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Abstract

A new sub division depth computation tec hnique for

extra-ordinary Catm ull-Clark sub division surface (CCSS)

patc hes is presen ted. F or a giv en error tolerance � and an

extra-ordinary CCSS patc h (a CCSS patc h with an ex-

traordinary v ertex), the new tec hnique determines, based

on the second order forw ard di�erences of the patc h's

con trol p oin ts only , ho w man y times the con trol mesh

of the patc h should b e sub divided so that the distance

b et w een the resulting con trol mesh and the limit surface

is smaller than � . The new tec hnique impro v es a previ-

ous tec hnique b y giving a sub division depth based on the

patc h's curv ature distribution only , instead of its dimen-

sion. Hence, with the new tec hnique, no excessiv e sub di-

vision is needed for extra-ordinary CCSS patc hes to meet

the precision requiremen t and, consequen tly , one can

mak e trimming, �nite elemen t mesh generation, b o olean

op erations, and tessellation of CCSS's more e�cien t.

Keyw ords : sub division surfaces, distance ev aluation,

sub division depth computation

1 In tro duction

Sub division sc heme pro vides a p o w erful metho d for build-

ing smo oth and complex surfaces. Giv en a con trol mesh

and a set of mesh r e�ning rules (or, more in tuitiv ely , c or-

ner cutting rules ), one gets a limit surfac e b y recursiv ely

cutting o� corners of the con trol mesh [2][5]. The limit

surface is called a sub division surfac e b ecause the mesh

re�ning pro cess is a generalization of the uniform B-spline

surface's sub division te chnique . Sub division surfaces can

mo del/represen t complex shap e of arbitrary top ology b e-

cause there is no limit on the shap e and top ology of the

con trol mesh of a sub division surface. [4].

Researc h w ork for sub division surfaces has b een done in

sev eral imp ortan t areas, suc h as surface parametrization

[12 ][13 ][16 ][7], surface trimming [8], b o olean op erations

[1], mesh editing [15 ], and err or estimate/c ontr ol [14 ][3 ].

F or instance, giv en an error tolerance, [3] sho ws ho w man y

times the con trol mesh of a Catm ull-Clark sub division

surface (CCSS) patc h should b e recursiv ely sub divided

so that the distance b et w een the resulting con trol mesh

and the limit surfac e p atch w ould b e less than the error

tolerance. This error con trol tec hnique, called sub division

depth c omputation , is required in all tessellation based ap-

plications of CCSS's. [3 ]'s sub division depth computation

tec hnique for regular CCSS patc hes is optim um. Ho w-

ev er, for an extra-ordinary CCSS patc h (a patc h with an

extra-ordinary v ertex), since the sub division depth com-

puted b y [3] dep ends on �rst order forw ard di�erences of

the con trol p oin ts, its v alue could b e bigger than what it

actually should b e and, consequen tly , generates excessiv e

mesh elemen ts for regions that are already 
at enough.

In this pap er w e will presen t a new sub division depth

computation tec hnique for extra-ordinary CCSS patc hes.

The new tec hnique is based on the second order forw ard

di�erences of an extra-ordinary patc h's con trol p oin ts.

The computed sub division depth re
ects the patc h's cur-

v ature distribution, not its dimension. Hence, with the

new tec hnique, no excessiv e sub division is needed for

regions that are already 
at enough and, consequen tly ,

trimming, �nite elemen t mesh generation, b o olean op-

erations, and tessellation of CCSS's can b e made more

e�cien t.

The remaining part of the pap er is arranged as fol-

lo ws. A brief review of the Catm ull-Clark sub division

sc heme and the sub division depth computation tec hnique

for regular CCSS patc hes (to b e used in the new tec h-

nique) is giv en in Section 2. A new distance ev aluation

tec hnique and a new sub division depth computation tec h-

nique for an extra-ordinary CCSS patc h are giv en in Sec-

tion 3. Examples of sub division depth computation for

extra-ordinary CCSS patc hes using the new tec hniques

are presen ted in Section 4. Concluding remarks are giv en

in Section 5.

2 Problem F orm ulation and Bac k-

ground

Giv en the con trol mesh of an extra-ordinary Catm ull-

Clark sub division surface patc h and an error tolerance

� , the goal here is to compute an in teger d so that if the
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con trol mesh is iterativ ely re�ned (sub divided) d times,

then the distance b et w een the resulting mesh and the

surface patc h is smaller than � . d is called the sub divi-

sion depth of the surface patc h with resp ect to � . Before

w e sho w the computation tec hnique, w e need to de�ne

related terms. W e also need to review a distance ev al-

uation tec hnique and a sub division depth computation

tec hnique for regular Catm ull-Clark sub division surface

patc hes [3 ]. These tec hniques are needed in the new tec h-

nique for extra-ordinary Catm ull-Clark sub division sur-

face patc hes.

2.1 Catm ull-Clark Sub division Surfaces

Giv en a con trol mesh, the Catmul l-Clark sub division

scheme iterativ ely re�nes (sub divides) the con trol mesh

to form new con trol meshes [2]. The limit surface of the

re�ned con trol meshes is called a Catmul l-Clark sub di-

vision surfac e (CCSS). The re�ning pro cess consists of

de�ning new v ertices and connecting the new v ertices to

form new edges and faces of a new con trol mesh. The new

v ertices b elong to three groups: fac e p oints , e dge p oints

and vertex p oints . F or eac h old in terior mesh face, a new

fac e p oint is de�ned as the a v erage of the v ertices de�ning

the old face. F or eac h old in terior mesh edge, a new e dge

p oint is de�ned as the a v erage of the midp oin t of the old

edge and the a v erage of the t w o adjacen t new face p oin ts.

