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Abstract. A voxelization te chnique and its applications for ob jects with arbitrary top ology are presen ted. The

v o xelization tec hnique con v erts a free-form ob ject from its con tin uous geometric represen tation in to a set of v o xels

that b est appro ximates the geometry of the ob ject. Unlik e traditional 3D scan-con v ersion based metho ds, the

v o xelization pro cess in the new metho d is p erformed b y recursiv ely sub dividing the 2D parameter space and

sampling 3D p oin ts from selected 2D parameter space p oin ts. Because the new metho d can calculate ev ery 3D

p oin t p osition explicitly and accurately , uniform sampling on surfaces with arbitrary top ology is not a problem

an y more. Moreo v er, discretization of 3D closed ob jects in the new metho d is guaran teed to b e leak-free when a

3D 
o o ding op eration is p erformed. This is ensured b y sho wing the v o xelization results satisfy the prop erties of

sep ar ability, ac cur acy and minimality . In addition, a 3D volume 
o o ding algorithm using dynamic programming

tec hniques is presen ted whic h signi�can tly sp eeds up the v olume 
o o ding pro cess. Hence the new metho d is

suitable for visualization of complex scenes, measuring ob ject v olume, mass, surface area, determining in tersection

curv es of m ultiple surfaces and p erforming accurate Bo olean/CSG op erations. These capabilities are demonstrated

b y test examples sho wn in the pap er.

Keyw ords : v o xelization, sub division, Catm ull-Clark surfaces, visualization, parametrization.

1 In tro duction

V olume gr aphics [9] represen ts v o xel-based tec hniques aimed at mo deling, manipulating and rendering of geometric

ob jects. These tec hqniques ha v e pro v en to b e sup erior to traditional computer graphics approac hes in man y

asp ects. The main adv an tages of v olume graphics include: (1) decoupling of v o xelization from rendering, (2)

uniformit y of represen tation, and (3) supp ort of Bo olean, blo c k and CSG op erations. Tw o dra wbac ks of v olume

graphics tec hniques are their high memory and pro cessing time demands. Ho w ev er, with the progress in b oth

computers and sp ecialized v olume rendering hardw are, these dra wbac ks are gradually losing their signi�cance.

T o b e represen ted b y the v o xel raster, a geometric ob ject has to go through a pro cess called voxelization . This

pro cess is concerned with con v erting a geometric ob ject from its con tin uous geometric represen tation in to a set

of v o xels that b est appro ximates the con tin uous ob ject. T raditional v o xelization metho ds (also referred to as 3D

scan-con v ersion) mimic the 2D scan-con v ersion pro cess that pixelizes (rasterizes) 2D geometric ob jects. Hence

traditional v o xelization metho ds w ork w ell for p olygon based 3D ob jects. F or surfaces with arbitrary top ology ,

v o xelization using 3D scan-con v ersion is not e�cien t, nor accurate.

Sub division surfaces ha v e b ecome p opular recen tly in graphical mo deling, visualization and animation b ecause

of their capabilit y in mo deling/represen ting complex shap e of arbitrary top ology [1], their relativ ely high visual

qualit y , and their stabilit y and e�ciency in n umerical computation. Sub division surfaces can mo del/represen t

complex shap e of arbitrary top ology b ecause there is no limit on the shap e and top ology of the con trol mesh of a

sub division surface. With parametrization tec hniques for sub division surfaces b ecoming a v ailable [2, 5 ] and with

the fact that non-uniform B-spline and NURBS surfaces are sp ecial cases of sub division surfaces b ecoming kno wn

[7 ], w e no w kno w that sub division surfaces co v er b oth p ar ametric forms and discr ete forms . P arametric forms are

go o d for design and represen tation, discrete forms are go o d for mac hining and tessellation (including FE mesh

generation). Hence, w e ha v e a represen tation sc heme that is go o d for all graphics and CAD/CAM applications.
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In this pap er w e prop ose a v o xelization metho d for free-form solids represen ted b y Catm ull-Clark sub division

surfaces. The new metho d is based on recursiv e sampling of 2D parameter space p oin ts of a surface patc h, instead

of direct sampling of 3D p oin ts. Hence the new metho d is more e�cien t and less sensitiv e to n umerical error.

Note that a v o xelization pro cess do es not render the v o xels but merely generates a database of the discrete dig-

itization of the con tin uous ob ject [8 ]. Some previous v o xelization metho ds use quad-trees to store the v o xelization

result. This approac h can sa v e memory space but migh t sacri�ce in computation time when used for applications

suc h as Bo olean op erations or in tersection curv es determination. Nev ertheless, with c heap and giga-b yte memory

c hips b ecoming a v ailable, storage requiremen t is no longer a ma jor issue in the design of an algorithm. P eople

care more ab out the e�ciency of the algorithm. The new metho d stores the v o xelization result directly in a Cubic

F r ame Bu�er for fast op eration purp ose.

2 Bac kground

2.1 3D Discrete Space

A 3D discr ete sp ac e is a set of in tegral grid p oin ts in 3D Euclidean space de�ned b y their Cartesian co ordinates

( x; y ; z ), with x; y ; z 2 Z . A v o xel is a unit cub e cen tered at the in tegral grid p oin t. Usually a v o xel is assigned a

v alue of 0 or 1. The v o xels assigned an `1', called the `blac k' v o xels, represen t opaque ob jects. Those assigned a `0',

called the `white' v o xels, represen t the transparen t bac kground. Outside the scop e of this pap er is a non-binary

approac h where the v o xel v alues are mapp ed on to the in terv al [0,1] represen ting either partial co v erage, v ariable

densities, or graded opacities. Due to its larger dynamic range of v alues, this approac h can supp ort higher qualit y

rendering.

