
Similarit y based In terp olation

using Catm ull-Clark Sub division Surfaces

Sh uh ua Lai and F uh ua (F rank) Cheng

Graphics & Geometric Mo deling Lab, Departmen t of Computer Science

Univ ersit y of Ken tuc ky , Lexington, Ken tuc ky 40506-0046

Abstract. A new metho d for constructing a smo oth

Catm ull-Clark sub division surface (CCSS) that in ter-

p olates the v ertices of a mesh with arbitrary top ology

is presen ted. The new metho d handles b oth op en

and closed meshes. Normals or deriv ativ es sp eci�ed

at an y v ertices of the mesh (whic h can actually b e

an ywhere) can also b e in terp olated. The construction

pro cess is based on the assumption that, in addition

to in terp olating the v ertices of the giv en mesh, the

in terp olating surface is also similar to the limit surface

of the giv en mesh. Therefore, construction of the

in terp olating surface can use information from the

giv en mesh as w ell as its limit surface. This approac h,

called similarity b ase d interp olation , giv es us more

con trol on the smo othness of the in terp olating surface

and, consequen tly , a v oids the need of shap e fairing

in the construction of the in terp olating surface. The

computation of the in terp olating surface's con trol

mesh follo ws a new approac h, whic h do es not require

the resulting global linear system to b e solv able. An

appro ximate solution pro vided b y an y fast iterativ e

linear system solv er is su�cien t. Ho w ev er, in ter-

p olation of the giv en mesh is guaran teed. This is

an imp ortan t impro v emen t o v er previous metho ds

b ecause with these features, the new metho d can han-

dle meshes with large n um b er of v ertices e�cien tly .

Although the new metho d is presen ted for CCSSs,

the concept of similarit y based in terp olation can b e

used for other sub division surfaces as w ell.

Keyw ords : sub division, sub division surfaces,

Catm ull-Clark sub division surfaces, in terp olation

1 In tro duction

Giv en a 3D mesh, there exist in�nitely man y smo oth

surfaces that in terp olate the mesh v ertices. An y of

them can b e used as a solution to the in terp olation

problem. But, to a shap e designer, usually only one

of them is the surface he really w an ts. That sur-

face, called the designer's c onc ept surfac e , is a piece of

imp ortan t information for the in terp olation pro cess.

If that information is a v ailable to the in terp olation

system, then b y constructing an in terp olating surface

whose shap e is ` similar ' to the designer's concept sur-

face, w e get the b est result one can get for the in-

terp olation pro cess. W e call an in terp olation pro cess

similarity b ase d interp olation if the in terp olation also

dep ends on establishing ` similarity ' with a r efer enc e

surfac e . In the ab o v e case, the reference surface is the

designer's concept surface.

(a) In terp olation (b) Appro ximation

Figure 1: They are similar!

The result of a similarit y based in terp olation de-

p ends on the qualit y of the reference surface. The

closer the shap e of the reference surface to the de-

signer's concept surface, the b etter the result. The

designer's concept surface usually is not a v ailable to

the in terp olation system. But it is reasonable to as-

sume that the giv en mesh carries a shap e similar to the

designer's concept surface. Afterall, these are v ertices

the user extracted from his concept surface. Conse-

quen tly , limit surface of the giv en mesh, when view ed

as the con trol mesh of a Catm ull-Clark sub division

surface, w ould b e similar to the designer's concept sur-

face. Therefore, using the limit surface as the reference

surface in the in terp olation pro cess, i.e., construct-

ing an in terp olating surface of a giv en mesh that is

also similar to the limit surface of the giv en mesh, w e
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should get an in terp olating surface that is relativ ely

close to the designer's concept surface. This in terp o-

lation concept has not b een studied with sub division

surfaces b efore, although in terp olation using sub divi-

sion surfaces has already b een studied for a while.

