

/ \‘ S Iy | a b A
L BalD—g] 0 BOTE O O
S —’\9/‘--~-~-- o F2lo @ ©
A J )@ F3|8 o O
A(O) :{0’3} TD ({3}1 a) = A(Tl\l (31 a))
T AQ ={} = A({3})
A(2) = {2} =AQG)
=43
dr@={ D ) - = .



Constructing Efficient Finite Automata

Example. Given the following NFA.

Iy | a b A
b ™. 8 AT N s = -
Ql o D)) L] -
SOk e Falo @ o
A ‘(j:: ) a F 3|3 @} &
_ |AM0)=103; To ({3}, b) = A(Ty (3, b))
AQ) =L} = A()
A(2) =12} =9
M) =13 SR




Constructing Efficient Finite Automata

NP 0 SN S T
y?j kL] OBPL Aﬁ))

’/\ \t/ -\\‘ \
A {0,3}

ﬁ

B
So we have the child {3} \{6 1.3}

nodes of {3}. }/\Q 5 g
Then find the child {3} %
nodes of {0, 1, 3} ‘
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Constructing Efficient Finite Automata

Example. Given the following NFA.

" ) o Iy | a b A
CY 5 LD)—22) Db s 0|0 0.0 B
s A 1 ({2} @ O
S— 07T
Loy o T F2lo @ ©
A NI/ RN
3) )a F3|88 © ©

MO ={03}  [To({0.13h2)= A, 0.8)UT, (1 aUT,E.2)
AQ) ={1} = A(@U{2HU{3})

A(2) ={2} A({2.3})

AR ={3} LS ARUAGI={2UAS)~{23F,




Constructing Efficient Finite Automata

Example. Given the following NFA.

Iy | a b A
(Y D—2 ) ) S 0|2 0.0 ¢
S —»-zo<l%bf l/ had b F (17) {é} {{?} {é}
) A‘(D:f) a F 3 (3) > o
J_A(O) ={0,3} To({0,1,3},b) = A(T, (0, ) UT, (4, b) UT, (3, b))
AQ) ={1} =ALBUOUQ)
~ =A({0,1})
Al2) =12} =A(OUA(1) ={0.3}rU{1}={01.3}
A (§21/2§5 {3} University of Kentucky 17




Constructing Efficient Finite Automata

Example. Given the following NFA.

s\D

s b

S—»( 0

L --X""‘-—iw// TN
N

& W

A(0)=10,3}
AL =11}
A(2) =12}
M) =13}

To (@, 2) = A(Ty (@, 2)
— A@
X3

University of Kentucky

B Iy | a b A
D)—2 (2) )b s 02 0.5 B
A 1|2y o o
F2|l@ @& ©

F3|3 @ O©

19



Constructing Efficient Finite Automata

Example. Given the following NFA.

Iy | a b A
b ™. 8 AT N s = -
Ql o D)) L] -
() F2|lo @ o
& ‘(j:) a F3|(8 O O
__ (MO=03 To (®,6) = A(T, (@,b))
AQ) =2} _A@)
AQ2)={2} o
Af3) =13} S




Constructing Efficient Finite Automata

So we have child nodes {3} 1.-3}

of ® now. }/\Q 9/\

{3} {2,3} {0, 1, 3}
e/\e N
2%

1/24/2025 U



Eventually we would get the

following tree: \

i e B AL
_"\/\ -
‘/@ {o 3}
3} \6 1, 3)
2\ P/ \
{3} %, {2,3} {0, 1, 3}
— % ¥
Identify all distinct nodes: > O {3} {2}

{0,3}, {3}, {0, 1, 3}, I, {2.3}, {2} @9/ \%2}



Constructing Efficient Finite Automata

Construct DFA table To from NFA table Tn as follows:

1. The start state of the DFA is /A(s), where s is the start state
of the NFA.

2. If {Sl,...,Sn} is a DFA state and a€ 4 | then

— Ty ({812 -8, @) = ATy (51 @)U ... UTy (s, @)

3. A DFA state is a final state if one of its elements is an NFA
final state.

1/24/2025 University of Kentucky 23



the transition table To

S
F {0,1,3}|{2.3} {0,1,3} @/ \é{é//r\’%—}\\\

F {23} | 3t {2} - 72NN
F {2} “ {2} B ZERC

%, %, %,

-
____________



Constructing Efficient Finite Automata

Write in simplified form after renumbering the states:

Ip a b T, |a b

S.F {0.3Y | {3} {0,1,3} SSF 01 2
F {3} | 3) % F 111 5

F {0,1,3} | {2,3}y {0,1,3} » F 2|3 2
445} | 193 {2} F 3|1 4

F 2y | @ & F 4|5 4

] %, % % 515 5
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Language of NFA:

b*Aa*+b*bab*

= b*a* + b*bab*

What is the language
of the DFA?