Tw o v o xels are said to b e 26-adjac ent (See Fig. 1(c)) if they share a v ertex, an edge, or a face. Ev ery giv en

v o xel has 26 suc h adjacen t v o xels: eigh t share a v ertex (corner) with the giv en v o xel, t w elv e share an edge, and

six share a face. Accordingly , face-sharing v o xels are said to b e 6-adjac ent (See Fig. 1(a)), and edge-sharing and

face-sharing v o xels are said to b e 18-adjac ent (See Fig. 1(b)).

The pre�x N is used to de�ne the adjacency relation, with N = 6, 18, or 26. A sequence of v o xels ha ving the

same v alue (e.g., `blac k') is called an N - p ath if all consecutiv e pairs are N -adjacen t. A set of v o xels are said to

b e N - c onne cte d if there is an N -path b et w een ev ery pair of its v o xels. It is easy to see that N -connectedness is

an equiv alen t relation. Giv en three disjoin t sets of v o xels A , B and C , A is said to N - sep ar ate B and C if an y

N -path from a v o xel of B to a v o xel of C in tersects A .

(a) 6-adjacen t (b) 18-adjacen t (c) 26-adjacen t

Figure 1: N -adjacency , N 2 f 6 ; 18 ; 26 g .

2.2 Catm ull-Clark Sub division Surfaces

Catmul l-Clark sub division scheme pro vides a p o w erful metho d for building smo oth and complex surfaces. Giv en

a con trol mesh, a Catmul l-Clark sub division surfac e (CCSS) is generated b y iterativ ely re�ning (sub dividing) the

con trol mesh to form new and �ner con trol meshes [1 ]. The mesh re�ning pro cess consists of de�ning new v ertices

and connecting the new v ertices to form new edges and faces of a new con trol mesh. A CCSS is the limit surface
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of the re�ned con trol meshes. The limit surface is called a sub division surfac e b ecause the mesh re�ning pro cess

is a generalization of the uniform B-spline surface sub division te chnique . The valenc e of a mesh v ertex is the

n um b er of mesh edges adjacen t to the v ertex. A mesh v ertex is called an extr a-or dinary vertex if its v alence is

di�eren t from four. A mesh face with an extra-ordinary v ertex is called an extr a-or dinary fac e . The valanc e of an

extra-ordinary face is the v alence of its extra-ordinary v ertex. In the follo wing, for the sak e of simplicit y , a mesh

face and the corresp onding surface patc h will b e treated the same and denoted b y the same notation.

As w e can see the n um b er of faces in the uniformly re�ned meshes increases exp onen tially with resp ect to

sub division depth. Hence it is imp ossible to accurately sample 3D p oin ts directly on sub divided surfaces. F ortu-

nately , parametrization tec hniques for sub division surfaces ha v e b ecome a v ailable recen tly [2 , 3 , 4, 5]. Therefore

e�cien t and accurate sampling for v o xelization is not a problem an y more. Giv en an extra-ordinary face S , if

the v alence of its extra-ordinary v ertex is n , then the surface patc h corresp onding to this extra-ordinary face is

in
uenced b y 2 n + 8 con trol v ertices. One can use these con trol p oin ts to explicitly and accurately ev aluate the

p osition, normal and partical deriv ativ es for an y p oin t of the limit surface patc h. W e will review the most recen t

parametrization tec hniques for CCSS in the next section.

3 Related W ork

3.1 V o xelization T ec hniques

V o xelization tec hniques can b e classi�ed in to t w o ma jor categories. The �rst category consists of metho ds that

extend the standard 2D scan-line algorithm and emplo y n umerical considerations to guaran tee that no gaps

app ear in the resulting discretization. As w e kno w p olygons are fundamen tal primitiv es in 3D surface graphics

in that they appro ximate arbitrary surfaces as a mesh of p olygonal patc hes. Hence, early w ork on v o xelization

fo cused on v o xelizing 3D p olygon meshes [10 , 11 , 12 , 13 , 14 ] b y using 3D scan-con v ersion algorithm. Although

this t yp e of metho ds can b e extended to v o xelize parametric curv es, surfaces and v olumes [15], it is di�cult to

deal with freefrom surfaces of arbitrary top ology .

The other widely used approac h for v o xelizing free-form solids is to use sp atial enumer ation algorithms whic h

emplo y p oin t or cell classi�cation metho ds in either an exhaustiv e fashion or b y recursiv e sub division [18 , 19 , 20 ,

21 ]. Ho w ev er, 3D space sub division tec hniques for mo dels decomp osed in to cubic subspaces are computationally

exp ensiv e and th us inappropriate for medium or high resolution grids. The v o xelization tec hnique that w e will

b e presen ting uses recursiv e sub division. The di�erence is the new metho d p erforms recursiv e sub division on 2D

parameter space, not on the 3D ob ject. Hence exp ensiv e distance computation b et w een 3D p oin ts is a v oided.

Lik e 2D pixelization, v o xelization is a p o w erful tec hnique for represen ting and mo deling complex 3D ob jects.

This is pro v ed b y man y successful applications of v olume graphics tec hniques in recen tly rep orted researc h w ork.

F or example, v o xelization can b e used for visualization of complex ob jects or scene [19 ]. It can also b e used

for measuring in tegral prop erties of solids, suc h as mass, v olume and surface area [21 ]. Most imp ortan tly , it

can b e used for in tersection curv e calculation and p erforming accurate Bo olean op erations. F or example, in

[20 , 22 ], a series of Bo olean op erations are p erformed on ob jects represen ted b y a CSG tree. V o xelization is suc h

an imp ortan t tec hnique that sev eral hardw are implemen tations of this tec hnique ha v e b een rep orted recen tly

[16 , 17 ].