1.1 Previous W ork: A Brief Review

There are t w o ma jor w a ys to in terp olate a giv en mesh

with a sub division surface: interp olating sub division

[3 , 6, 5 , 8, 10 ] or glob al optimization [4 , 7 ]. In the �rst

case, a sub division sc heme that in terp olates the con-

trol v ertices, suc h as the Butter
y sc heme[3 ], Zorin et

al's impro v ed v ersion [10 ] or Kobb elt's sc heme [6], is

used to generate the in terp olating surface. New v er-

tices are de�ned as lo cal a�ne com binations of nearb y

v ertices. This approac h is simple and easy to imple-

men t. It can handle meshes with large n um b er of v er-

tices. Ho w ev er, since no v ertex is ev er mo v ed once it

is computed, an y distortion in the early stage of the

sub division will p ersist. This mak es in terp olating sub-

division v ery sensitiv e to the irregularit y in the giv en

mesh. In addition, it is di�cult for this approac h to

in terp olate normals or deriv ativ es.

The second approac h, glob al optimization , usually

needs to build a global linear system with some con-

strain ts. The solution to the global linear system is

an in terp olating mesh whose limit surface in terp olates

the con trol v ertices in the giv en mesh. This approac h

usually requires some fairness constrain ts, suc h as the

energy functions presen ted in [4], in the in terp olation

pro cess to a v oid undesired undulations. Although this

approac h seems more complicated, it results in a tra-

ditional sub division surface. F or example, the metho d

in [4] results in a Catm ull-Clark sub division surface

(CCSS), whic h is C
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con tin uous almost ev erywhere

and whose prop erties are w ell studied and understo o d.

The problem with this approac h is that a global linear

system needs to b e built and solv ed. Hence it is di�-

cult to handle meshes with large n um b er of v ertices.

There are also sub division tec hniques that pro duce

surfaces to in terp olate giv en curv es or surfaces that

near- (or quasi-)in terp olate giv en meshes. But those

tec hniques are either of di�eren t natures or of di�eren t

concerns and, hence, will not b e discussed here.

1.2 Ov erview

In this pap er, w e will address some of the problems

with curren t v extex in terp olation tec hniques b y simi-

larit y based in terp olation tec hnique dev elop ed for CC-

SSs. Giv en a 3D mesh P with arbitrary top ology ,

the new metho d calculates a con trol mesh Q whose

CCSS in terp olates the v ertices of P . The CCSS of Q

is constructed with the additional assumption that its

shap e is similar to a reference surface, the limit sur-

face of P . A shap e fairing pro cess is not required in

the construction pro cess of the in terp olating surface.

The computation of the con trol mesh Q follo ws a new

approac h whic h do es not require the resulting global

linear system to b e solv able. An appro ximate solution

pro vided b y an y fast iterativ e linear system solv er is

su�cien t. Hence, handling meshes with large n um b er

of v ertices is not a problem. Ho w ev er, in terp olation of

the giv en mesh is guaran teed. The new metho d can

handle b oth closed and op en meshes. The in terp olat-

ing surface can in terp olate not only v ertices of a giv en

mesh, but also deriv ativ es and normals an ywhere in

the parameter space of the surface.

The remaining part of the pap er is arranged as fol-

lo ws. In Section 2, the similarit y based in terp olation

tec hnique for closed meshes is presen ted. A tec hnique

that w orks for op en meshes is presen ted in Section 3.

Implemen tation issues and test results are presen ted

in Section 4. A summary is presen ted in Section 5.