F or eac h old in terior v ertex P , a new vertex p oint Q is

de�ned as follo ws:

Q =

F

n

+

2 E

n

+

( n � 3) P

n

where n is the n um b er of adjacen t edges of P , F is the

a v erage of the new adjacen t face p oin ts and E is the a v-

erage of the midp oin ts of adjacen t edges of P . The new

edges are formed through t w o connecting pro cesses after

all the new v ertices are constructed:

� connecting eac h new face p oin t to adjacen t new edge

p oin ts

� connecting eac h new v ertex p oin t to adjacen t new

edge p oin ts

New faces are then de�ned as those enclosed b y new

edges. The con trol mesh of a CCSS patc h and the new

con trol mesh after a re�ning (sub division) pro cess are

sho wn in Figure 1(a) and (b), resp ectiv ely . This is a

conceptual dra wing, the lo cation sho wn for a new v ertex

migh t not b e its exact ph ysical lo cation.

The limit surface of the iterativ ely re�ned con trol

meshes is called a sub division surfac e b ecause the mesh

re�ning (sub division) pro cess is a generalization of the

uniform bicubic B-spline surface sub division tec hnique.

Therefore, CCSS's include uniform B-spline surfaces

and piecewise B � ezier surfaces as sp ecial cases. Actu-

ally CCSS's include non-uniform B-spline surfaces and

(a)

F

V

(b)

edge point

face point

vertex point

New edge

F

F F

F00

10 11

01

Figure 1: (a) Con trol mesh of an extra-ordinary patc h; (b)

new v ertices and edges generated after a Catm ull-Clark

sub division.

NURBS surfaces as sp ecial cases as w ell [11]. The

Catm ull-Clark mesh re�ning pro cess will also b e called

the Catmul l-Clark sub division , or simply the sub division

step subsequen tly . The giv en con trol mesh will b e referred

to as M

0

and the limit surface will b e referred to as

�

S .

F or eac h p ositiv e in teger k , M

k

refers to the con trol mesh

obtained after applying the Catm ull-Clark sub division k

times to M

0

.

2.2 Regular vs. Extra-ordinary

The p o w er of CCSS's comes from the w a y mesh v ertices

are connected. If the n um b er of edges connected to a

mesh v ertex is called its valenc e , then the v alence of an

in terior mesh v ertex can b e an ything � 3, instead of just

four. Those mesh v ertices whose v alences are di�eren t

from four are called extr a-or dinary vertic es to distinguish

them from the standar d or r e gular mesh vertic es . V ertex

V in Figure 1(a) is an extra-ordinary v ertex of v alence

�v e. An in terior mesh face is called an extr a-or dinary

mesh fac e if it has an extra-ordinary v ertex. Otherwise,

2



a standar d or r e gular mesh fac e . Mesh face F in Fig-

ure 1(a) is an extra-ordinary mesh face. Note that af-

ter one iteration of the sub division step, mesh faces of a

CCSS are alw a ys quadrilaterals and the n um b er of extra-

ordinary v ertices remains the same. After at most t w o

iterations of the sub division step, eac h mesh face has at

most one extra-ordinary v ertex. Therefore, without loss

of generalit y , w e shall assume all the mesh faces in M

0

are quadrilaterals and eac h mesh face of M

0

has at most

one extra-ordinary v ertex.

F or eac h in terior face F of M

k

, k � 0, there is a

corresp onding patc h S in the limit surface

�

S . F and

S can b e parametrized on the same parameter space


 = [0 ; 1] � [0 ; 1] [12 ]. F is a bilinear rule surfac e .

S is a uniform bicubic B-spline surface patc h if F is a

regular face. Ho w ev er, if F is an extra-ordinary face then

S , de�ned b y 2 n + 8 con trol p oin ts where n is the v alence

of F 's extra-ordinary v ertex, can not b e parametrized as

a uniform B-spline patc h. In suc h a case, S is called an

extr a-or dinary p atch . Otherwise, a r e gular p atch or stan-

dar d p atch . The con trol mesh sho wn in Figure 1(a) is

the con trol mesh of an extra-ordinary patc h whose extra-

ordinary v ertex is of v alence �v e.

2.3 Distance and Sub division Depth

F or a giv en in terior mesh face F , let S b e the corresp ond-

ing patc h in the limit surface

�

S . The con trol mesh of S

con tains F as the cen ter face. If w e p erform a sub division

step on the con trol mesh, w e get four new mesh faces in

the place of F . This is the case no matter F is a reg-

ular face or an extra-ordinary face (see Figure 1(b) for

the four new faces F

00

, F

10

, F

01

and F

11

obtained in the

place of the extra-ordinary face F sho wn in Figure 1(a)).

Since eac h of these new faces corresp onds to a quarter

subpatc h of S , w e shall call these new faces subfac es of F

ev en though they are not p yhsically subsets of F . There-

fore, eac h sub division step generates four new subfaces for

the cen ter face F of the con trol mesh. Because the cor-

resp ondence b et w een F and S is one-to-one, sometime,

instead of sa ying p erforming a sub division step on S , w e

shall simply sa y p erforming a sub division step on F .

The distanc e b et w een an in terior mesh face F and the

corresp onding patc h S is de�ned as the maxim um of

k F ( u; v ) � S ( u; v ) k :

D

F

= max

( u;v ) 2 


k F ( u; v ) � S ( u; v ) k (1)

where 
 is the unit square parameter space of F and S .

D

F

is also called the distance b et w een S and its con trol

mesh. F or a giv en � > 0, the sub division depth of F with

resp ect to � is a p ositiv e in teger d suc h that if F is recur-

siv ely sub divided d times, the distance b et w een eac h of

the resulting subfaces and the corresp onding subpatc h is

smaller than zero.

2.4 Sub division Depth Computation for

Regular P atc hes

A regular patc h is a standard uniform bicubic B-spline

surface patc h. Therefore, the computation pro cess for a

regular patc h is the same as the computation pro cess for

a standard uniform B-spline surface patc h. W e review the

ev aluation of the distance b et w een a B-spline patc h and

its con trol mesh �rst.

