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Abstract. A new metho d for constructing a smo oth

surface that in terp olates the v ertices of an arbitrary

mesh is presen ted. The mesh can b e op en or closed.

Normals sp eci�ed at v ertices of the mesh can also b e

in terp olated. The in terp olating surface is obtained

b y lo cally adjusting the limit surface of the giv en

mesh (view ed as the con trol mesh of a Catm ull-Clark

sub division surface) so that the mo di�ed surface

w ould in terp olate all the v ertices of the giv en mesh.

The lo cal adjustmen t pro cess is ac hiev ed through

lo cally blending the limit surface with a surface

de�ned b y non-uniform transformations of the limit

surface. This lo cal blending pro cess can also b e used

to smo oth out the shap e of the in terp olating surface.

Hence, a surfac e fairing pro cess is not needed in the

new metho d. Because the in terp olation pro cess do es

not require solving a system of linear equations, the

metho d can handle meshes with large n um b er of

v ertices. T est results sho w that the new metho d leads

to go o d in terp olation results ev en for complicated

data sets. The new metho d is demonstrated with the

Catm ull-Clark sub division sc heme. But with some

minor mo di�cation, one should b e alb e to apply this

metho d to other sub division sc hemes as w ell.

CR Categories : I.3.5 [Computer Graphics]: Com-

putational Geometry and Ob ject Mo deling - curv e,

surface, solid and ob ject represen tations;

Keyw ords : sub division, sub division surfaces,

Catm ull-Clark sub division surfaces, in terp olation

1 In tro duction

Constructing a smo oth surface to in terp olate the v er-

tices of a giv en mesh is an imp ortan t task in man y ar-

eas, including geometric mo deling, computer graphics,

computer animation, in teractiv e design, and scien ti�c

visualization. The in terp olating surface sometime is

also required to in terp olate normal v ectors sp eci�ed

for some or all of the mesh v ertices. Dev eloping a

general solution for this task is di�cult b ecause the

required in terp olating surface could b e of arbitrary

top ology and with arbitrary gen us. T raditional repre-

sen tation sc hemes suc h as B-spline or B � ezier surfaces

can not represen t suc h a complex shap e with only one

surface.

Sub division surfaces w ere in tro duced as an e�cien t

tec hnique to mo del complex shap es [2 ][3][10 ]. But

building a connection b et w een a giv en mesh and an in-

terp olating sub division surface has nev er really b een

successful when the n um b er of v ertices of the giv en

mesh is large

1

. One exception is a w ork published

recen tly [11]. In this pap er, an iterativ e in terp olation

tec hnique similar to the one used in [8 ] for non-uniform

B-spline surfaces is prop osed for sub division surfaces.

Since the iterativ e approac h do es not require solving a

system of linear equations, it can handle meshes with

large n um b er of v ertices. But the pap er fails to pro v e

the con v ergence of the iterativ e pro cess.

In this pap er w e will address the problem of `con-

structing a smo oth surface to in terp olate the v ertices

of a giv en mesh' and presen t a new solution to this

problem. W e brie
y review previous w ork in this area

�rst.

1.1 Previous W ork: A Brief Review

There are t w o ma jor w a ys to in terp olate a giv en mesh

with a sub division surface: interp olating sub division

[4, 6, 7 , 14 , 19 ] or glob al optimization [5 , 12 ]. In the

�rst case, a sub division sc heme that in terp olates the

con trol v ertices, suc h as the Butter
y sc heme [4 ], Zorin

et al's impro v ed v ersion [19 ] or Kobb elt's sc heme [7 ],

is used to generate the in terp olating surface. New v er-

tices are de�ned as lo cal a�ne com binations of nearb y

v ertices. This approac h is simple and easy to imple-

men t. It can handle meshes with large n um b er of v er-

tices. Ho w ev er, since no v ertex is ev er mo v ed once

it is computed, an y distortion in the early stage of

the sub division will p ersist. This mak es in terp olating

sub division v ery sensitiv e to irregularit y in the giv en

1

In terp olating sub division [4] will b e addressed shortly
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(a) Giv en Mesh (b) In terp olating surface generated with blending area

automatically selected

(c) In terp olating surface generated with user selected

blending areas around upp er p ortion of the teap ot b o dy

(d) In terp olating surface generated with user selected

blending areas around b ottom p ortion of the teap ot

b o dy

Figure 1: Example with lo cal con trol

mesh. In addition, it is di�cult for this approac h to

in terp olate normals or deriv ativ es.