3.2 Ev aluation of a CCSS P atc h

Sev eral approac hes [2, 3 , 4, 5] ha v e b een prop osed for exact ev aluation of an extraordinary patc h at an y parameter

space p oin t ( u; v ). The parametrization tec hnique presen ted in [5] will b e used here. The represen tation sc heme of

this parametrization tec hnique is explicit and uses only one half of the eigen basis functions in the represen tation.

Therefore, it is computationally more e�cien t and can b e used to compute tangen ts and normal for an y p oin t of

the limit surface exactly and explicitly . Some most related results of [5] are summarized b elo w.

The parametrization/ev aluation approac h in [5] is presen ted for general Catm ull-Clark sub division surface.

That is, the new vertex p oint V

0

of V after one sub division is computed as follo ws:
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where �

n

, �

n

and 


n

are p ositiv e n um b ers and �

n

+ �

n

+ 


n

= 1. The new fac e p oints and e dge p oints are

computed the same w a y though.

The parametrization and ev aluation of a surface patc h can b e written explicitly as follo ws [5].

S ( u; v ) = W

T

K

m

n +5

X

j =0

�

m � 1

j

M

b;j

G (1)

where n is the v alance of the extraordinary patc h, W is a v ector con taining the 16 B-spline p o w er basis functions

and K is a constan t diagonal matrix. G is the v ector of the 2 n + 8 con trol p oin ts of the patc h. In addition, m

and b are t w o real n um b ers dep enden t on ( u; v ) and can b e calculated directly from ( u; v ) [5]. � and M

b;j

are

indep enden t of ( u; v ) and their exact expressions are giv en in [5]. One can compute the deriv ativ es of S ( u; v ) to

an y order simply b y di�eren tiating W ( u; v ) in Eq. (1) accordingly . With the explicit expression of S ( u; v ) and

its partial deriv ativ es, one can easily get the limit p oin t of an extraordinary v ertex in a general Catm ull Clark

sub division surface:

S (0 ; 0) = [1 ; 0 ; � � � ; 0] � M

2 ;n +1

� G

and the �rst and second deriv ativ es:

D

u
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uu

= [0 ; 0 ; 0 ; 2 ; 0 ; 0 ; 0 ; � � � ; 0] � M

2 ; 2

� G

D
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2 ; 2

� G

D

v v

= [0 ; 0 ; 0 ; 0 ; 0 ; 2 ; 0 ; � � � ; 0] � M
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� G

where M

2 ;n +1

and M

2 ; 2

are constan t matrices of dimension 16 � (2 n + 8) [5], D

u

, D

v

, D

uu

, D

uv

and D

v v

are the

direction v ectors of

@ S (0 ; 0)

@ u

,

@ S (0 ; 0)

@ v

,

@

2

S (0 ; 0)

@ u@ u

,

@

2

S (0 ; 0)

@ u@ v

and

@

2

S (0 ; 0)

@ v @ v

, resp ectiv ely . The normal v ector at (0 ; 0) is the

cross pro duct of D

u

and D

v

.

4 V o xelization based on Recursiv e P arameter Space Sub division

4.1 Basic Idea

Giv en a free-form ob ject represen ted b y a CCSS and a cubic frame bu�er of resolution M

1

� M

2

� M

3

, the goal is

to con v ert the CCSS represen ted free-form ob ject (i.e. con tin uous geometric represen tation) in to a set of v o xels

that b est appro ximates the geometry of the ob ject. W e assume eac h face of the con trol mesh is a quadrilateral and

eac h face has at most one extra-ordinary v ertex If this is not the case, simply p erform Catm ull-Clark sub division

on the con trol mesh of the CCSS t wice.

W e �rst consider the v o xelization pro cess of a subpatc h, whic h is a small p ortion of a patc h. Giv en a subpatc h

of S ( u; v ) de�ned on [ u

1

; u

2

] � [ v

1

; v

2

], w e v o xelize it b y assuming this giv en subpatc h is small enough (hence, 
at

enough) so that v o xels generated from this subpatc h are the same as the v o xels generated from its four corners:

V

1

= S ( u

1

; v

1

) ; V

2

= S ( u

2

; v

1

) ; V

3

= S ( u

2

; v

2

) ; V

4

= S ( u

1

; v

2

) :

Usually this assumption do es not hold. Hence a test m ust b e p erformed b efore the patc h or subpatc h is v o xelized.

It is easy to see that if the v o xels generated from its four corners are not N -adjacen t ( N 2 f 6 ; 18 ; 26 g ) to eac h

other, then there exist holes b et w een them. In this case, the patc h or subpatc h is still not small enough. T o mak e

it smaller, w e p erform a midp oint sub division on the corresp onding parameter space b y setting

u

12

=

u

1

+ u

2

2

and v

12

=

v

1

+ v

2

2

to get four smaller subpatc hes:

S ([ u

1

; u

12

] � [ v

1

; v

12

]) ; S ([ u

12

; u

2

] � [ v

1

; v

12

]) ; S ([ u

12

; u

2

] � [ v

12

; v

2

]) ; S ([ u

1

; u

12

] � [ v

12

; v

2

]) ;

and rep eat the testing pro cess on eac h of the subpatc hes. The pro cess is recursiv ely rep eated un til all the

subpatc hes are small enough and can b e v o xelized using only their four corners.
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Figure 2: Basic idea of parameter space based recursiv e v o xelization.