2.4.1 Distance Ev aluation

VV

V V21

22

11

12

V

V

V

V

30

33

03

00

L (u)

S(u,v)

L1(u)

2

2(v)L
_

L1(v)
_

Figure 2: De�nition of L ( u; v ) = (1 � v ) L

1

( u ) + v L

2

( u ) =

(1 � u )

�

L

1

( v ) + u

�

L

2

( v ).

Let S ( u; v ) b e a uniform bicubic B-spline surface patc h

de�ned on the unit square 
 = [0 ; 1] � [0 ; 1] with con trol

p oin ts V

i;j

, 0 � i; j � 3,

S ( u; v ) =

3

X

i =0

N

i; 3

( u )

3

X

j =0

N

j; 3

( v ) V

i;j

; 0 � u; v � 1 (2)

where N

k ; 3

( t ) are standard B-spline basis functions of de-

gree three, and let L ( u; v ) b e the bilinear parametrization

of the cen ter mesh face f V

1 ; 1

; V

2 ; 1

; V

2 ; 2

; V

1 ; 2

g (see Fig-

ure 2):

L ( u; v ) = (1 � v )[(1 � u ) V

1 ; 1

+ u V

2 ; 1

]

+ v [(1 � u ) V

1 ; 2

+ u V

2 ; 2

] ; 0 � u; v � 1 :

The distance b et w een S ( u; v ) and L ( u; v ), i.e., the

maxim um of k L ( u; v ) � S ( u; v ) k , satis�es the inequalit y

of the follo wing lemma [3].

Lemma 1: The distance b et w een L ( u; v ) and S ( u; v )

satis�es the follo wing inequalit y

max

0 � u;v � 1

k L ( u; v ) � S ( u; v ) k �

1

3

M

where M is the second order norm of S ( u; v ) de�ned as

follo ws

M = max

i;j

f k 2 V

i;j

� V

i � 1 ;j

� V

i +1 ;j

k ;

k 2 V

i;j

� V

i;j � 1

� V

i;j +1

k g

(3)
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2.4.2 Recurrence F orm ula for Second Order

Norm

Let V

i;j

, 0 � i; j � 3, b e the con trol p oin ts of a uni-

form bicubic B-spline surface patc h S ( u; v ). W e use

V

k

i;j

to represen t the new con trol p oin ts of the surface

patc h after k lev els of recursiv e sub division. The in-

dexing of the new con trol p oin ts follo ws the con v en-

tion that V

k

0 ; 0

is alw a ys the fac e p oint of the mesh face

f V

k � 1

0 ; 0

; V

k � 1

1 ; 0

; V

k � 1

1 ; 1

; V

k � 1

0 ; 1

g . The new con trol p oin ts V

k

ij

are called the level-k c ontr ol p oints of S ( u; v ) and the new

con trol mesh will b e called the level-k c ontr ol mesh of

S ( u; v ).

If w e divide the parameter space of the surface patc h,


, in to 4

k

regions as follo ws:




k

mn

= [

m

2

k

;

m + 1

2

k

] � [

n

2

k

;

n + 1

2

k

] ; 0 � m; n � 2

k

� 1

and denote the corresp onding subpatc hes S

k

mn

( u; v ),

then eac h S

k

mn

( u; v ) is a uniform bicubic B-spline

surface patc h de�ned b y the lev el- k con trol p oin t set

f V

k

pq

j m � p � m + 3 ; n � q � n + 3 g . S

k

mn

( u; v ) is

called a level-k subp atch of S ( u; v ). Let L

k

mn

( u; v ) b e

the bilinear parametrization of the cen ter face of S

k

mn

's

con trol mesh, f V

k

pq

j p = m + 1 ; m + 2; q = n + 1 ; n + 2 g .

W e sa y the distanc e b etwe en S ( u; v ) and the level-k

c ontr ol mesh is smal ler than � if the distance b et w een

eac h lev el- k subpatc h S

k

mn

( u; v ) and the corresp onding

lev el- k bilinear plane L

k

mn

( u; v ), 0 � m; n � 2

k

� 1, is

smaller than � . A tec hnique to compute a sub division

depth k for a giv en � so that the distance b et w een

S ( u; v ) and the lev el- k con trol mesh is smaller than � is

presen ted in [3 ]. The follo wing lemma is needed in the

deriv ation of the computation pro cess. If w e use M

k

mn

to

represen t the second order norm of S

k

mn

( u; v ), i.e., the

maxim um norm of the second order forw ard di�erences

of the con trol p oin ts of S

k

mn

( u; v ), then the lemma sho ws

the second order norm of S

k

mn

( u; v ) con v erges at a rate

of 1 = 4 of the lev el-( k � 1) second order norm [3 ].

Lemma 2 If M

k

mn

is the second order norm of

S

k

mn

( u; v ) then w e ha v e

M

k

mn

�

�

1

4

�

k

M (4)

where M is the second order norm of S ( u; v ) de�ned in

(3).

2.4.3 Sub division Depth Computation

With Lemmas 1 and 2, it is easy to see that, for an y

0 � m; n � 2

k � 1

, w e ha v e

max

0 � u;v � 1

k L

k

mn

( u; v ) � S

k

mn

( u; v ) k

�

1

3

M

k

mn

�

1

3

�

1

4

�

k

M

(5)

where M

k

mn

and M are the second order norms of

S

k

mn

( u; v ) and S ( u; v ), resp ectiv ely . Hence, if k is large

enough to mak e the righ t side of the ab o v e inequalit y

smaller than � , w e ha v e

max

0 � u;v � 1

k L

k

mn

( u; v ) � S

k

mn

( u; v ) k � �

for ev ery 0 � m; n � 2

k � 1

. This leads to the follo wing

sub division depth computation pro cess for a regular

CCSS patc h [3 ].

Theorem 3 Let V

ij

, 0 � i; j � 3, b e the con trol p oin ts

of a uniform bicubic B-spline surface patc h S ( u; v ). F or

an y giv en � > 0, if

k � d log

4

(

M

3 �

) e

lev els of recursiv e sub division are p erformed on the con-

trol p oin ts of S ( u; v ) then the distance b et w een S ( u; v )

and the lev el- k con trol mesh is smaller than � where M

is the second order norm of S ( u; v ) de�ned in (3).