2 Similarit y based In terp olation

2.1 Mathematical Setup

Giv en a 3D mesh with n v ertices: P =

f P

1

; P

2

; � � � ; P

n

g , the goal here is to construct a con-

trol mesh Q whose CCSS in terp olates P (the v ertices

of P , for no w). The construction of Q follo ws the fol-

lo wing path. First, w e p erform one or more lev els of

Catm ull-Clark sub division on P to get a �ner con trol

mesh G . G satis�es the follo wing prop ert y: eac h face

of G is a quadrilateral and eac h face of G has at most

one extr a-or dinary vertex . The v ertices of G are di-

vided in to t w o categories. A v ertex of G is called a

T yp e I vertex if it corresp onds to a v ertex of P . Oth-

erwise it is called a T yp e II vertex . Q is then de�ned

as a con trol mesh with the same n um b er of v ertices

and the same top olgy as G . W e assume Q has m v er-

tices Q = f Q

1

; Q

2

; � � � ; Q

m

g , m > n , and the �rst n

v ertices corresp ond to the n T yp e I v ertices of G (and,

consequen tly , the n v ertices of P ). These n v ertices of

Q will also b e called T yp e I v ertices and the remaining

m � n v ertices T yp e I I v ertices. This w a y of setting

up Q is to ensure the parametric form dev elop ed for a

CCSS patc h [9] can b e used for the limit surface of Q ,

denoted S ( Q ), and w e ha v e enough degree of freedom

in our subsequen t w ork. Note that m is usually m uc h

bigger than n . The remaining job then is to determine

the p osition of eac h v ertex of Q .

In previous metho ds [7, 4] the n T yp e I v ertices of

Q are set as indep enden t v ariables, the m � n T yp e I I

v ertices are represen ted as linear com binations of the

T yp e I v ertices. Since m � n is bigger than n , this
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setting leads to an o v er-determined system. Without

an y freedom in adjusting the solution of the system,

one has no con trol on the shap e of the resulting in-

terp olating surface S ( Q ) ev en if it carries undesirable

undulations. In this pap er, instead, the m � n T yp e

I I v ertices are set as indep enden t v ariables and the n

T yp e I v ertices are represen ted as linear com binations

of the T yp e I I v ertices. This approac h pro vides us

with enough degrees of freedom to adjust the solution

of the resulting linear system and, consequen tly , more

con trol on the shap e of the in terp olating surface S ( Q ).

As discussed in the previous section, the in terp olat-

ing surface S ( Q ) should b e similar to the limit surface

of P . The limit surface of P , denoted S ( P ), usually

is smaller than the in terp olating surface of P , S ( Q ).

T o establish a b etter similarit y relationship, w e scale

up S ( P ) so that dimension of the scaled limit surface

is the same as S ( Q ). The required scaling factors s

x

,

s

y

and s

z

for suc h a task can b e determined b y the

condition that the b ounding b o x of the scaled limit

surface is the same as the b ounding b o x of the in ter-

p olating surface. This can easily b e done b y compar-

ing the maxima and minima of the v ertices of P in

all three directions with the maxima and minima of

their corresp onding limit p oin ts. The example sho wn

in Figure 2 illustrates this pro cess. Figure 2(b) is the

limit surface of the mesh sho wn in Figure 2(a). The

scaled limit surface is sho wn in Figure 2(c). Figure

2(d) is the in terp olating surface of the mesh sho wn in

Figure 2(a). W e can see that the in terp olating surface

is more similar to the scaled limit surface than the

original limit surface. In the subsequen t discussion, it

should b e understo o d that eac h reference to the simi-

larit y b et w een the in terp olating surface and the limit

surface of P actually means the similarit y b et w een the

in terp olating surface and the scaled limit surface of P .

The con trol mesh of the scaled limit surface, called

^

G ,

can b e obtained b y scaling G with s

x

, s

y

and s

z

. The

scaled limit surface will b e denoted S (

^

G ).

2.2 In terp olation Requiremen ts

Recall that T yp e I v ertices of Q are those v ertices that

corresp ond to v ertices of P . Hence, eac h v ertex of P

is the limit p oin t of a T yp e I v ertex of Q . W e assume

the limit p oin t of Q

i

is P

i

, 1 � i � n . Then for eac h

T yp e I v ertex Q

i

(1 � i � n ), w e ha v e

Q

i

= C

i

�

e

Q + c P

i

(1)

where

e

Q = f Q

n +1

; Q

n +2

; � � � ; Q

m

g is the v ector of

T yp e I I v ertices. V ector C

i

and constan t c dep end on

the top ology of P and the degree of v ertex P

i

. C

i

and c

can b e easily obtained using the form ula for calculating

the limit p oin t of a CCSS [9 , 4]. The conditions in

(1) are called interp olation r e quir ements , b ecause they

ha v e to b e exactly satis�ed.