The second approac h, glob al optimization , usually

needs to build a global linear system with some con-

strain ts [13 ]. The solution to the global linear sys-

tem is a con trol mesh whose limit surface in terp olates

the v ertices of the giv en mesh. This approac h usu-

ally requires some fairness constrain ts in the in terp o-

lation pro cess, suc h as the energy functions presen ted

in [5 ], to a v oid undesired undulations. Although this

approac h seems more complicated, it results in a tra-

ditional sub division surface. F or example, the metho d

in [5] results in a Catm ull-Clark sub division surface

(CCSS), whic h is C

2

-con tin uous almost ev erywhere

and whose prop erties are w ell studied and understo o d.

The problem with this approac h is that a global linear

system needs to b e built and solv ed. It is di�cult for

this approac h to handle meshes with large n um b er of

v ertices.

There are also tec hniques that pro duce surfaces

to in terp olate giv en curv es or surfaces that near- (or

quasi-) in terp olate giv en meshes [9]. But those tec h-

niques are either of di�eren t natures or of di�eren t

concerns and, hence, will not b e discussed here.

1.2 Ov erview

In this pap er a new metho d for constructing a smo oth

surface that in terp olates the v ertices of a giv en mesh

is presen ted. The mesh can b e of arbitrary top ology
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and can b e op en or closed. Normal v ectors sp eci�ed

for an y v ertices of the mesh can also b e in terp olated.

The basic idea is to view the giv en mesh as the con-

trol mesh of a Catm ull-Clark sub division surface and

lo cally adjust the limit surface of the giv en mesh so

that the resulting surface w ould not only in terp olate

v ertices of the giv en mesh, but also p ossess a satis-

factory smo oth shap e. The lo cal adjustmen t pro cess

is ac hiev ed through blending the limit surface S with

a blending surface T de�ned b y non-uniform transfor-

mations of the limit surface. By p erforming the blend-

ing pro cess at di�eren t selected p oin ts, w e are able to

(1) ensure the mo di�ed surface w ould in terp olate the

giv en mesh, (2) prev en t it from generating unneces-

sary undulations, and (3) smo oth out the shap e of the

resulting surface.

The new metho d has t w o main adv an tages. First,

since w e do not ha v e to compute the in terp olating sur-

face's con trol mesh, there is no need to solv e a system

of linear equations. Therefore, the new metho d can

handle meshes with large n um b er of v ertices, and is

more robust and stable. Second, b ecause the lo cal

blending pro cess can b e used to smo oth out the shap e

of the in terp olating surface, a surfac e fairing pro cess

is not needed in the new metho d.

An example of this in terp olation pro cess is sho wn

in Figure 1. The surfaces sho wn in Figures 1(b), 1(c)

and 1(d) all in terp olate the mesh sho wn in Figure 1(a).

The blending areas in Figure 1(b) are automatically

selected b y the system while Figures 1(c) and 1(c) ha v e

user selected blending areas in the upp er p ortion and

lo w er p ortion of the teap ot b o dy afterw ard. It is easy

to see from Figure 1 that lo cal con trol is necessary

when b etter qualit y in terp olating surfaces are needed.

The new metho d is demonstrated with Catm ull-

Clark sub division surfaces here (b y viewing the giv en

mesh as the con trol mesh of a Catm ull-Clark sub di-

vision surface). But with a minor mo di�cation, one

should b e able to apply it to other sub division sc hemes

as w ell.

The remaining part of the pap er is arranged as fol-

lo ws. In Section 2, the basic idea of our lo cally con-

trollable in terp olation tec hnique for closed meshes is

presen ted. The construction pro cess of a blending sur-

face is presen ted in Section 3. In Section 4, a lo cal

parametrization is in tro duced. The blending pro cess

around an extraordinary p oin t or an arbitrarily se-

lected p oin t is discussed in Section 5 and Section 6,

resp ectiv ely . Issues on dealing with normal in terp ola-

tion and handling op en meshes are discussed in Section

7 and Section 8, resp ectiv ely . Implemen tation issues

and test results are presen ted in Section 9. Concluding

marks are giv en in Section 10.

2 Basic Idea

Giv en a 3D mesh with n v ertices: P =

f P

1

; P

2

; � � � ; P

n

g , the goal here is to construct a new

surface that in terp olates P (the v ertices of P , for no w).