3 Sub division Depth Computa-

tion for Extra-Ordinary P atc hes

The main idea of the new tec hnique is the same, i.e.,

dev eloping a distance ev aluation mec hanism that has a

recursiv e nature so that results from di�eren t sub divi-

sion lev els can b e related through a recurrence form ula.

The distance ev aluation mec hanism will utilize second or-

der norm, instead of �rst order norm, as a measuremen t

sc heme b ecause of its capabilit y in measuring b oth length

and heigh t, but the pattern of second order forw ard dif-

ferences used in the distance ev aluation pro cess will b e

di�eren t. In the follo wing, w e will de�ne second order for-

w ard di�erence pattern to b e used for an extra-ordinary

patc h and deriv e a recurrence form ula for the corresp ond-

ing second order norm, lik e the one used for regular patc h

in Section 2.

3.1 Second Order Norm and Recurrence

F orm ula

Let V

i

, i = 1 ; 2 ; :::; 2 n + 8, b e the con trol p oin ts of an

extra-ordinary patc h S ( u; v ) = S

0

0

( u; v ), with V

1

b eing

an extra-ordinary v ertex of v alence n . The con trol p oin ts

are ordered follo wing J. Stam's fashion [12 ] (Figure 3(a)).

F or con v enience of subsequen t reference, w e shall call the

con trol mesh of S ( u; v ) � = �

0

0

. By p erforming a sub-

dividion step on �, one gets 2 n + 17 new v ertices V

1

i

,

i = 1 ; :::; 2 n + 17 (see Figure 3(b)). These con trol p oin ts

form four con trol p oin t sets �

1

0

, �

1

1

, �

1

2

and �

1

3

, represen t-

ing con trol meshes of the subpatc hes S

1

0

( u; v ), S

1

1

( u; v ),

S

1

2

( u; v ) and S

1

3

( u; v ), resp ectiv ely (see Figure 3(b)) where
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2n+6
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2n+8

1

2 3

4

56
7

8
9
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11

2n+1
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2n+22n+5

2n+6

2n+7

2n+8

2n+92n+102n+112n+12
2n+13

2n+14

2n+15

2n+16

2n+17

2n+4 2n+3

S

S

S

S

1 1

11

S=S
0

0

0

1 2

3

Figure 3: (a) Ordering of con trol p oin ts of an extra-

ordinary patc h. (b) Ordering of new con trol p oin ts (solid

dots) after a Catm ull-Clark sub division.

�

1

0

= f V

1

i

j 1 � i � 2 n + 8 g , and the other three con-

trol p oin t sets �

1

1

, �

1

2

and �

1

3

are sho wn in Figure 4.

S

1

0

( u; v ) is an extra-ordinary patc h but S

1

1

( u; v ), S

1

2

( u; v )

and S

1

3

( u; v ) are regular patc hes. Therefore, second order

norm similar to (3) can b e de�ned for S

1

1

, S

1

2

and S

1

3

.

VV V V V

V

V

V

V

V

V

V

V

V

V

V

V

V

V

V

V

V V V

1 1 1 1 1

1 1 1 1

1 1 1 1 1

1 1 1 1 1

1 1 1 1 1

8 1 4 2n+7

2 3 2n+8 2n+17

2n+16

2n+15

2n+14

2n+9

7 6 5 2n+6

2n+5 2n+4 2n+3 2n+2

2n+13 2n+12 2n+11 2n+10

P

P

P1

1

1

1

2

3

Figure 4: Con trol v ertices of subpatc hes S

1

1

, S

1

2

and S

1

3

.

T o de�ne a second order norm for S , one needs to

c ho ose appropriate second order forw ard di�erences from

�. F or the second order norm to b e recursiv ely de�ned,

second order forw ard di�erences that are required in the

c hild con trol meshes should also app ear in the paren t con-

trol mesh. F or instance, 2 V

1

� V

4

� V

8

and 2 V

1

� V

2

� V

6

should b e c hosen for � b ecause these patterns are re-

quired for �

1

1

and �

1

3

, resp ectiv ely . On the other hand,

for a recurrence form ula to hold e�ectiv ely , second order

forw ard di�erences that are not required in the c hild con-

trol meshes should not b e used in the paren t con trol mesh

either. F or instance, one should not c ho ose 2 V

1

� V

2

� V

8

for � b ecause this pattern is not required in an y of �

1

1

,

�

1

2

or �

1

3

. Therefore, for those cases that in v olv es the

extra-ordinary p oin t V

1

as the cen ter p oin t, one should

only consider

2 V

1

� V

2 i

� V

2( i % n +2)

; 1 � i � n: (6)

T o ensure the b oundary of the vicinit y of the extra-

ordinary p oin t is co v ered (Figure 5(a)), one should con-

sider

2 V

2( i % n +1)

� V

2 i +1

� V

2( i % n +1)+1

; 1 � i � n: (7)

One also has to consider second order forw ard di�erences

(b)(a)

1

2
3

4

5
6

7

8

9

10

11 . . .

2n+1

1

2
3

4

5
6

7

8

2n+2
2n+3

2n+4
2n+5

2n+6

2n+7

2n+8

S

S

Figure 5: (a) Vicinit y of the extra-ordinary p oin t. (b)

The extended remaining part.

that co v er the extended remaining part (Figure 5(b)).