The v ertices of the resulting subpatc hes after the recursiv e parameter space sub division are then used as

v ertices for v o xelization that appro ximates the limit surface. F or example, if the four rectangles in Figure 2(a)

are the parameter spaces of four adjacen t subpatc hes of S ( u; v ), and if the rectangles sho wn in Figure 2(b) are the

parameter spaces of the resulting subpatc hes when the ab o v e recursiv e testing pro cess stops, then 3D p oin ts will

b e evaluate d at the 2D parameter space p oin ts mark ed with small solid circles to form v o xels that appro ximate

the limit surface.

T o mak e things simple, w e �rst normalize the input mesh to b e of dimension [0 ; M

1

� 1] � [0 ; M

2

� 1] � [0 ; M

3

� 1].

Then for an y 2D parameter space p oin t ( u; v ) generated from the recursiv e testing pro cess (See Fig. 2), direct and

exact ev aluation is p erformed to get its 3D surface p osition and normal v ector at S ( u; v ). T o get the v o xelized

co ordinates ( i; j; k ) from S ( u; v ), simply set

i = b S ( u; v ) :x + 0 : 5 c ; j = b S ( u; v ) :y + 0 : 5 c ; k = b S ( u; v ) :z + 0 : 5 c :
(2)

Once ev ery single p oin t mark ed in the recursiv e testing pro cess is v o xelized, the pro cess for v o xelizing the giv en

patc h is �nished. The pro of of the correctness of our v o xelization results will b e discussed in the next section.

Since the ab o v e pro cess guaran tees that shared b oundary or v ertex of patc hes or subpatc hes will b e v o xelized

to the same v o xel, w e can p erform v o xelization of free-form ob jects represen ted b y a CCSS on a patc h basis. One

thing that should b e p oin ted out is, to a v oid stac k o v er
o w, only small subpatc hes should b e fed to the recursiv e

sub division and testing pro cess. This is esp ecially true when a high resolution cubic frame bu�er is giv en or

some p olygons are v ery big in the giv en con trol mesh. Generating small subpatc hes is not a problem for a CCSS

once the parametrization tec hniques are a v ailable. F or example, in our implemen tation, the size of subpatc hes

(in the parameter space) fed to recursiv e testing is

1

8

�

1

8

, i.e. eac h patc h is divided in to 8 � 8 subpatc hes b efore

the v o xelization pro cess. In addition, feeding small-size subpatc hes to the recursiv e testing pro cess ensures the

assumption of our v o xelization pro cess to b e satis�ed, b ecause the smaller the parameter size of a subpatc h, the


atter the subpatc h.

4.2 Subpatc h T esting

The basic assumption of our v o xelization algorithm is that eac h subpatc h is small enough (hence, 
at enough)

so that all the v o xels generated from it are the same as the v o xels generated using only the four corners of this

subpatc h. No w the problem is, for a giv en subpatc h, ho w to tell if the assumption is satis�ed or not. Usually

this assumption do es not hold. Hence a testing pro cess m ust b e p erformed b efore ev ery patc h or subpatc h is

v o xelized. It is easy to see that if the v o xels generated using its four corners are not N -adjacen t ( N 2 f 6 ; 18 ; 26 g )

to eac h other, then there exist holes b et w een them. In this case, the patc h or subpatc h is still not small enough.

Con v ersely , w e can sa y a giv en subpatc h satis�es our basic assumption if the v o xels generated using its four

corners are N -adjacen t ( N 2 f 6 ; 18 ; 26 g ) to eac h other, b ecause the giv en subpatc h is at least C

1

con tin uous,

and is small enough (hence, 
at enough). Therefore w e can tell if a subpatc h satis�es the basic assumption

or not b y testing the N -adjacency ( N 2 f 6 ; 18 ; 26 g ) of the v o xels generated b y its four corners. F or example,

supp ose �

i

, �

j

and �

k

are the maxim um absolute di�erences of the v o xels generated from the four corners

in x , y and z directions, then for 6-adjacen t v o xelization, w e can sa y the giv en subpatc h satis�es our basic

assumption if (�

i

+ �

j

+ �

k

� 1). Similarly , for 18-adjacen t and 26-adjacen t v o xelization, the corresp onding

testing requiremen ts are (�

i

� 1 & �

j

� 1 & �

k

� 1 & �

i

+ �

j

+ �

k

� 2) and (�

i

� 1 & �

j

� 1 & �

k

� 1),

resp ectiv ely .

5



Because �

i

, �

j

and �

k

are in tergers, the testing pro cess is v ery fast. In addition, the subpatc h testing pro cess

generates a optim um partition of a giv en patc h or subpatc h in the v o xelization pro cess. F or example Fig. 2(b)

are the parameter spaces of the resulting subpatc hes when the ab o v e recursiv e testing pro cess stops. 3D p oin ts

will only b e ev aluated at the 2D parameter space p oin ts mark ed with small solid circles to form v o xels that

appro ximate the limit surface. Hence our testing pro cess adaptiv ely partitions giv en subpatc hes and ev aluates 3D

p ositions only if they are absolutely needed in the v o xelization pro cess. As a result, compared to other uniform 3D

p oin ts sampling approac hes, the cost of our adaptiv e 3D p oin ts sampling and ev alation (whic h is the dominating

cost of a v o xelization pro cess) is reduced dram tically .

The ab o v e testing pro cess assumes when a giv en subpatc h is small enough, then it is also 
at enough. Certainly ,

this assumption migh t not hold in some v ery sp ecial cases. Hence other conditions, lik e 
atness of a subpatc h [6 ]

can b e included in the subpatc h testing pro cess as w ell. Ho w ev er, the v o xelization pro cess will b e slo w ed do wn

a lot in this w a y . All the examples w e ha v e tested sho w that it is go o d enough to use only the N -adjacency

( N 2 f 6 ; 18 ; 26 g ) in the testing pro cess.