Note that the in terp olation requiremen ts in (1) form

a system of linear equations. By solving this system

of linear equations, w e solv e the in terp olation prob-

lem [7 ]. But in this case one tends to get undesired

undulations on the resulting in terp olationg surface [4 ].

2.3 Similarit y Constrain ts

Tw o CCSSs are said to b e similar if their con trol

meshes ha v e the same top ology and they ha v e similar

i th deriv ativ es (1 � i < 1 ) ev erywhere. The �rst con-

dition of this de�nition is a su�cien t conditon for the

second condition to b e true, b ecause it ensures the con-

sidered CCSSs ha v e the same parameter space. The

CCSSs considered here, S ( Q ) and S (

^

G ), satisfy the

�rst condition. Hence, w e ha v e the su�cien t condi-

tion to mak e the assumption that S ( Q ) and S (

^

G ) are

similar. In the follo wing, w e assume S ( Q ) and S (

^

G )

are similar in the sense of the ab o v e de�nition.

With explict parameterization of a CCSS a v ailable

[9], it is p ossible for us to consider deriv ativ es of S ( Q )

and S (

^

G ) at an y p oin t of their parameter space. Ho w-

ev er, to a v oid costly in tegration of deriv ativ e expres-

sions, w e will only consider deriv ativ es sampled at the

follo wing p oin ts

f (1 = 2

i

; 1 = 2

j

) j 0 � i; j � 1 g (2)

for eac h patc h of S ( Q ) and S (

^

G ). In the ab o v e simi-

larit y de�nition, t w o deriv ativ es are said to b e similar

if they ha v e the same direction. In the follo wing, w e

use the similarit y condition to set up constrain ts in the

construction pro cess of S ( Q ).

Giv en t w o surfaces, let D

u

and D

v

b e the u and v

deriv ativ es of the �rst surface and

^

D

u

and

^

D

v

the u

and v deriv ativ es of the second surface. These deriv a-

tiv es are similar if the follo wing conditin holds:

D

u

�

^

D

u

= 0 and D

v

�

^

D

v

= 0 (3)

A di�eren t condition, sho wn b elo w, is used in [4, 7 ].

D

u

� (

^

D

u

�

^

D

v

) = 0 and D

v

� (

^

D

u

�

^

D

v

) = 0 (4)

These t w o conditions are not necessarily equiv alen t.

Our test cases sho w that (3) giv es b etter in terp olating

surfaces. This is b ecause (4) only requires the corre-

sp onding deriv ativ es to lie in the same tangen t plane,

no restrictions on their direcitons. As a result, using

(4) could result in unnecessary undulations. Note that

(3) requires directions of D

u

and D

v

to b e the same

as that of

^

D

u

and

^

D

v

, resp ectiv ely .
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(a) (b) (c) (d)

Figure 2: Similariy b et w een the in terp olating surface and the limit surface: (a) giv en mesh, (b) limit surface,

(c)scaled limit surface, (d) in terp olating surface.

Conditions of the t yp e sho wn in (3) are called sim-

ilarity c onstr aints . These constrain ts do not ha v e to

b e satis�ed exactly , only to the exten t p ossible. The

in terp olation metho d used in [7 ] considers in terp ola-

tion requiremen ts only . The metho d in [4] also in-

cludes fairness constrain ts to a v oid undesired undula-

tions and artifacts.