There are ten of them (actually t w elv e, but t w o of them

ha v e b een used in (7)). So, totally , 2 n + 10 ( n + 10 when

n = 3) second order forw ard di�erences should b e con-

sidered for � and the se c ond or der norm of S , M = M

0

,

is de�ned as the maxim um norm of these 2 n + 10 second

order forw ard di�erences:

M = max f f k 2 V

1

� V

2 i

� V

2( i % n +2)

k j 1 � i � n g [

f k 2 V

2( i % n +1)

� V

2 i +1

� V

2( i % n +1)+1

k j 1 � i � n g [

f k 2 V

3

� V

2

� V

2 n +8

k ; k 2 V

4

� V

1

� V

2 n +7

k ;

k 2 V

5

� V

6

� V

2 n +6

k ; k 2 V

5

� V

4

� V

2 n +3

k ;

k 2 V

6

� V

1

� V

2 n +4

k ; k 2 V

7

� V

8

� V

2 n +5

k ;

k 2 V

2 n +7

� V

2 n +6

� V

2 n +8

k ;

k 2 V

2 n +6

� V

2 n +2

� V

2 n +7

k ;

k 2 V

2 n +3

� V

2 n +2

� V

2 n +4

k ;

k 2 V

2 n +4

� V

2 n +3

� V

2 n +5

k g g

(8)

F ollo wing this de�nition, one can de�ne a similar second

order norm, M

1

, for the con trol mesh of S

1

0

. In general,

if S

k

0

is an extra-ordinary patc h with con trol mesh �

k

0

after k Catm ull-Clark sub division steps, k � 1, then b y

p erforming a Catm ull-Clark sub division step on �

k

0

, w e

get four subpatc hes S

k +1

0

, S

k +1

1

, S

k +1

2

and S

k +1

3

with

con trol p oin ts �

k +1

0

, �

k +1

1

, �

k +1

2

and �

k +1

3

, resp ectiv ely .

These con trol p oin t sets are de�ned similar to �

1

i

,

0 � i � 3 (simply replacing the sup-index `1' with ` k + 1'

of p oin ts in �

1

i

). S

k +1

0

is again an extra-ordinary patc h

and S

k +1

1

, S

k +1

2

and S

k +1

3

are regular patc hes. Therefore,

w e can de�ne second order norm similar to (8) for b oth

S

k

0

and S

k +1

0

. The second order norms of S

k

0

and S

k +1

0

5



are denoted M

k

and M

k +1

, resp ectiv ely . W e ha v e the

follo wing lemma for M

k

and M

k +1

. The pro of of Lemma

4 is giv en in App endix A.

Lemma 4: F or an y k � 0, if M

k

represen ts the second

order norm of the extra-ordinary sub-patc h S

k

0

after k

Catm ull-Clark sub division steps, then M

k

satis�es the

follo wing inequalit y

M

k +1

�

8

>

>

<

>

>

:

2

3

M

k

; n = 3

0 : 72 M

k

; n = 5

(

3

4

+

8 n � 46

4 n

2

) M

k

; n > 5

Actually , the lemma w orks in a more general sense,

i.e., if M

k

stands for the second order norm of the con-

trol mesh M

k

, instead of �

k

0

, the lemma still w orks. The

second order norm of M

k

is de�ned as follo ws: for re-

gions not in v olving the extra-ordinary p oin t, use stan-

dard second order forw ard di�erences; for the vicinit y of

the extra-ordinary p oin t, use second order forw ard di�er-

ences de�ned in (8). The pro of is essen tially the same.

3.2 Distance Ev aluation

T o compute the distance b et w een the extra-ordinary

patc h S ( u; v ) and the cen ter face of its con trol mesh,

L ( u; v ), w e need to parameterize the patc h S ( u; v ) �rst.

W
1
1

2
1

3
1

1
2

2
2

3
2

1
3
2
3

3
3

W

u

v

WW

W

W W

W
W

Figure 6: 
-partition of the unit square.

Note that b y iterativ ely p erforming Catm ull-Clark sub-

division on S ( u; v ), w e get a sequence of regular patc hes

f S

m

b

g , m � 1, b = 1 ; 2 ; 3, and a sequence of extra-

ordinary patc hes f S

m

0

g , m � 1. The extra-ordinary

patc hes con v erge to a limit p oin t whic h is the v alue of

S at (0 ; 0) [6]. This limit p oin t and the regular patc hes

f S

m

b

g , m � 1, b = 1 ; 2 ; 3, form a partition of S . If w e

use 


m

b

to represen t the parameter space corresp onding

to S

m

b

then f 


m

b

g , m � 1, b = 1 ; 2 ; 3, form a partition

of the unit square 
 = [0 ; 1] � [0 ; 1] (see Figure 6) with




m

1

= [

1

2

m

;

1

2

m � 1

] � [0 ;

1

2

m

] ;




m

2

= [

1

2

m

;

1

2

m � 1

] � [

1

2

m

;

1

2

m � 1

] ;




m

3

= [0 ;

1

2

m

] � [

1

2

m

;

1

2

m � 1

] :

(9)

The parametrization of S ( u; v ) is done as follo ws. F or

an y ( u; v ) 2 
 but ( u; v ) 6= (0 ; 0), �rst �nd the 


m

b

that

con tains ( u; v ). m and b can b e computed as follo ws.

m ( u; v ) = min fd l og

1

2

u e ; d l og

1

2

v eg

b ( u; v ) =

8

<

:

1 ; if 2

m

u � 1 and 2

m

v � 1

2 ; if 2

m

u � 1 and 2

m

v � 1

3 ; if 2

m

u � 1 and 2

m

v � 1

(10)

Then map this 


m

b

to the unit square with the follo wing

mapping

( u; v ) ! ( u

m

; v

m

)

where

t

m

= (2

m

t )%1 =

�

2

m

t; if 2

m

t � 1

2

m

t � 1 ; if 2

m

t > 1

: (11)

The v alue of S ( u; v ) is equal to the v alue of S

m

b

at

( u

m

; v

m

), i.e.,

S ( u; v ) = S

m

b

( u

m

; v

m

) :

Let L

m

b

( u; v ) b e the bilinear parametrization of the cen ter

face of S

m

b

's con trol mesh. Since S

m

b

is a regular patc h,

follo wing Lemma 1, w e ha v e

k L

m

b

( u; v ) � S

m

b

( u; v ) k �

1

3

M

m

b

where M

m

b

is the second order norm of the con tol mesh

of S

m

b

. But the second order norm of S

m

b

is smaller than

the second order norm of M

m

, M

m

. Hence, the ab o v e

inequalit y can b e written as

k L

m

b

( u; v ) � S

m

b

( u; v ) k �

1

3

M

m

: (12)

So the maxim um distance b et w een the original extra-

ordinary mesh L ( u; v ) and the patc h S ( u; v ) can b e writ-

ten as

k L ( u; v ) � S ( u; v ) k

= k L ( u; v ) � L

m

b

( u

m

; v

m

) + L

m

b

( u

m

; v

m

) � S ( u; v ) k

� k L ( u; v ) � L

m

b

( u

m

; v

m

) k

+ k L

m

b

( u

m

; v

m

) � S

m

b

( u

m

; v

m

) k

(13)

where 0 � u; v � 1 and u

m

and v

m

are de�ned in (11).