4.3 V o xelization Algorithms

The ab o v e v o xelization metho d, based on recursiv e sub division of the parameter space, is summarized in to the

follo wing algorithms: V oxelization and V oxelizeSubPatch . The parameters to these algorithms are de�ned as fol-

lo ws. S : con trol mesh of a CCSS whic h represen ts the giv en ob ject; N : an in teger that sp eci�es the N -adjacency

relationship b et w een adjacen t v o xels; M

1

, M

2

, and M

3

: resolution of the Cubic F rame Bu�er; k : an in teger that

sp eci�es the n um b er of subpatc hes ( k � k ) that should b e generated b efore fed to the recursiv e v o xelization pro cess.

V o xelization (Mesh S , in t N , in t M

1

, in t M

2

, in t M

3

, in t k)

1. normalize S so that S is b ounded b y an axis-aligned cub e of dimension [0 ; M

1

� 1] � [0 ; M

2

� 1] � [0 ; M

3

� 1]

2. for eac h patc h pid in S

3. for u =

1

k

: 1 ; step size

1

k

4. for v =

1

k

: 1 ; step size

1

k

5. V o xelizeSubP atc h( N , pid , u �

1

k

, u , v �

1

k

, v );

V o xelizeSubP atc h (in t N , in t pid , 
oat u

1

, 
oat u

2

, 
oat v

1

, 
oat v

2

)

1. ( i

1

; j

1

; k

1

) = V o xelize( S ( pid; u

1

; v

1

));

2. ( i

2

; j

2

; k

2

) = V o xelize( S ( pid; u

2

; v

1

));

3. ( i

3

; j

3

; k

3

) = V o xelize( S ( pid; u

2

; v

2

));

4. ( i

4

; j

4

; k

4

) = V o xelize( S ( pid; u

1

; v

2

));

5. if( j u

2

� u

1

j < 1 = max f M

1

; M

2

; M

3

g ) return;

6. �

i

= max fj i

a

� i

b

jg , with a and b 2 f 1 ; 2 ; 3 ; 4 g ;

7. �

j

= max fj j

a

� j

b

jg , with a and b 2 f 1 ; 2 ; 3 ; 4 g ;

8. �

k

= max fj k

a

� k

b

jg , with a and b 2 f 1 ; 2 ; 3 ; 4 g ;

9. if( N = 6 & �

i

+ �

j

+ �

k

� 1) return;

10. if( N = 18 & �

i

� 1 & �

j

� 1 & �

k

� 1 & �

i

+ �

j

+ �

k

� 2) return;

11. if( N = 26 & �

i

� 1 & �

j

� 1 & �

k

� 1) return;

12. u

12

= ( u

1

+ u

2

) = 2; v

12

= ( v

1

+ v

2

) = 2;

13. V o xelizeSubP atc h( N ; pid; u

1

; u

12

; v

1

; v

12

);

14. V o xelizeSubP atc h( N ; pid; u

12

; u

2

; v

1

; v

12

);

15. V o xelizeSubP atc h( N ; pid; u

12

; u

2

; v

12

; v

2

);

16. V o xelizeSubP atc h( N ; pid; u

1

; u

12

; v

12

; v

2

);

In algorithm `V o xelizeSubP atc h', corresp onding surface p oin ts for the four corners are ev aluated using eq. (1),

where pid tells us whic h patc h w e are curren tly w orking on. The routine `V o xelize' v o xelizes p oin ts b y using eq.

(2). Lines 9, 10 and 11 are used to test if v o xelizing the four corners of a subpatc h is enough to generate a 6-, 18-

and 26-adjacen t v o xelization, resp ectiv ely , while Line 5 prev en ts the recursiv e pro cess from non-stop dead lo op

in case Lines 9, 10 and 11 are alw a ys not satis�ed.
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5 Separabilit y , Accuracy and Minimalit y

Let S b e a C

1

con tin uous surface in R

3

. W e denote b y

�

S the discrete represen tation of S .

�

S is a set of blac k

v o xels generated b y some digitalization metho d. There are three ma jor requiremen ts that

�

S should meet in

the v o xelization pro cess. First, sep ar ability [8, 13], whic h requires to preserv e the analogy b et w een con tin uous

and discrete space and to guaran tee that

�

S is not p enetrable since S is C

1

con tin uous. Second, ac cur acy . This

requiremen t ensures that

�

S is the most accurate discrete represen tation of S according to some appropriate error

metric. Third, minimality [8 , 13 ], whic h requires the v o xelization should not con tain v o xels that, if remo v ed,

mak e no di�erence in terms of separabilit y and accuracy . The mathematical de�nitions for these requiremen ts

can b e found in [13], whic h are based on [8 ].

First w e can see that v o xelization results generated using our recursiv e sub division metho d satisfy the require-

men t of minimalit y . The reason is that v o xels are sampled directly from the ob ject surface. The termination

condition of our recursiv e sampling pro cess (i.e., Line 9, 10, 11 in algorithm `V o xelizeSubP atc h') and the co or-

dinates transformation in eq. (2) guaran tee that ev ery p oin t in the surface has one and only one image in the

resulting v o xelization. In other w ords,

8 P 2 S; 9 Q 2

�

S ; suc h that P 2 Q: (3)

Note that here P is a 3D p oin t and Q is a v o xel, whic h is a unit cub e. On the other hand, b ecause all v o xels are

mapp ed directly from the ob ject surface using eq. (2), w e ha v e

8 Q 2

�

S ; 9 P 2 S; suc h that P 2 Q: (4)

Hence no v o xel can b e remo v ed from the resulting v o xelization, i.e., the prop ert y of minimalit y is satis�ed. In

addition, from eq. (3) and eq. (4) w e can also conclude that the resulting binary v o xelization is the most accurate

one with resp ect to the giv en resolution. Hence the prop ert y of accuracy is satis�ed as w ell.