Con trast to existing in terp olation metho ds, whic h ei-

ther construct a new mesh whose limit surface in terp o-

lates P or p erform in terp olating sub division sc hemes

on the input mesh, w e p erform in terp olation b y manip-

ulating the limit surface S of the giv en mesh directly .

The basic idea is to push or pul l the limit surface of

the giv en mesh in vicinit y of selected p oin ts so that the

mo di�ed surface in terp olates the giv en mesh and, in

the mean while, prev en t it from generating unnecessary

undulations and main tain its smo othness. The push or

pull pro cess is done b y constructing a new surface T ,

and blending T with S . T m ust b e relativ ely easy to

construct and in terp olating P initially . F or example,

in Fig. 2(a), T is comp osed of �v e separate segmen ts:

T

01

, T

02

, T

03

, T

04

and T

05

, and eac h of them in terp o-

lates a p oin t of P = f P

1

; P

2

; P

3

; P

4

; P

5

g . T and S m ust

b e blended in a w a y suc h that the resulting surface in-

terp olates P and is C

2

-con tin uous almost ev erywhere.

The in terp olating surface can b e de�ned as follo ws:

�

S = S ( u; v ) W ( u; v ) + T ( u; v )(1 � W ( u; v )) ; (1)

where 0 � W ( u; v ) � 1 is a C

2

-con tin uous w eigh t func-

tion satisfying the prop ert y lim

( u;v ) ! 0

W ( u; v ) = 0.

The blending pro cess is done indep enden tly on eac h

of the three co ordinates of the surface S ( u; v ). T

m ust b e parametrized so that T (0 ; 0) = P

i

; (1 � i �

n ) and is C

2

-con tin uous ev erywhere except at (0 ; 0)

(where it is at least C

1

-con tin uous) and except at

f ( u; v ) j W ( u; v ) = 1 g (where it is not ev en necessary

to b e C

0

-con tin uous). Therefore

�

S is guaran teed to

in terp olate P and is C

2

-con tin uous ev erywhere except

at some extraordinary p oin ts.

Usually during the initial blending pro cess, qual-

it y of the resulting in terp olating surface w ould not b e

go o d enough y et. F or example, the blue curv e in Fig.

2(a), denoted S

1

, is the resulting curv e of the �rst

blending pro cess. As w e can see, S

1

has a lot of un-

desired undulations although it in terp olates the giv en

mesh P exactly .

T o impro v e the shap e of the in terp olating surface

and to reduce unnecessary oscillations, a second blend-

ing pro cess can b e p erformed in the vicinit y of some

selected p oin ts. F or example, in Fig. 2(b), a second

blending pro cess is p erformed in the vicinit y of all the

e dge p oints of the giv en mesh. T o carry out the sec-

ond blending pro cess, a di�eren t blending surface T

1

has to b e constructed. T

1

do es not ha v e to in terp olate
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P1

P2

P3

P4P5

S

T04

T03

T02

T01

T05

S1

(a) First blending

T14

T13

T12

T11

T15

S2

S1

P1

P2

P3

P4P5

(b) Second blending

Figure 2: Basic idea of the new in terp olation metho d.

P . Ho w ev er, T

1

m ust not c hange the p osition of the

images of P on the limit surface. In other w ords, the

domain in v olv ed in constructing T

1

should b e smaller

than the domain of S

1

, so that the images of P w ould

not b e in v olv ed in the construction pro cess of T

1

. F or

example, in Fig. 2(b), T

1

= f T

11

; T

12

; T

13

; T

14

; T

15

g

and the images of P

i

s are not in v olv ed in the construc-

tion of T

1

. Once T

1

is constructed, T

1

can b e blended

with S

1

similarly to get S

2

as follo ws:

S

2

= S

1

( u; v ) W

1

( u; v ) + T

1

( u; v )(1 � W

1

( u; v )) ;

where W

1

( u; v ) is a blending function similar to

W ( u; v ) in Eq. (1), except W

1

( u; v ) is constructed for

vicinit y of edge p oin ts, while W ( u; v ) is constructed for

vicinit y of v ertex p oin ts. This means that w e ha v e to

translate ( u; v ) b y some constan t so that W

1

( u; v ) = 0

at the selected edge p oin t. Because the images of P

are not in v olv ed in the construction pro cess of T

1

, the

images of P are not a�ected in the ab o v e blending

pro cess. Hence in terp olation requiremen t still holds.