Since the second term on the righ t hand side can b e es-

timated using (12), the only thing w e need to w ork with

is k L ( u; v ) � L

m

b

( u

m

; v

m

) k .

It is easy to see that if ( u; v ) 2 


m

b

then ( u; v ) 2 


k

0

for

an y 0 � k < m where




k

0

= [0 ;

1

2

k

] � [0 ;

1

2

k

] : (14)




k

0

corresp onds to the subpatc h S

k

0

. This means that

(2

k

u; 2

k

v ) is within the parameter space of S

k

0

for 0 �

6



k < m , i.e., (2

k

u; 2

k

v ) = ( u

k

; v

k

) where u

k

and v

k

are

de�ned in (11). Consequen tly , w e can consider L

k

0

( u

k

; v

k

)

for 0 � k < m where L

k

0

is the bilinear parametrization

of the cen ter face of the con trol mesh of S

k

0

(with the

understanding that L

0

0

= L ). What w e w an t to do here

is to write the �rst term on the righ t hand side of (13) as

L ( u; v ) � L

m

b

( u

m

; v

m

) =

L

0

0

( u; v ) � L

1

0

( u

1

; v

1

) + L

1

0

( u

1

; v

1

) � L

2

0

( u

2

; v

2

)

+ L

2

0

( u

2

; v

2

) � L

3

0

( u

3

; v

3

) + L

3

0

( u

3

; v

3

) � L

4

0

( u

4

; v

4

)

+ � � � + L

m � 1

0

( u

m � 1

; v

m � 1

) � L

m

b

( u

m

; v

m

)

(15)

and get an estimate for its norm b y estimating the norm

of eac h consecutiv e pair on the righ t hand side. W e ha v e

the follo wing t w o lemmas. The pro ofs of these lemmas

are sho wn in App endice B and C, resp ectiv ely .

Lemma 5 : If ( u; v ) 2 


m

b

where b and m are de�ned

in (10) then for an y 0 � k < m � 1 w e ha v e

k L

k

0

( u

k

; v

k

) � L

k +1

0

( u

k +1

; v

k +1

) k �

1

min f n; 8 g

M

k

where M

k

is the second order norm of M

k

and L

0

0

= L .

Lemma 6 : If ( u; v ) 2 


m

b

where b and m are de�ned

in (10) then w e ha v e

k L

m � 1

0

( u

m � 1

; v

m � 1

) � L

m

b

( u

m

; v

m

) k

�

(

1

4

M

m � 1

; if b = 2

1

8

M

m � 1

; if b = 1 or 3

where M

m � 1

is the second order norm of M

m � 1

.

By applying Lemmas 5 and 6 on (15) and then using

(12) on (13), w e ha v e the follo wing lemma. Pro of of this

lemma is sho wn in App endix D.

Lemma 7: The maxim um of k L ( u; v ) � S ( u; v ) k

satis�es the follo wing inequalit y

k L ( u; v ) � S ( u; v ) k �

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

M

0

; n = 3

5

7

M

0

; n = 5

4 n

n

2

� 8 n +46

M

0

; 5 < n � 8

n

2

4( n

2

� 8 n +46)

M

0

; n > 8

(16)

where M = M

0

is the second order norm of the extra-

ordinary patc h S ( u; v ).

Since the co e�cien t in the third case (4 n= ( n

2

� 8 n + 46))

is smaller than the co e�cien t in the second case (5 = 7),

w e can com bine these t w o cases in to one case (5 � n � 8)

to mak e the ab o v e expression (16) simpler.

3.3 Sub division Depth Computation

Lemma 7 is imp ortan t b ecause it not only pro vides us

with a second order norm based simple mec hanism to

estimate the distance b et w een an extra-ordinary surface

patc h and its con trol mesh, it also allo ws us to estimate

the distance b et w een a lev el- k con trol mesh and the sur-

face patc h for an y k > 0. This is b ecause the distance b e-

t w een a lev el- k con trol mesh and the surface patc h is dom-

inated b y the distance b et w een the lev el- k extra-ordinary

subpatc h and the corresp onding con trol mesh whic h, ac-

coriding to Lemma 7, is

k L

k

( u; v ) � S ( u; v ) k �

8

>

>

>

<

>

>

>

:

M

k

; n = 3

0 : 72 M

k

; 5 � n � 8

n

2

4( n

2

� 8 n +46)

M

k

; n > 8

where M

k

is the second order norm of S ( u; v )'s lev el- k

con trol mesh, M

k

(see the remark at the end of Section

3.1 for the de�nition of M

k

). By com bining the ab o v e

result with Lemma 4, w e ha v e the follo wing sub division

depth computation theorem for extra-ordinary surface

patc hes.

Theorem 8: Giv en an extra-ordinary surface patc h

S ( u; v ) and an error tolerance � , if k lev els of sub divisions

are iterativ ely p erformed on the con trol mesh of S ( u; v ),

where

k =

�

l og

w

M

z �

�

with M b eing the second order norm of S ( u; v ) de�ned in

(8),

w =

8

>

>

>

<

>

>

>

:

3

2

; n = 3

25

18

; n = 5

4 n

2

3 n

2

+8 n � 46

; n > 5

and

z =

8

>

>

>

<

>

>

>

:

1 ; n = 3

25

18

; 5 � n � 8

2( n

2

� 8 n +46)

n

2

; n > 8

then the distance b et w een S ( u; v ) and the lev el- k con trol

mesh is smaller than � .