A, aa*, bb*,

.| bb*a, bb*aa,
bb*aaa*,
bb*ab, bb*abb*




We need: Db*a* + b*bab*

N+aa*=A+a(AN+a+aa+aaa...)
=N+a+aa+aaa+...
= a*

A + bb* = b*

bb*a + bb*aa + bb*aaa*
= bb*a(A\ + a + aa®)
=bb*a(A+a+a+aa+aaa+...)
=bb*a(A+a+aa+aaa+...)
= bb*aa*



We need: Db*a* + b*bab*

a*+ b*+ bb*aa*= A+ aa* + bb*aa* + b*
=N\+ (A +Dbb*)aa* + b*
= A\ + Db*aa™ + b*
=A+Db*(aa™ + A)
=N\ + b*a*

____ bb*™a + bb*ab + bb*abb* = bb*a(A + b + bb*)
= bb*a(A +b + b +bb + bbb + ...)
= bb*a(A +b + bb + bbb +...)
= bb*ab*

1/24/2025 University of Kentucky 30



Constructing Efficient Finite Automata

Example 2. Transform the following NFA to a DFA.

3 i\) b T N a b A
({-_----V\ Y e Ny =X . = .
S /6\-----"" : "//,\\l S 0 1, © {3}
oAl BN 1| @ {2 @
1\3. /r-"l\l " F 2 % O O
3 ({23 @ O
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Constructing Efficient Finite Automata

Example 2. Transform the following NFA into a DFA.

First

1/24/2025

A(0) =10, 3}
A(D) =11}
A(2) =12}
A(3) =13}

University of Kentucky

N

My

Ty a b A
o {3 9D {3}
1 g {2} 9
2 g LB O
3 ({2,3} O O

32



Constructing Efficient Finite Automata

Example 2. Transform the following NFA into a DFA.

2(0)
a1 b [
s—(0)_ A ~02) (0.3}
NATREG o S NG ‘9/ \Q\
S F > 5 §{1/ Z, iib )
23 @

Then, build the tree p—
— L & X%

Distinct nodes are: g é
{0, 3}, {1.2,3}, {2,3}, {2}, T




Constructing Efficient Finite Automata

Example 2. Transform the following NFA into a DFA.

i ‘/1\)\\ b ]}: a b A
S oY . T = ol & 9 3
gy S a_ R 1| @ {2 @
Q"\ 2| @ @ ©
S 3 ({23} O O
Hence, solution:
T, a b
— |s 0.3} [{1L.2.3} © . Tg : Z
F {1,2,3} | {2.3} & =5 5 5
F {23} | {23} @ =3 55
F % % =
= - - F 3|4 4],
4|4 4




When can two states of a DFA be
merged? (case 1)




When can two states of a DFA be
merged? (case 1)

‘Expression of this DFA: ‘

a(atb) + b(a+b)
= (atb)(atb)
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When can two states of a DFA be
merged? (case 1)




When can two states of a DFA be
merged? (case 1)

_»@ a,b@ a+b @

a+b

a+b | Expression of this DFA:

(a+b)(a+b)

Hence, two DFA states can be merged into a single state if
for each letter of the alphabet, the corresponding edges of
these two states point at the same state. 3




When can two states of a DFA be
merged? (case 2)

a,b% ‘ Expression of this DFA: ‘

[ aa, ab, ba, bb }

= a(a+b) + b(a+b)
= (atb)(a+b)

University of Kerlucky —— 39
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When can two states of a DFA be
merged? (case 2)




When can two states of a DFA be
merged? (case 2)

‘Expression of this DFA: ‘
(a+b)a + (a+b)b
=(a+b)(atb)

Hence, two DFA states can be merged into a single state if
for each letter of the alphabet, the corresponding edges of
these two states point at states in the same group. ”




Now, transform a DFA to a minimum-state

DFA

Algorithm:
1. Construct the following sequence of sets of possible

equivalent pairs of distinct states:

where

Eo ={(s, t) | s and t are either both final or both non-final}
and

—|E;11 ={(s,t) € E;|(T(s,a), T(t,a)) € E; or T(s,a) =T(t, a)
foreveryaeA}

Ek represents the distinct pairs of equivalent states from
which an equivalence relagion ~ can be generated.