2.4 Global Linear System

If the deriv ativ es of S ( Q ) and S (

^

G ) are sampled at a

p oin t in (2) then, according to (3) and the deriv ativ e

of the parametric form of a CCSS patc h [9], w e w ould

ha v e

( V

T

� Q ) � ( V

T

�

^

G ) = 0 (5)

where V is a constan t v ector of scalars whose v alues de-

p end on the t yp e of the deriv ativ e and the p oin t where

the sampling is p erformed. This expression actually

con tains 3 equations, one for eac h comp onen t. Re-

place the T yp e I v ertices Q

1

; Q

2

; � � � ; Q

n

in the ab o v e

expression with (1) and com bine all the similarit y con-

strain ts, w e get a system of linear equations whic h can

b e represen ted in matrix form as follo ws:

D � X = C

where X is a v ector of length 3( m � n ), whose en tries

are the x , y and z comp onen ts of

e

Q . D usually is not

a square matrix. Hence w e need to �nd an X suc h

that (D � X � C )

T

� (D � X � C ) is minimized. This is

a quadratic programming problem and can b e solv ed

using a linear least squares metho d. It is basically

a pro cess of �nding a solution of the follo wing linear

system:

A � X = B (6)

where A = D

T

D and B = D

T

C . A is a symmetric

matrix. Hence only half of its elemen ts need to b e

calculated and stored. Once X is kno wn, i.e.,

e

Q is

kno wn, w e can �nd Q

1

; Q

2

; � � � ; Q

n

using (1).

The matrix D could b e v ery big if man y sample

p oin ts or constrains are used. F ortunately , w e do not

ha v e to calculate and store the matrix D and the v ector

C . Note that A and B can b e writen as

A =

X

D

i

( D

i

)

T

and B =

X

D

i

c

i

where ( D

i

)

T

is the i th ro w of D and c

i

is the i th en-

try of C . Note that the n um b er of ro ws of D can

b e as large as p ossible but the n um b er of columns is

�xed, 3( m � n ). Supp ose the i th constrain t (See eq.

(5)), with Q

1

; Q

2

; � � � ; Q

n

replaced, is written in v ec-

tor form as U

T

� X = u . Then U

T

is the i th ro w of

matrix D and u is the i th en try of C . Hence ro ws

of matrix D and en tries of C can b e calculated inde-

p enden tly from (5) for eac h constrain t of eac h sam-

ple p oin t. Therefore, A and B can b e accum ulativ ely

calculated, constrain t b y constrain t. No matter ho w

man y sample p oin ts are used, and no matter ho w man y

constrain ts are considered for ev ery sample p oin t, only

a �xed amoun t memory is required for the en tire pro-

cess and the size of matrix A is alw a ys the same,

3( m � n ) � 3( m � n ).

Note that the solution of (6) only determines

the p ositions of T yp e I I v ertices of Q , i.e.

Q

n +1

; Q

n +2

; � � � ; Q

n + m

. T yp e I v ertices of Q ,

Q

1

; Q

2

; � � � ; Q

n

, are represen ted as linear com bina-

tions of Q

n +1

; Q

n +2

; � � � ; Q

n + m

in the in terp olation

requiremen ts de�ned in (1). Since in terp olation of the

v ertices of P b y the in terp olating surface is determined

b y the in terp olation requiremen ts (1) only , this means

as long as w e can �nd a solution for (6), the task of
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constructing an in terp olating surface that in terp olates

the v ertices of P can alw a ys b e ful�lled, ev en if the so-

lution is not precise. Hence, an exact solution to the

linear system (6) is not a m ust for our metho d. An

appro ximate solution pro vided b y a fast in terativ e lin-

ear system solv er is su�cien t. As a result, the new

metho d can handle meshes with large n um b er of v er-

tices e�cien tly . This is an imp ortan t impro v emen t

o v er previous metho ds.