T o pro v e that our v o xelization results satisfy the separabilit y prop ert y , w e only need to sho w that there is

no holes in the resulting v o xelization. F or simplicit y , here w e only consider 6-separabilit y , i.e., there do es not

exist a ra y from a v o xel inside the free-form solid ob ject to the outside of the free-form solid ob ject in x , y or

z direction that can p enetrate our resulting v o xelization without in tersecting an y of the blac k v o xels. W e pro v e

the separabilit y prop ert y b y con tradiction. As w e kno w violating separabilit y means there exists at least a hole

(v o xel) Q in the resulting v o xelization that is not included in t

�

S but is in tersected b y S and, there m ust also

exist t w o 6-adjacen t neigh b ors of Q that are not included in

�

S either and are on opp osite sides of S . Because

S in tersects with Q , there exist at least one p oin t P on the surface that in tersects with Q . But the image of P

after v o xelization is not Q b ecause Q is a hole. Ho w ev er, the image of P after v o xelization m ust exist b ecause of

the termination condition of our recursiv e sampling pro cess (i.e., Line 8, 9, 10 in algorithm `V o xelizeSubP atc h').

Moreo v er, according to our v o xelization metho d, P can only b e v o xelized in to v o xel Q b ecause of eq. (2). Hence

Q cannot b e a hole, con tradicting our assumption. Therefore, w e conclude that

�

S is 6-separating.

6 V olume Flo o ding with Dynamic Programming

6.1 Seed Selection

A seed m ust b e designated b efore a 
o o ding algorithm can b e applied. In 2D 
o o ding, a seed is usually giv en

b y the user in teractiv ely . Ho w ev er, in 3D 
o o ding, for a closed 3D ob ject, it is imp ossible for a user to designate

a v o xel as a seed b y mouse-clic king b ecause v o xels inside a closed 3D ob ject are in visible. Hence an automatic

metho d is needed to select an inside v o xel as a seed for v olume 
o o ding. Once w e can correctly c ho ose an inside

v o xel, the b y applying a 
o o ding op eration, all inside v o xels can b e obtained. T o select a v o xel as a seed for

v olume 
o o ding, w e need to tell if a v o xel is inside or outside the 3D ob ject. This is not a trivial problem. In

the past In-Out test for v o xels is not e�cien t and not accurate [21 ], esp ecially for top ologically complicated 3D

ob jects.

With the a v ailabilit y of parametrization tec hniques for sub division surfaces, w e no w can calculate deriv ativ es

and normals exactly and explicitly for eac h p oin t lo cated on the 3D ob ject surface. Hence the normal for eac h

v o xel can also b e exactly calculated in the v o xelization pro cess. Because the direction of a normal is p erp endicular
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to the surface and p oin ts to w ards the outside of the surface, the closest v o xel in its opp osite direction m ust b e

lo cated either inside or on the surface (Assume the v o xelization resolution is high enough). F or a giv en v o xel

(called start voxel ), to c ho ose the closest v o xel in its normal's opp osite direction, w e just need to calculate the

dot pro duct of its normal and one of the axis v ectors. These v ectors are: f 1 ; 0 ; 0 g , f� 1 ; 0 ; 0 g , f 0 ; 1 ; 0 g , f 0 ; � 1 ; 0 g ,

f 0 ; 0 ; 1 g , f 0 ; 0 ; � 1 g corresp onding to x , � x , y , � y , z and � z direction, resp ectiv ely . The direction with smallest

dot pro duct is c hosen for �nding an inside v o xel. If the closest v o xel in this c hosen direction is also a blac k v o xel

(i.e., lo cated on the 3D ob ject surface), another start v o xel has to b e selected and the ab o v e pro cess is rep eated

un til an inside v o xel is found. The found inside v o xel can b e designated as a seed for inside v olume 
o o ding.

Similarly , an outside v o xel can also b e found for outside v olume 
o o ding. In this case, the seed v o xel should not

b e c hosen from the normal's opp osite direction, but along the normal's direction.

D

C

A

1P2P

3P

1N2N

3N
B

Figure 3: A v o xel with m ultiple pieces of ob ject surface in it.

Ho w ev er, if the v o xelization resolution is not high enough, the closest v o xel in the normal's opp osite direction

migh t b e an outside v o xel. F or example, in Figure 3, AB C D denotes a v o xel and part of the ob ject surface passes

through this v o xel. Di�eren tly , there are t w o pieces of surface that are not connected but are all inside this v o xel.

If w e c ho ose P

1

as the start p oin t in Figure 3 to �nd an inside v o xel using the ab o v e seed selection metho d, an

outside v o xel will b e wrongly c hosen. Hence the ab o v e metho d is no longer applicable in this case. T o resolv e

the problem in this situation, higher v o xelization resolution could b e used. Ho w ev er, no matter ho w high the

v o xelization resolution is, w e still cannot guaran tee cases lik e the one sho wn in Figure 3 will not o ccur. Hence

other approac h is needed.

F ortunately , v o xels that ha v e m ultiple pieces of surface passing through, lik e the one sho wn in Figure 3, can b e

easily iden ti�ed in the v o xelization pro cess. T o iden tify these v o xels, w e need to calculate normals for eac h v o xel.