1/24/2025 42



Note:

Each E; can be represented in 2 ways:

1. listed as a partition of the states of the given
DFA

2. or listed as an equivalence relation on the
states of the given DFA yielded by the above

partition

(Read slide 72 of the Notes “Preliminaries”)



Constructing Efficient Finite Automata

o =9

SRR
B ol
W W W A S

s W L

Eo ={(s, t) | s &t are either both final or both non-final}

— Qeoreticallv ‘
Eo= {(0,4), (1,2), (1,3), (2,3) }
Eo= {(0,0), (4,4), (0,4), (4,0), (1,1), (2,2), (3, 3), (1,2),

e2,1), (1,3), (3,1), (2,3), (3.2) } “




Constructing Efficient Finite Automata

o @
B ol
W W o =Q

NEN

Eo= {{0, 4}, {1, 2, 3}}, a partition of the states

1/24/2025

= W W W LIS
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Constructing Efficient Finite Automata

E..1={(,t) € E;|(T(s.a), T(t,a) e E; or T(s, a)=T(t, a)

— foreveryaeA}

To be a pair in Ei+1, s and t must be mapped to the same
state or states in the same group in Ei by every a € A.

1/24/2025 University of Kentucky 46
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Constructing Efficient Finite Automata

-——————————’



Constructing Efficient Finite Automata

___________
~~~~~~~

————————————

Theoretically,

—— E:1= {(0,0), (4,4), (1,1), (2,2), (3, 3), (1,2), (2,1), (1.3), (3,1),
(2’3)’ (3’2)}

or simply, Ei1={(1,2}, (1,3), (2,3)}

1/24/2025 University of Kentucky 48



Constructing Efficient Finite Automata

___________
~~~~~~~

SN o X2 N
’ ~ {4 '.4 \ - J)
N AN N\ .
/ / SN S
S Ly N N TN b N
I KEg o T T RN a, b \
‘\ /A /" "\ \\‘ \\ \
- S “p | }4 ) AN GY s |
— 1 - AR AR ) a ]
! T « a, b \\ \&:A-'/ —/’
L N 4B ST

————————————

Or list E1 as a partition of the states

Ei= {{0}{4}1{1, 2,3} }

1/24/2025 University of Kentucky 49



Constructing Efficient Finite Automata

~
S

A Y

/
R4

2 lo o

oW N

s
/4

i
N

~

One-element groups can not be further reduced and the three-
lement group will remain the same

‘Hence, E2=E1 ‘ S is partitioned by {0}, {1, 2, 3}, {4}.
The minimum-state DFA has 3 states: [0], [4], [1]




Constructing Efficient Finite Automata

Algorithm: Transform a DFA to a minimum-state DFA

2. The equivalence classes form the states of the minimum
state DFA with transition table Tmin defined by

Tmin([S], a) = [T(S, a)]

3. The start state is the class containing the start state of the
given DFA.

4. A final state is any class containing a final state of the given
DFA.

1/24/2025 University of Kentucky 51



Constructing Efficient Finite Automata

Example. Transform the given DFA into a minimum-state DFA.

- e —
———————————
~ -~ -
.

~ N O T8 o
P . W\ N\ N S 0|1 4
S +—(0 \/b Jab Y F1|2 3
\\\~ "/I ', ' 4:\.. \\\ \\ ,‘/‘_%“__\‘ : F 2 3 3
e’ U | L 4) YO IRY i
| Cas Al 2 F3|3 3
I SR B / 414 4
J_ Min-state Table / Tmin([s], @) = [T(s, a)]
T.l[m a b
S (0] 1[1] [4] Tmin([0], @) = [T(O, a)] = [1]
F [11 1111 [] — - ——
[4] | [4]1 [4] Tmin([0], b) =[T(O, b)] = [4
Tmin([1], @) = [T(1, a)] = [2] = [1] N




Constructing Efficient Finite Automata

Example. Transform the given DFA to a minimum-state DFA.