Note that the blending pro cess is done for individ-

ual pieces. F or example, in Fig. 2(b), it is done for the

pieces corresp onding to T

1 i

; 1 � i � 5, indep enden tly .

Because T

1

is not required to in terp olate P , not ev ery

T

1 i

; 1 � i � 5, has to b e blended with the corresp ond-

ing piece of S

1

. A blending pro cess is p erformed for a

selected region only if the shap e of the surface is not

go o d enough in that area. Hence, the blending pro cess

is an optional op eration.

As w e can tell from Fig. 2, the shap e of S

2

is m uc h

b etter than that of S

1

. Ho w ev er, if necessary , a third

or ev en more blending pro cesses can b e p erformed on

the resulting surface to further impro v e its qualit y .

While the ab o v e idea seems to b e simple and straigh t-

forw ard, the k ey here is ho w to construct a T ( u; v ) for

eac h lo cal blending pro cess and ho w to construct the

corresp onding blending w eigh t function W ( u; v ) suc h

that the resulting in terp olating surface is smo oth and

oscillation-free. The construction pro cess of T will b e

sho wn in the next section. F or consistency , w e denote

the ( i + 1)st blending surface T b y T

i

, and use T as a

general reference to all p ossible lev els of T

i

.

3 Construction of T

The construction pro cess of T m ust satisfy t w o re-

quiremen ts: it should b e in tuitiv e enouc h to use and

the result should b e easy to obtain. Note that only

T

0

is required to in terp olate P , not the subsequen t T

i

,

i � 1. Hence, it is su�cien t to sho w the construc-

tion pro cess of T

0

only . T

i

( i � 1) can b e constructed

similarly , without the in terp olation constrain t. Nev-

ertheless, w e will sho w ho w to construct T

i

( i � 1)

with details in Section 6 after lo cal parameterization

of sub division surfaces is discussed.

T can b e constructed in sev eral di�eren t w a ys.

In this pap er w e construct T b y linearly transform-

ing pieces of S in 3D ob ject space. Note that T

0

is not necessary to b e C

0

-con tin uous at parameters

where W ( u; v ) = 1. The a�ne transformation ma-

trix can b e c hosen in a w a y suc h that T

0

in terp o-

lates P and, in the mean while, c hanges the original

limit surface as little as p ossible. F or example, in Fig-
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ure 2(a), to get T for the limit surface S de�ned b y

P = f P

1

; P

2

; P

3

; P

4

; P

5

g , w e simply translate S seg-

men t b y segmen t, in the direction from the image of

P

i

to P

i

, and then scale eac h segmen t with appropriate

scaling factors for X , Y and Z comp onen ts suc h that

T in terp olates P and has an appropriate size. Conse-

quen tly , as it sho ws in Figure 2(a), T is represen ted

b y �v e segmen ts: f T

01

; T

02

; T

03

; T

04

; T

05

g and they are

not C

0

-con tin uous. But after a blending pro cess us-

ing equation (1), w e get a surface S

1

whic h smo othly

in terp olates P .

4 Lo cal P arameterization of

Sub division Surfaces

The blending pro cess de�ned b y eq. (1) is p erformed

on regions of the limit surface. Hence a lo cal parame-

terization is needed for eac h region of the limit surface

where a blending pro cess is to b e p erformed. Sev eral

lo cal parameterization metho ds ha v e b een rep orted in

the literature [15 , 17 ]. W e follo w Reif 's approac h [17 ]

here. W e assume that for an y t w o extraordinary p oin ts

of P , their corresp onding p oin ts on the limit surface

are at least t w o patc hes a w a y . If this is not the case,

simply p erform one or t w o sub division steps on P to

get a new con trol mesh for the limit surface. But the

target of the in terp olation pro cess is still P , not the

new con trol mesh.

Reif 's approac h maps an extraordinary p oin t to

(0 ; 0) and is based on the char acteristic map of a

sub division sc heme [17 ]. A c haracteristic map is de-

�ned b y calculating the limit of sub division on a 2D

mesh formed b y the t w o sub-dominan t eigen v ectors

of the lo cal sub division matrix [17 , 21 ]. The c har-

acteristic map for Catm ull-Clark sub division sc heme

around an extraordinary v ertex of v alence n is based

on the top ology of the 2-ring neigh b orho o d of v ertices

around the extraordinary v ertex. The 2-ring neigh b or-

ho o d is enough to determine the limit function for the

n faces adjacen t to the extraordinary v ertex. Th us,

the t w o sub-dominan t eigen v ectors ha v e 6 n + 1 en-

tries eac h. Since they do not dep end on the input

mesh, they can b e pre-computed for eac h v alence n .