4 Examples

Some examples of the presen ted distance ev aluation and

sub division depth computation tec hniques are giv en in

this section. In Figures 7(a) and 7(c), the distances b e-

t w een the blue mesh faces of the con trol meshes and the

corresp onding limit surface patc hes are 0.16 and 0.81, re-

sp ectiv ely . F or the blue mesh face sho wn in Figure 7(a),

the sub division depths for the error tolerances 0.1, 0.01,

7



(a)

(b)

(c)

(d)

Figure 7: Examples: (a) an extra-ordinary CCSS mesh

face of v alence 3, (b) limit surface of the con trol mesh

sho wn in (a), (c) an extra-ordinary CCSS mesh face of

v alence 5, (d) limit surface of the con trol mesh sho wn in

(c).

0.001, and 0.0001 are 2, 7, 13, and 19, resp ectiv ely . F or

the blue mesh face sho wn in Figure 7(c), the sub division

depths for the error tolerances 0.1, 0.01, 0.001, and 0.0001

are 7, 14, 21, and 28, resp ectiv ely . Note that in the pre-

vious approac h [3], the sub division depths for these error

tolerances are 9, 24, 40, and 56, resp ectiv ely . Hence, the

new approac h presen ted in this pap er indeed impro v es the

previous, �rst order norm based approac h.

5 Conclusions

A new sub division depth computation tec hnique for

extra-ordinary CCSS patc hes is presen ted. The new tec h-

nique computes the sub division depth based on norms of

the second order forw ard di�erences, not the �rst order

forw ard di�erences, of the patc h's con trol p oin ts. Hence,

the computed sub division depth re
ects the curv ature dis-

tribution of the extra-ordinary patc h, not its dimension.

Our result also p oin ts out that as long as the design ob jec-

tiv e can b e ac hiev ed, one should try to use extra-ordinary

v ertices with smaller v alence b ecause, according to Theo-

rem 8, smaller v alence giv es higher con v ergence rate and,

consequen tly , smaller sub division depth for the same pre-

cision.

Although the new tec hnique impro v es the previous ap-

proac h [3], it is not clear if the new approac h is optim um

for extra-ordinary CCSS patc hes. This will b e a study

direction in the future.

6 App endix A: Pro of of Lemma 4

F or con v enience of subsequen t reference, w e in tro duce t w o

notations here:

8

>

>

>

<

>

>

>

:

A =

P

n

i =1

(2 V

k

1

� V

k

2 i

� V

k

2[( i +2)% n )]

)

= 2 n V

k

1

� 2

P

n

i =1

V

k

2 i

B =

P

n

i =1

( V

k

2[ i % n +1]

� V

k

2 i +1

� V

k

2[ i % n +1]+1

)

= 2

P

n

i =1

V

k

2 i

� 2

P

n

i =1

V

k

2 i +1

Note that k A k � nM

k

and k B k � nM

k

. Then V

k +1

1

can

b e expressed as

V

k +1

1

=

F

n

+

2 E

n

+

( n � 3) V

k

1

n

= V

k

1

6

P

n

1

V

k

2 i

+

P

n

1

V

k

2 i +1

� 7 n V

k

1

4 n

2

= V

k

1

�

1

8 n

2

(7 A + B )

(17)

where V

k

1

is the extra-ordinary v ertex with sub division

depth k.

Second order forw ard di�erences in v olv ed in M

k +1

can b e classi�ed in to four categories: F-E-F, E-F-E,

E-V-E and V-E-V, where F indicates a new face p oin t, E

indicates a new edge p oin t and V indicates a new v ertex

p oin t. F or some categories, w e also need to consider if an

extra-ordinary mesh face is in v olv ed in the second order

forw ard di�erence.

Category 1 (F-E-F):

The pro of is similar to the same category in the pro of

of Lemma 3 in [3] and the result is the same, i.e., the

norm of eac h second order forw ard di�erence of this t yp e

is � M

k

= 4 where M

k

is the second order norm of the

extra-ordinary patc h after k sub divisions. Hence the

pro of is omitted.

Category 2 (E-F-E):

Lik e the ab o v e category , the pro of of this category is

similar to the same category in the pro of of Lemma 3

in [3 ] and the result is the same as w ell (i.e., � M

k

= 4).

Hence the pro of is omitted.

Category 3 (E-V-E):

Case 1: When the extra-ordinary v ertex p oin t V

k +1

1

is

in v olv ed. Consider 2 V

k +1

1

� V

k +1

2

� V

k +1

6

only . The pro of

of other cases is similar.

Note that from (17) and de�nition of edge p oin ts w e

ha v e

V

k +1

1

= V

k

1

�

1

8 n

2

(7 A + B )

V

k +1

2

=

3

8

( V

k

1

+ V

k

2

) +

1

16

( V

k

3

+ V

k

4

+ V

k

2 n

+ V

k

2 n +1

)

V

k +1

6

=

3

8

( V

k

1

+ V

k

6

) +

1

16

( V

k

4

+ V

k

5

+ V

k

7

+ V

k

8

)

8



Hence,

k 2 V

k +1

1

� V

k +1

2

� V

k +1

6

k

= k 2[ V

k

1

�

1

8 n

2

(7 A + B )] �

3

8

V

k

1

�

3

8

V

k

2

�

1

16

V

k

2 n

�

1

16

V

k

2 n +1

�

1

16

V

k

3

�

1

16

V

k

4

�

3

8

V

k

1

�

3

8

V

k

6

�

1

16

V

k

4

�

1

16

V

k

5

�

1

16

V

k

7

�

1

16

V

k

8

k

= k

5

4

V

k

1

�

3

8

V

k

2

�

3

8

V

k

6

�

1

16

V

k

2 n

�

1

16

V

k

2 n +1

�

1

16

V

k

3

�

1

8

V

k

4

�

1

16

V

k

5

�

1

16

V

k

7

�

1

16

V

k

8

�

1

4 n

2

(7 A + B ) k

= k

1

2

(2 V

k

1

� V

k

2

� V

k

6

) +

1

16

(2 V

k

1

� V

k

2 n

� V

k

4

)