With the similarit y assumption, the surface in ter-

p olation problem is basically a pro cess of using an it-

erativ e metho d to �nd an appro ximate solution for

the global linear system (6). The scaled mesh

^

G is

a go o d initial guess for the in terativ e pro cess b ecause

^

G is actually v ery close to the con trol mesh of the

in terp olating surface w e w an t to obtain. In our im-

plemen tation, the Gauss-Seidel metho d is used for the

iterativ e pro cess. The iterativ e pro cess w ould con v erge

to a go o d appro ximate solution v ery rapidly with this

initial guess. Ho w ev er, it should b e p oin ted out that

there is no need to carry out the iterativ e pro cess to

a v ery precise lev el. According to our test cases, a

residual tolerance of the size � = 10

� 6

do es not pro-

duce m uc h noticable impro v emen t on the qualit y of

the in terp olating surface than a residual tolerance of

the size � = 10

� 2

, while the former tak es m uc h more

time than the latter. Therefore a relativ ely large resid-

ual tolerance can b e supplied to the iterativ e linear

system solv er to prev en t it from running to o long on

the iterativ e pro cess, while not impro ving the qualit y

of the in terp olationg surface m uc h. This is esp ecially

imp ortan t for pro cessing meshes with large n um b er of

v ertices.

2.5 Additional In terp olation Require-

men ts

In addition to the interp olation r e quir ements consid-

ered in (1), other interp olation r e quir ements can b e

included in the global linear system as w ell. One can

also mo dify or remo v e some of the interp olation r e-

quir ements in (1). F or example, if w e w an ts the �rst

u � deriv ativ e of the in terp olating surface at P

i

to b e

D

u

, w e need to set up a condition similar to (5) as

follo ws:

( V

T

� Q ) � D

u

= 0

where V is a constan t v ector. The di�erence here is,

this is not a similarit y constrain t, but an in terp olation

requiremen t. Ho w ev er, if w e w an t a particular nor-

mal to b e in terp olated, w e should set up in terp olation

requiremen ts for the u deriv ativ e and the v deriv ativ e

whose cross pro duct equals this normal, instead of set-

ting up an in terp olation requiremen t for the normal

directly , to a v oid the in v olv emen t of non-linear equa-

tions in our system. Then b y com bining all the new

in terp olation requiremen ts with the original in terp o-

lation requiremen ts in (1), w e get all the expressions

for v ertices that are not considered indep enden t v ari-

ables in the linear system in (6). Note that including a

new in terp olation requiremen t in the in terp olation re-

quiremen t p o ol requires us to c hange a v ariable v ertex

in Q to a non-v ariable v ertex. Actually , in terp olation

requiremen ts can b e sp eci�ed for an y p oin ts of the in-

terp olating surface, not just for v ertices of P . This

is p ossible b ecause w e ha v e a parametric represen ta-

tion for eac h patc h of a CCSS [9]. F or example, if w e

w an t the p osition of a patc h at (1 = 2 ; 1 = 4) to b e T , w e

can set up an in terp olation requiremen t of the form:

V

T

� Q = T where V is a constan t v ector whose v alues

dep end on (1 = 2 ; 1 = 4). Therefore the in terp olating sur-

face can in terp olate p ositions, deriv ativ es and normals

an ywhere in the parameter space.

3 Handling Op en Meshes

The in terp olation pro cess dev elop ed in the previous

section can not b e used for op en meshes, suc h as the

one sho wn in Fig. 3(a), directly . This is b ecause

b oundary v ertices of an op en mesh ha v e no corre-

sp onding limit p oin ts, nor deriv ativ es, therefore, one

can not set up in terp olation requiremen ts for these

v ertices, as required b y the new in terp olation pro cess.

One w a y to o v ercome this problem is to add an addi-

tional ring of v ertices along the curren t b oundary and

connect the v ertices of this ring with corresp onding

v ertices of the curren t b oundary to form an additional

ring of faces, suc h as the example sho wn in Figure

3(c). The newly added v ertices are called dummy ver-

tic es . W e then apply the in terp olation metho d to the

extended op en mesh as to a closed mesh except that

there are no in terp olation requiremen ts for the dumm y

v ertices. This tec hnique of extending the b oundary of

a giv en mesh is similar to a tec hnique prop osed for

uniform B-spline surface represen tation in [1].