Once w e ha v e the t w o sub-dominan t eigen v ectors, w e

can �nd ( u; v ) parameters corresp onding to eac h v er-

tex of the k -times ( k 2 Z and k � 0) re�ned mesh,

around the extraordinary p oin t. This is done b y ap-

plying a 3 � 3 limit mask [18] of bicubic B-splines to

the corresp onding neigh b orho o d of v ertices in the k -

times re�ned mesh. Also as a normalization rule, the

t w o sub-dominan t eigen v ectors should b e scaled suc h

that the parameters ( u; v ) at the end-p oin ts of edges

emanating from the extraordinary v ertex ha v e co ordi-

nates (cos( i� ) ; sin( i� )), i = 1 � � � n , where � = 2 � =n

(see Fig. 3(a)).

5 Blending around an extraor-

dinary p oin t

With parametrization a v ailable, it is no w p ossible to

p erform blending pro cess on regions of the limit sur-

face. T o maximize the blending area around an ex-

traordinary p oin t (note that a regular p oin t is just a

sp ecial case of an extraordinary p oin t), w e de�ne the

blending region in the parameter space b y the condi-

tion:

u

2

+ v

2

� 1 :

This is a circle cen tered at the extraordinary p oin t

in the parameter space (See Fig. 3(a)). Note that

some of the parameters ( u; v ) in the c haracteristic map

migh t b e outside the unit circle [17 , 18 ], i.e., u

2

+

v

2

> 1 is p ossible. Hence the actual blending area is

smaller than the whole domain. It should b e p oin ted

out that the blending area de�ned here is di�eren t

from the one used in [18 ], whic h is de�ned b y u

2

+

v

2

� �

n

with �

n

b eing the sub-dominan t eigen v alue

of the sub division matrix corresp onding to a v alence n

extraordinary v ertex. The reason for this di�erence is

b ecause w e w an t to maximize the blending areas and

o v erlapping of blending areas do es not matter in our

case.

The blending w eigh t function W ( u; v ) m ust satisfy

the condition 0 � W ( u; v ) � 1 in the blending region

and has to b e at least C

2

-con tin uous ev erywhere. W e

follo w Levin's approac h [18 ] to de�ne W ( u; v ), i.e.,

W ( u; v ) = ( u

2

+ v

2

)(3( u

2

+ v

2

) � 8

p

( u

2

+ v

2

) + 6)

It is easy to see that W ( u; v ) satis�es 0 � W ( u; v ) � 1

in the region u

2

+ v

2

� 1 and is C

2

-con tin uous ev-

erywhere. A t the extraordinary p oin t, W ( u; v ) ap-

proac hes zero at the rate of u

2

+ v

2

. When near the

b oundary of the blending region u

2

+ v

2

= 1, W ( u; v )

approac hes 1, with zero partial deriv ativ es up to order

2. Hence, the resulting surface is guaran teed to in ter-

p olate the giv en mesh and, mean while, cancels out the

irregularit y and discon tin uit y of the blending surface

T .

6 Blending around an arbitrar-

ily selected p oin t

Because w e allo w lo cal adjustmen t of the in terp olat-

ing surface, there should b e a w a y for the system to
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(a) Blending around the image of an original

v ertex

(b) Blending around an arbitrary p oin t

Figure 3: P arameter space for a v ertex of degree 5 and for an arbitrarily selected p oin t.

p erform blending pro cess in regions around arbitrar-

ily selected p oin ts of the surface, not only the images

of the con trol v ertices P

i

. With a lo cal parametriza-

tion, suc h a task is actually relativ ely easy to ac hiev e.

F or example, in Fig. 3(b), to adjust the in terp olating

surface in a small area around the selected p oin t (the

one mark ed with a blac k solid circle), w e �rst �nd the

parameter ( u

0

; v

0

) of the selected 3D p oin t in the pa-

rameter space of the lo cal parametrization that co v ers

the selected p oin t, and then �nd the biggest circle in

the parameter space whose cen ter is ( u

0

; v

0

) (the red

circle in Fig. 3(b)). This circle de�nes the blending

area for the selected p oin t.