Min-state Table

TMm

a b

s [0]
Fo[1]
[4]

(11 [4]
[11 [1]
[4] [4]

T:\!m a b
0 1 2
1 1 1
2 |2 2

Kentuc

Fla b
S 0|1 4
w1 iZ 3
B Z5S 3
F 33 3
414 4

Min-state DFA eraph

720 R

a_~(1)

\A_/

a, b




Constructing Efficient Finite Automata

Example. Transform the given DFA to a minimum-state DFA.

a

b

( 1 2 ))
/\/V\\;/ i \
S —» 0 a, b
= PRI .
SHEOw
. a, b

XN a N

T

— )
| . N
\_ a, b

/'_ -
%D‘i‘ )a. b

SRR a

}—ﬂ a, b

p

—— Question: What regular expression equality arises from the

two DFAS?

Answer: a + aa + (aaa + aab + ab)(a + b)* = a(a + b)*.

1/24/2025
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Constructing Efficient Finite Automata

Prove : a+aa+(aaa+aab+a_b)(a+b)*:a(a+b)*
LHS = a + aa + (aaa + aab)(a + b)* + ab(a + b)*
—a+aa+aa(a+b)a+b)*+ab(a+b)*
=a+aa+aa(at+b)T +ab(a+b)*
=a+aa(A¥ (a+b)") +ab(a + b)*
= a+ aa(a + DB\ + ab(a + b)*
=a+a(a+b)a
— —a+a(a+b)?
=a(\ + (a+ b)) A=(a+b)0]
—a(a+Db)*
= RHS

University of Kentucky 55



Constructing Efficient Finite Automata

Question: Is the following DFA a minimum-state DFA?

—————————————————————————
- ~
-

Eo = :‘ (’\ D M\ a \
\ - = a =5 =8 II'
sty -\{'f 7.}1\< /
| N\ N\ )
Answer. No. pEERE S e S i L
Eo ={(0, 1)},

E1={(0, 1)} = Eo.
— The partition is the whole set of states {0, 1} = [0].

Therefore,

NG D
‘ T-Uf" a b » TMin |(I b » i/f‘\<
S.F 0 0 SSF "0 |0 O s— o 0)

N/



Constructing Efficient Finite Automata

‘_——-—--
7 “w

-y,
-~y
h )

-
-

l’l \\\
-~y -
-~ -
~ LT

wvi N <t v < <

(VaTE "2 T~ oV SR ¥ o

Question: Is the following DFA a minimum-state DFA?
E @ B € y
1

University of Kentucky
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Constructing Efficient Finite Automata

Ei1=7

_-—----
- =

Question: Is the following DFA a minimum-state DFA?

4 A 4
o] O &)
o LO




Constructing Efficient Finite Automata

Question: Is the following DFA a minimum-state DFA?

Ei1=7




Constructing Efficient Finite Automata

Question: Is the following DFA a minimum-state DFA?

E2=7

E2=FE1

The minimum-
state DFA has
4 states : [0],
[1], [2], [3].

-
-
~ ., -
i ———

Answer: NO




Constructing Efficient Finite Automata

Example.
S={0,1, 2, 3, 4,5}: states of a DFA
O : start state ;
2, 5 : final states.

The equivalence relation on S for a minimum-state

DFA is generated by the following set of equivalent
—— pairs of states: {(0, 1), (0, 4), (1, 4), (2, 5)}

Write down the states of the minimum-state DFA



Constructing Effici Inite Automata
or: [0], [3], [2]

Example. s={0, 1,2, 3, 4,5} tes of a DFA
O : start state; 2, ql statesT==~~< ST,
{(0,2), (0,4), (14)¥(2,5)} |
> \

-
SN == /’ \i_,z'

-
o—
-

-— -
————————————————————————
-—
.....

————————————————

———————
—————————————————

—
————————————————

So, states of the minimum-state DFA: {0, 1, 4}, {3}, {2, 5}



End of Regular
Language and Finite
Automata Il
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