Note that in this case, the in terp olation pro cess

do es not use the limit surface of the giv en mesh, but

rather the limit surface of the extended mesh as a refer-

ence surface. Therefore, the shap e of the in terp olating

surface dep ends on lo cations of the dumm y v ertices as

w ell. Determining the lo cation of a dumm y v ertex,

ho w ev er, is a tric ky issue, and the user should not

b e burdened with suc h a tric ky task. In our system,

this is done b y using lo cations of the curren t b ound-

ary v ertices of the giv en mesh as the initial lo cations

of the dumm y v ertices and then solving the global lin-

ear system in (6) to determine their �nal lo cations.
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(a) (b) (c) (d) (e) (f )

Figure 3: In terp olating an op en mesh: (a) giv en mesh; (b) limit surface of (a); (c) extended v ersion of (a); (d)

limit surface of (c); (e) in terp olating surface of (a) that is similar to (d); (f ) in terp olating surface of (c) with

additional requiremen ts.

This approac h of generating dumm y v ertices w orks

�ne b ecause dumm y v ertices only a�ect similarit y con-

strain ts. Figure 3(e) is a surface that in terp olates the

mesh giv en in Fig. 3(a) and uses 3(d) as a reference

surface.

The ab o v e setting of the dumm y v ertices usually is

not enough to create an in terp olating surface with the

desired b oundary shap e. Additional requiremen ts (not

constrain ts) are needed in the in terp olation pro cess.

As explained in Section 2.5, a platform that allo ws us

to de�ne additional requiremen ts can b e created b y

treating the dumm y v ertices as non-v ariables in (6).

W e can then sp ecify new deriv ativ e conditions or nor-

mal conditions to b e satis�ed at the original b oundary

v ertices. With the additional in terp olation require-

men ts, a designer has more con trol on the shap e of

the in terp olating surface in areas along the b ound-

ary and, consequen tly , can generate an in terp olating

surface with the desired b oundary shap e. F or exam-

ple, Figure 3(f ) is an in terp olating surface of the mesh

giv en in Figure 3(a), but generated with additional

in terp olation requiremen ts. The in terp olating surface

ob viously lo oks more lik e a real glass no w.

4 T est Results

The prop osed approac h has b een implemen ted in C++

using Op enGL as the supp orting graphics system on

the Windo ws platform. Quite a few examples ha v e

b een tested with the metho d describ ed here. All the

examples ha v e extra-ordinary v ertices. Some of the

tested results are sho wn in Figures 2, 3 and 4. Due to

limited space, limit surface of the Utah T eap ot whic h

is w ell kno wn and limit surface of the mesh sho wn in

Figure 4(r) whic h is v ery simple are not sho wn here.

F or all other cases, the limit surfaces (not scaled) of

the giv en meshes and the in terp olating surfaces are

b oth sho wn so that one can tell if these surfaces are

indeed similar to eac h other in the least squares sense.

In our implemen tation, only one sub division is p er-

formed on the giv en mesh for eac h example and the

�rst, second and third deriv ativ es in u and v directions

are used to construct in terp olation constrain ts and

build the global linear system. These deriv ativ es are

sampled at p oin ts with parameters (

1

2

i

;

1

2

j

), i; j = 0 ; 1

or 1 , for eac h patc h. That is, 9 p oin ts are sampled

for eac h patc h, whic h is go o d enough for most cases.

F or bigger patc hes one can use more sample p oin ts

b ecause patc hes do not ha v e to b e sampled uniformly .

The original Utah teap ot consists of four separate

parts: lid, handle, b o dy and sp out. The mesh sho wn

in Figure 4(n) is actually a set of four meshes, one

for eac h comp onen t of the original Utah teap ot. Eac h

mesh is an op en mesh. Although eac h of these meshes

can b e in terp olated separately , Figure 4(q) is gener-

ated b y regarding them as a single mesh. The mesh

sho wn in Figure 4(f ) is another example of an op en

mesh with disconnected b oundaries. Figure 4(h) is

the in terp olating surface without using additional in-

terp olation requiremen ts in the construction pro cess.

As can b e seen from Figure 4, all the resulting in ter-

p olating surface are v ery smo oth and visually pleasing,

except the in terp olating surface sho wn in Figure 4(p).