T o sp eed up the searc h of ( u

0

; v

0

), w e can simply

c ho ose the closest ( u

0

; v

0

) in the k -times re�ned c har-

acteristic map ( k 2 Z and k � 0). Once w e ha v e

( u

0

; v

0

), w e still need to �nd the biggest radius for

the blending area. Again w e compare all the distances

from the selected p oin t ( u

0

; v

0

) to all the b oundary

parameter v alues in the k -times re�ned c haracteristic

map ( k 2 Z and k � 0) and the smallest one is the ra-

dius of our blending area, denoted r

0

. In addition, as

men tioned ab o v e, the blending area should not include

the parameter p oin t (0,0). So w e also need to compare

r

0

with the distance b et w een (0 ; 0) and ( u

0

; v

0

) and the

smaller one is called r . Therefore the blending area for

the selected p oin t can b e de�ned as follo ws.

( u � u

0

)

2

+ ( v � v

0

)

2

< r

2

The corresp onding blending w eigh t function W ( u; v )

is de�ned b y the follo wing quartic form ula [18 ].

W ( u; v ) = �

2

(3 �

2

� 8 � + 6) ;

where

� =

p

( u � u

0

)

2

+ ( v � v

0

)

2

r

:

It is easy to see � � 1 and W ( u; v ) satis�es 0 �

W ( u; v ) � 1 in the blending region and is C

2

-

con tin uous ev erywhere. Note that at the selected

p oin t, W ( u; v ) approac hes zero. When near the

b oundary of the blending region, W ( u; v ) approac hes

1, with zero partial deriv ativ es up to order 2. Con-

sequen tly , it can still cancel out the irregularit y and

discon tin uit y of the blending surface T while lo cally

mo dify the shap e of the in terp olating surface accord-

ing to the need of the user.

6.1 Revisit Construction of Blending

Surface T

In the ab o v e section, w e ha v e discussed ho w to con-

struct an initial blending surface T

0

around v ertices

to b e in terp olated. In this section, w e sho w ho w to

construct a blending surface T

i

around an arbitrarily

selected p oin t. T

i

, lik e T , should also b e easy and

e�cien t to construct. Again, w e can use a�ne trans-

formation to construct T

i

from S

i

. The scaling fac-

tor comp onen ts of the a�ne transformation matrix are

easy to determine, simply compare the dimensions of

T

i

and S

i

. The question is ho w to determine the o�set

comp onen ts of the a�ne transformation matrix. Note

ID: pap ers 18 Page: 6



that, unlik e the case of T

0

where the o�set comp onen ts

of the a�ne transformation matrix are determined b y

the v ertex to b e in terp olated and its limit p oin t on S ,

in this case, there is no p oin t in the giv en mesh that

corresp onds to the selected p oin t on S

i

. In an in terac-

tiv e en vironmen t, suc h a p oin t can b e sp eci�ed b y the

user. But ho w should suc h a p oin t and, consequen tly ,

the o�set v ector b e determined for an automatic sys-

tem?

W e prop ose to determine the o�set v ector for eac h

selected 3D p oin t b y constructing a Hermite surface

for the patc h that co v ers the selected p oin t. F or ex-

ample, if the o�set v ectors for the four v ertices of

the patc h are D

1

; D

2

; D

3

and D

4

, then w e construct

a Hermite surface patc h H ( u; v ) based on D

1

; D

2

; D

3

and D

4

. The tangen t v ectors at the four corners re-

quired for the construction of H are set to the partial

deriv ativ es of the limit surface S at the four corners.

The o�set v ector for a selected p oin t with parameter

v alue ( u

0

; v

0

) in S

i

, is set to H ( u

0

0

; v

0

0

), where ( u

0

0

; v

0

0

)

can b e determined b y linearly mapping quadrilateral

[0 ; cos (2 i� =n )] � [0 ; sin (2 i� =n )] to a unit square.

7 In terp olation of Normal V ec-

tors

Direction of normal v ectors sp eci�ed at v ertices of the

giv en mesh can also b e in terp olated. The k ey is to

mo dify the construction pro cess of the blending sur-

face T

0

so that it w ould ha v e the same normals (actu-

ally the same partial deriv ativ es) at the extraordinary

p oin ts. This can b e easily ac hiev ed b y rotating eac h

piece of T

0

with appropriate X , Y and Z rotation fac-

tors after the ab o v e men tioned translation and scaling

pro cess. This is p ossible b ecause eac h piece of T

0

in ter-

p olates one p oin t of P only . Hence w e ha v e a blending

surface T

0

that not only in terp olates the giv en mesh

P but normals sp eci�ed at some or all v ertices of P as

w ell. Because the v alue of W ( u; v ) and its �rst partial

deriv ativ es at (0 ; 0) are all zero, the resulting in terp o-

lating surface

�

S then satis�es

@ T ( u;v )