F or example, in Figure 3, if surface p oin t P

1

is mapp ed to v o xel AB C D , then the normal at P

1

whic h is N

1

, is

also memorized as the normal of this v o xel. Next time if another surface p oin t, sa y P

2

, is also mapp ed to v o xel

AB C D , then the normal at P

2

whic h is N

2

, will b e �rst compared with the memorized normal of v o xel AB C D

b y calculating their dot pro duct. If N

1

� N

2

> 0, then nothing need to b e done. Otherwise, sa y surface p oin t P

3

,

whic h is mapp ed to the same v o xel and its normal is N

3

, if N

1

� N

3

� 0, then this v o xel is mark ed as a v o xel

that has m ultiple piece passing through. Once ev ery v o xel that has m ultiple pieces of surface passing through is

mark ed, w e can easily solv e the problem simply b y not c ho osing these mark ed v o xels as the start v o xels.

6.2 3D Flo o ding using Dynamic Programming

In this section w e only consider 
o o ding algorithms using 6-separabilit y , but the idea can b e applied to N -

separabilit y with N = 18 or 26, Although 6-separabilit y is used in the 
o o ding pro cess, the v o xelization itself

can b e N -adjacen t with N = 6 ; 18 or 26, Once a seed is c hosen, 3D 
o o ding algorithms can b e p erformed in

order to �ll all the v o xels that are 6-connected with this seed v o xel. The simplest 
o o ding algorithm is r e cursive


o o ding , whic h recursiv ely searc h adjacen t v o xels in 6 directions for 6-connected v o xels. This metho d sounds

ideally reasonable but do es not w ork in real w orld b ecause ev en for a v ery lo w resolution, it w ould still cause

stac k o v er
o w.

Another metho d that can b e used for 
o o ding is called line ar 
o o ding , whic h searc hes adjacen t v o xels that are

6-connected with the giv en the seed v o xel, linearly from the �rst v o xel to the last v o xel in the cubic frame bu�er,

and marks all the found v o xels with gra y . The searc h pro cess is rep eated un til no more white (`0') v o xels is found

that are 6-connected with one of the gra y v o xels. Linear 
o o ding is simple and do es not require extra memory

in the 
o o ding pro cess. Ho w ev er, it is v ery slo w, esp ecially when a high resolution is used in the v o xelization

pro cess.
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In man y applications, 3D 
o o ding op erations are required to b e fast with lo w extra memory consumption.

T o mak e a 3D 
o o ding algorithm applicable and e�cien t, w e can com bine the recursiv e 
o o ding and the linear


o o ding metho ds using the so called dynamic programming tec hnique.

Dynamic programming usually breaks a problem in to subproblems, and these subproblems are solv ed and the

solutions are memorized, in case they need to b e solv ed again. This is the essen tialit y of dynamic programming.

T o use dynamic programming in our 3D 
o o ding algorithm, w e use a sub-routine Flo o dingXYZ whic h marks

inside v o xels ha ving the same x , y or z co ordinates as the giv en seed v o xel, and all mark ed v o xels are memorized

b y pushing them in to a stac k called GRA YST A CK . Note here the stac k has a limited space, whose length is

sp eci�ed b y the user. When the stac k reac hes its maximal capacit y , no gra y v o xels can b e pushed in to it. Hence

it guaran tees limited memory consumption. The 3D 
o o ding algorithm with dynamic programming can impro v e

the 
o o ding sp eed signi�can tly . F or ordinary resolution, sa y , 512 � 512 � 512, a 
o o ding op eration can b e done

almost in real time. The pseudo co de for the 3D v olume 
o o ding algorithm is giv en as follo ws and the parameters

( s

i

, s

j

, s

k

) are the co ordinates of the giv en seed v o xel.

V olumeFlo o ding (in t s

i

, in t s

j

, in t s

k

)

1. Flo o dingXYZ( s

i

, s

j

, s

k

);

2. lo op = 1;

3. while(lo op)

4. while (GRA YST A CK is not empt y)

5. ( i; j; k ) = GRA YST A CK.P op();

6. Flo o dingXYZ( i; j; k )

7. lo op = 0;

8. for( i = 0; i < M

1

; i ++)

9. for( j = 0; j < M

2

; j ++)

10. for( k = 0; k < M

3

; k ++)

11. if ( V o xel ( i; j; k ) is white and is 6-adjacen t with a gra y v o xel)

12. Flo o dingXYZ( i; j; k );

13. lo op = 1;

7 Applications

7.1 Visualization of Complex Scenes

Ra y tracing is a commonly used metho d in the �eld of visualization of v olume graphics. This is due to its abilit y

to enhance spatial p erception of the scene using tec hniques suc h as transparency , mirroring and shado w casting.

Ho w ev er, there is a main disadv an tage for ra y tracing approac h: large computational demands. Hence rending

using this metho d is v ery slo w. Recen tly , surface splatting tec hnique for p oin t based rendering has b ecome p opular

[23 ]. Surface splatting requires the p osition and normal of ev ery p oin t to b e kno wn, but not their connectivit y .

With explicit p osition and exact normal information for eac h v o xel in our v o xelization results, no w it is m uc h

easier for us to render discrete v o xels using surface splatting tec hniques. The rendering is fast and high qualit y

results can b e obtained. F or example, Fig. 4(a) is the giv en mesh, Fig. 4(b) is the corresp onding limit surface.

After the v o xelization pro cess, Fig. 4(c) is generated only using basic p oin t based rendering tec hniques with

explicitly kno wn normals to eac h v o xel. While Fig. 4(d) is rendered using splatting based tec hniques. The size

of cubic frame bu�er used for Fig. 4(c) is 512 � 512 � 512. The v o xelization resolution used for Fig. 4(d) is

256 � 256 � 256. Although the resolution is m uc h lo w er, w e can tell from Fig. 4, that the one using splatting

tec hniques is smo other and closer to the corresp onding ob ject surface giv en in Fig. 4(b).