The surface has some undulations around the nec k,

but w e do not think they are caused completely b y

our metho d. W e b eliev e this is more of a problem with

the general in terp olation concept. Note that the input
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(a) G-M (b) L-S (c) I-S (d) G-M (e) L-S

(f ) G-M (g) L-S (h) I-S (i) I-S

(j) G-M (k) L-S (l) I-S (m) G-M

(n) G-M (o) L-S (p) I-S

(q) I-S (r) G-M (s) I-S

Figure 4: In terp olating meshes with arbitrary top ology (G-M: giv en mesh; L-S: limit surface; I-S: in terp olating

surface.
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mesh, Figure 4(m), has some abrupt c hanges of v er-

tex p ositions and t wists in the nec k area. This is also

re
ected b y some visible undulations in the nec k area

of the limit surface, Figure 4(o), ev en though they are

not as clear as in the in terp olating surface. An appro x-

imation curv e/surface, lik e a spline curv e, can b e re-

garded as a lo w pass �lter [10 ], whic h mak es the giv en

con trol p olygon or mesh smo other. An in terp olation

curv e/surface, on the other hand, can b e regarded as a

high pass �lter, whic h magni�es undulations or t wists

in the input mesh. Since a limit surface is an appro xi-

mation surface, it reduces the impact of abrupt v ertex

lo cation c hanges and t wists in the input mesh while

the in terp olating surface enhances it. This is wh y the

undulations are more ob vious in Figure 4(p) than in

Figure 4(o).

The new in terp olation metho d can handle meshes

with large n um b er of v ertices in a matter of seconds on

an ordinary PC (3.2GHz CPU, 512MB of RAM). F or

example, the mesh sho wn in Figure 4(m) has 1,022 v er-

tices and 1024 faces, and only tak es 51 seconds to in-

terp olate it. The ro c k er arm sho wn in Figure 4(d) has

354 v ertices and 354 faces, and only tak es 4 seconds to

in terp olate it. The teap ot mo del sho wn in Figure 4(n)

has 138 v ertices and 128 faces, and it tak es less than 1

second to in terp olate it. F or smaller meshes, lik e Fig-

ures 4(a), 4(j), 4(r) and 4(f ), the in terp olation pro cess

is done almost in real time. Hence our in terp olation

metho d is suitable for in teractiv e shap e design, where

simple shap es with small or medium-sized con trol v er-

tex sets are constructed using design or in terp olation

metho ds, and then com bined using CSG trees to form

complex ob jects.

5 Summary

A new in terp olation metho d for meshes with arbitrary

top ology using general CCSSs is presen ted. The de-

v elopmen t of the metho d is based on the assumption

that the in terp olating surface should b e similar to the

limit surface of the giv en mesh. Our test results sho w

that this approac h leads to go o d in terp olation results

ev en for complicated data sets.

The new metho d has sev eral sp ecial prop erties.

First, b y using information from the v ertices of the

giv en mesh as w ell as its limit surface, one has more

con trol on the smo othness of the in terp olating sur-

face. Hence, a surfac e fairing pro cess is not needed

in the new metho d. Second, there is no system solv-

abilit y problem for the new metho d. The global linear

system that the new metho d has to solv e do es not

require an exact solution, an appro ximate solution is

su�cien t. The appro ximate solution can b e pro vided

b y an y fast iterativ e linear solv er. Consequen tly the

new metho d can pro cess meshes with large n um b er of

v ertices e�cien tly . Third, the new metho d can han-

dle b oth op en and closed meshes. It can in terp olate

not only v ertices, but normals and deriv ativ es as w ell.

These normals and deriv ativ e can b e an ywhere, not

just at the v ertices of the giv en mesh. Therefore, the

new metho d is general.

Ac kno wledgemen t. Data set of Figure 4(m) is

do wnloaded from researc h.microsoft.com/ � hopp e and

the original data sets of Figures 4(r) and 4(f ) are do wn-

loaded from mrl.n yu.edu/ � dzorin.
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