@ u

=

@

�

S ( u;v )

@ u

and

@ T ( u;v )

@ v

=

@

�

S ( u;v )

@ v

. In other w ords,

�

S and T

0

ha v e the

same normal. Hence, with one more A�ne transfor-

mation (actually they can b e com bined in to a single

matrix to sa v e computation time), w e can construct

an in terp olating surface that not only in terp olates the

giv en mesh, but normals at all or some of the v ertices

of the mesh as w ell.

P

A B

SA SB

SC SD

Q

V

Figure 5: Handling op en meshes

8 Handling Op en Meshes

The in terp olation pro cess dev elop ed in the previous

sections can not b e used for op en meshes, suc h as

the one sho wn in Fig. 4(c), directly . This is b e-

cause b oundary v ertices of an op en mesh ha v e no cor-

resp onding limit p oin ts, nor deriv ativ es. Therefore,

the A�ne transformation matrix required for the con-

struction of T

0

cannot b e built directly . One w a y to

o v ercome this problem is to add an additional ring of

v ertices along the curren t b oundary and connect the

v ertices of this ring with corresp onding v ertices of the

curren t b oundary to form an additional ring of faces.

The newly added v ertices are called dummy vertic es .

W e then apply the in terp olation metho d to the ex-

tended op en mesh as to a closed mesh except that

there are no actions tak en for the dumm y v ertices.

This tec hnique of extending the b oundary of a giv en

mesh is similar to a tec hnique prop osed for uniform

B-spline surface represen tation in [1 ]. Note that in

this case, the in terp olation pro cess is not based on the

limit surface of the giv en mesh, but the limit surface

of the extended mesh. Therefore, the shap e of the in-

terp olating surface will b e a�ected b y lo cations of the

dumm y v ertices as w ell. Determining the lo cation of

a dumm y v ertex, ho w ev er, is a tric ky issue, the user

should not b e burdened b y suc h a tric ky task. In our

system, this is done b y using lo cations of the curren t

b oundary v ertices of the giv en mesh as the lo cations

of the dumm y v ertices. Note that our in terp olation

tec hnique is p erformed directly on the limit surface,

hence there is no need to care ab out p ositions of the

dumm y v ertices after in terp olation.

Another approac h to handle op en mesh in terp ola-

tion is to mo dify the prop osed in terp olation metho d
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(a) Giv en Mesh (b) In terp olation Surface (c) Giv en Mesh (d) In terp olation Surface

Figure 4: Examples

for closed meshes. Note that our metho d is lo cally

adjustable. Hence the limit p oin t of a v ertex actually

can b e mo v ed to an ywhere, as long as the in terp olation

requiremen t are satis�ed. Consider the mesh sho wn in

Fig. 5 where v ertices mark ed with circles, lik e P and

Q , are b oundary v ertices and v ertices mark ed with

solid circles, suc h as V , A and B , are in terior v ertices.

The shaded surface patc h is the corresp onding limit

surface where S ( A ) and S ( B ) are the images of A and

B , resp ectiv ely , S ( C ) and S ( D ) are the images of the

corresp onding edge p oin ts, resp ectiv ely . According to

our in terp olation metho d, S ( A ) and S ( B ) should b e

mo v ed to A and B , resp ectiv ely . Ho w ev er, to in ter-

p olate the b oundary p oin ts P and Q , w e can mo dify

our approac h suc h that S ( A ) and S ( B ) are mo v ed to

P and Q , resp ectiv ely , and S ( C ) and S ( D ) are mo v ed

to A and B , resp ectiv ely . The resulting surface then

in terp olates all the v ertices of the giv en op en mesh.

9 T est Results

The prop osed tec hniques ha v e b een implemen ted in

C++ using Op enGL as the supp orting graphics system

on the Windo ws platform. Quite a few examples ha v e

b een tested with the tec hniques describ ed here. All

the examples ha v e extra-ordinary v ertices. Some of

the tested results are sho wn in Figures 1, 4 and 6.

F rom these examples w e can see smo oth and visually

pleasan t shap es can b e obtained b y lo cally adjusting

the original limit surfaces.