7.2 In tegral Prop erties Measuremen t

Another application of v o xelization is that it can b e used to measure in tegral prop erties of solid ob jects suc h as

mass, v olume and surface area. Without discretization, these in tegral prop erties are v ery di�cult to measure,

esp ecially for free-form solids with arbitrary top ology .
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(a) Giv en Mesh (b) Ob ject Sur-

face

(c) P oin t Based (d) Splatting

Based

(e) Di�erence

(f ) Union (g) Di�erence

(h) In tersection Curv e (i) Bo olean Op erations (j) Bo olean Op erations

(k) CSG Op erations (l) Di�erence (m) Union (n) Di�erence

Figure 4: Applications of V o xelization
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V olume can b e measured simply b y coun ting all the v o xels inside or on the surface b oundary b ecause eac h v o xel

is a unit cub e. With e�cien t 
o o ding algorithm, v o xels inside or on the b oundary can b e precisely coun ted. But

the resulting measuremen t ma y not b e accurate b ecause b oundary v o xels do not o ccup y all the corresp onding unit

cub es. Hence for higher accuracy , higher v o xelization resolution is needed. Once the v olume is kno wn, it is easy

to measure the mass simply b y m ultiplying the v olume with densit y . Surface area can b e measured similarly . But

using this approac h w ould lead to big error b ecause w e do not kno w ho w surfaces pass through their corresp onding

v o xels. F ortunately , surface area can b e measured m uc h more precisely in the v o xelization pro cess. As w e kno w,

during the recursiv e v o xelization pro cess, if the recursiv e pro cess stops, all the mark ed parameter p oin ts of a

patc h or subpatc h (See Fig. 2) are p oin ts used for �nal v o xelization. Hence all these quadrilaterals corresp onding

to these mark ed parameter p oin ts can b e used for measuring surface area after these mark ed parameter space

p oin ts are mapp ed to 3D space. The 
atness of these quadrilaterals is required to b e tested if high accuracy is

needed. The de�nition of patc h 
atness and the 
atness testing metho d can b e found in [6].

7.3 P erforming Bo olean and CSG Op erations

The most imp ortan t application of v o xelization is to p erform Bo olean and CSG op erations on free-form ob jects.

In solid mo deling, an ob ject is formed b y p erforming Bo olean op erations on simpler ob jects or primitiv es. A

CSG tree is used in recording the construction history of the ob ject and is also used in the ra y-casting pro cess

of the ob ject. Surface-surface in tersection (including the in-on-out test) and ra y-surface in tersection are the core

op erations in p erforming the Bo olean and CSG op erations. With v o xelization, all of these problems b ecome m uc h

easier set op erations. F or instance, Fig. 4(e) is generated b y subtracting a heart mo del sho wn in Fig. 4(l) from

the ro c k er arm mo del sho wn in Fig. 4(b). And Fig. 4(l) is the di�erence of a heart mo del and the ro c k er arm

mo del sho wn in Fig. 4(b). While Fig. 4(f ) and Fig. 4(g) are the union and di�erence results of the co w mo del

and the ro c k er arm mo del sho wn in Fig. 4(b). And Fig. 4(m) and Fig. 4(n) are generated b y uniting/subtracting

a torus mo del from the blue mo del. Note that all these union and di�erence pairs are p ositioned the same w a y

when Bo olean op erations are p erformed. Examples of p erforming m ultiple Bo olean op erations on mo dels are

sho wn in Fig. 4(i) and Fig. 4(j). A di�erence op eration is �rst p erformed to remo v e some p ortions from eac h of

these co ws and a union op eration is then p erformed to join them together. A mec hanical part is also generated in

Fig. 4(k) using CSG op erations. In tersection curv es can b e similarly generated b y searc hing for common v o xels

of ob jects. The blac k curv es sho wn in Fig. 4(h), Fig. 4(e) and Fig. 4(l) are the in tersection curv es generated

from t w o di�eren t ob jects.

8 Summary

A metho d to con v ert a free-form ob ject from its con tin uous geometric represen tation to a set of v o xels that b est

appro ximates the geometry of the ob ject is presen ted. Unlik e traditional 3D scan-con v ersion based metho ds, the

new metho d do es the v o xelization pro cess b y recursiv ely sub dividing the 2D parameter space and sampling 3D

surface p oin ts only at selected 2D parameter space p ositions. Because of the capabilit y to calculate ev ery 3D p oin t

p osition explicitly and accurately , uniform sampling on surfaces with arbitrary top ology is not a problem for the

approac h at all. Moreo v er, the new metho d guaran tees that discretization of 3D closed ob jects is leak-free when

a 3D 
o o ding op eration is p erformed. This is ensured b y pro ving that v o xelization results of the new metho d

satisfy the prop erties of separabilit y , accuracy and minimalit y . In addition, a 3D v olume 
o o ding algorithm using

dynamic programming tec hniques is presen ted whic h signi�can tly sp eeds up the v olume 
o o ding pro cess. Hence

the new metho d is suitable for visualization of complex scenes, measuring ob ject v olume, mass, surface area,

determining in tersection curv e of m ultiple surfaces and p erforming accurate Bo olean/CSG op erations.

Ac kno wledgemen t. Data sets for Figs. 4(h), 4(m) and 4(n) are do wnloaded from the w eb site:

researc h.microsoft.com/ � hopp e.

The data set for the co w mo del in Fig. 4 is do wnloaded from the w eb site:

graphics.cs.uiuc.edu/ � garland/resear c h/ quadrics .h tml.
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