In our implemen tation, t w o sub division steps are

p erformed on the giv en mesh for eac h example b e-

fore the parametrization tec hnique [17 ] is applied. The

ev aluation of the in terp olating surfaces are based on

sample parameter v alues of the 4-times re�ned c har-

acteristic maps, and w e �nd the results to b e go o d for

most cases. F or bigger patc hes one can use more sam-

ple p oin ts b ecause patc hes do not ha v e to b e sampled

uniformly .

All the in terp olation sho wn in Figures 1, 4 and 6

are done with at least t w o blending pro cesses. First

one is done with T

0

, whic h is based on all the giv en

con trol v ertices. T

1

for the second blending pro cess is

based on all edge p oin ts of the giv en mesh. Some �g-

ures in the examples w en t through more blending pro-

cesses to further impro v e qualit y of the in terp olating

surface. T

i

's for those blending pro cesses are selected

based on, for example, face p oin ts of all patc hes, or

parameter v alues (

1

2

j

;

1

2

k

), where j and k are in tegers.

User in teraction is also p ossible. F or example, Figure

1(b) and Figure 1(c) b oth in terp olate the giv en mesh

sho wn in Figure 1(a), but Figure 1(c) is obtained with

more lo cal adjustmen t on the upp er part of the teap ot

b o dy . The other parts are not adjusted, hence they

are exactly the same as those sho wn in Figure 1(b).

Figure 1 sho ws, with user lo cal adjustmen t, a b etter

shap e can b e obtained after some automatic blending

pro cesses.

The original Utah teap ot consists of four separate

parts: lid, handle, b o dy and sp out. The mesh sho wn

in Figure 1(a) is actually a set of four meshes, one

for eac h comp onen t of the original Utah teap ot. Eac h

part is an op en mesh. Although eac h of these meshes

can b e in terp olated separately , Figure 1(b) and Fig-
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(a) Giv en Mesh (b) In terp olating Surface

(c) Giv en Mesh

(d) In terp olating Surface

Figure 6: Examples

ure 1(c) are generated b y regarding them as a single

mesh. The mesh sho wn in Figure 6(b) is another ex-

ample of an op en mesh with disconnected b oundaries.

But di�eren t from the case sho wn in Figure 1, whic h

is generated b y mo ving the v ertices to some di�eren t

p osition in ten tionally , Figure 4(d) is generated using

additional dumm y v ertices in the in terp olating surface

construction pro cess.

The new in terp olation metho d can handle meshes

with large n um b er of v ertices in a matter of less than

a second on an ordinary PC (3.2GHz CPU, 512MB

of RAM). F or example, the meshes sho wn in Figures

1(a), 4(a), 4(c), 6(a) and 6(c) ha v e 320, 9, 194, 354 and

66 v ertices, resp ectiv ely , and it tak es almost no time

to in terp olate these relativ ely small meshes. Since it is

a lo cal blending pro cess and is p erformed directly on

the limit surface, our metho d can easily handle meshes

with thousands of or more v ertices. Hence our in ter-

p olation metho d is esp ecially suitable for in teractiv e

shap e design.

10 Summary

A new in terp olation metho d for meshes with arbitrary

top ology is presen ted. The in terp olation pro cess is a

lo cal pro cess, it do es not require solving a system of

linear equations. Hence, the metho d can handle data

set of an y size.

The in terp olating surface is obtained b y lo cally ad-

justing the limit surface of the giv en mesh (view ed as

the con trol mesh of a Catm ull-Clark sub division sur-

face) so that the mo di�ed surface in terp olates all the

v ertices of the giv en mesh. This lo cal adjustmen t pro-

cess can also b e used to smo oth out the shap e of the

in terp olating surface. Hence, a surfac e fairing pro cess

is not needed in the new metho d.

The new metho d can handle b oth op en and closed

meshes. It can in terp olate not only v ertices, but

normals and deriv ativ es as w ell. These normals and

deriv ativ e can b e an ywhere, not just at the v ertices

of the giv en mesh. T est results sho w that the new

metho d leads to go o d in terp olation results ev en for

complicated data sets.

The resulting in terp olating surface is not a Catm ull-

Clark sub division surface. It do es not ev en satisfy the

con v ex h ull prop ert y [18 ]. But the resulting in terp o-

lating surface is guaran teed to b e C

2

con tin uous ev-

erywhere except at some extraordinary p oin ts, where

it is C

1

con tin uous. Using a tec hnique similar to the

one presen ted in [18 ], a C

2

con tin uous in terp olating

surface can also b e ac hiev ed.
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