+

1

16

(2 V

k

1

� V

k

4

� V

k

8

) +

1

16

(2 V

k

2

� V

k

2 n +1

� V

k

3

)

+

1

16

(2 V

k

6

� V

k

5

� V

k

7

) �

7

4 n

2

A �

1

4 n

2

B k

Let

D

A

= A � (2 V

k

1

� V

k

2

� V

k

6

) � (2 V

k

1

� V

k

4

� V

k

8

)

� (2 V

k

1

� V

k

2 n

� V

k

4

)

D

B

= B � (2 V

k

2

� V

k

2 n +1

� V

k

3

) � (2 V

k

6

� V

k

5

� V

k

7

)

W e ha v e k D

A

k � ( n � 3) M

k

and k D

B

k � ( n � 2) M

k

.

Hence,

k 2 V

k +1

1

� V

k +1

2

� V

k +1

6

k

= k (

1

2

�

7

4 n

2

)(2 V

k

1

� V

k

2

� V

k

6

)

+ (

1

16

�

7

4 n

2

)(2 V

k

1

� V

k

2 n

� V

k

4

)

+ (

1

16

�

7

4 n

2

)(2 V

k

1

� V

k

4

� V

k

8

)

+ (

1

16

�

1

4 n

2

)(2 V

k

2

� V

k

2 n +1

� V

k

3

)

+ (

1

16

�

1

4 n

2

)(2 V

k

6

� V

k

5

� V

k

7

) �

7

4 n

2

D

A

�

1

4 n

2

D

B

k :

In the ab o v e equation, V

k

8

should b e replaced with V

k

2

if

n = 3.

F or the case n=3,

k 2 V

k +1

1

� V

k +1

2

� V

k +1

6

k

� [(

1

2

�

7

4 n

2

) + (

7

4 n

2

�

1

16

) + (

7

4 n

2

�

1

16

)

+ (

1

16

�

1

4 n

2

) + (

1

16

�

1

4 n

2

) +

7( n � 3)

4 n

2

+

n � 2

4 n

2

] M

k

= (

1

2

+

8 n � 18

4 n

2

) M

k

= (

1

2

+

6

36

) M

k

=

2

3

M

k

F or the case n=5,

k 2 V

k +1

1

� V

k +1

2

� V

k +1

6

k

� [(

1

2

�

7

4 n

2

) + (

7

4 n

2

�

1

16

) + (

7

4 n

2

�

1

16

)

+ (

1

16

�

1

4 n

2

) + (

1

16

�

1

4 n

2

) +

7( n � 3)

4 n

2

+

n � 2

4 n

2

] M

k

= (

1

2

+

8 n � 18

4 n

2

) M

k

= (

1

2

+

22

100

) M

k

= 0 : 72 M

k

F or the case n > 5,

k 2 V

k +1

1

� V

k +1

2

� V

k +1

6

k

� [(

1

2

�

7

4 n

2

) + (

1

16

�

7

4 n

2

) + (

1

16

�

7

4 n

2

)

+ (

1

16

�

1

4 n

2

) + (

1

16

�

1

4 n

2

) +

7( n � 3)

4 n

2

+

n � 2

4 n

2

] M

k

= (

1

2

+

4

16

+

� 7 � 7 � 7 � 1 � 1+7 n � 21+ n � 2

4 n

2

) M

k

= (

3

4

+

8 n � 46

4 n

2

) M

k

Case 2: When the extra-ordinary p oin t is not in v olv ed.

The pro of of this case is similar to the same category in

the pro of of Lemma 3 in [3] and the result is the same as

w ell (i.e., � M

k

= 4). Hence the pro of is omitted.

Category 4 (V-E-V):

Case 1: When the extra-ordinary v ertex p oin t V

k

1

+ 1 is

in v olv ed. Consider 2 V

k +1

4

� V

k +1

1

� V

k +1

2 n +7

only . The

pro of of other cases is similar:

k 2 V

k +1

4

� V

k +1

1

� V

k +1

2 n +7

k

= k

3

4

V

k

1

+

3

4

V

k

4

+

1

8

V

k

2

+

1

8

V

k

5

+

1

8

V

k

6

� V

k

1

+

1

8 n

2

(7 A + B ) �

9

16

V

k

4

�

1

64

( V

k

2

+ V

k

6

+ V

k

2 n +6

+ V

k

2 n +8

) �

3

32

( V

k

1

+ V

k

3

+ V

k

5

+ V

k

2 n +7

) k

= k

1

8

( V

k

4

� V

k

1

� V

k

2 n +7

) +

1

64

(2 V

k

2 n +7

� V

k

2 n +6

� V

k

2 n +8

) �

7

64

(2 V

k

1

� V

k

2

� V

k

6

)

�

1

32

(2 V

k

4

� V

k

3

� V

k

5

) +

1

8 n

2

(7 A + B ) k

= k

1

8

(2 V

k

4

� V

k

1

� V

k

2 n +7

) +

1

64

(2 V

k

2 n +7

� V

k

2 n +6

� V

k

2 n +8

) � (

7

64

�

7

8 n

2

)(2 V

k

1

� V

k

2

� V

k

6

)

� (

1

32

�

1

8 n

2

)(2 V

k

4

� V

k

3

� V

k

5

) +

7

8 n

2

[ A � (2 V

k

1

� V

k

2

� V

k

6

)] +

1

8 n

2

[ B � (2 V

k

4

� V

k

3

� V

k

5

)] k

� [

1

8

+

1

64

+ (

7

64

�

7

8 n

2

) + (

1

32

�

1

8 n

2

) +

7( n � 1)

8 n

2

+

n � 1

8 n

2

] M

k

= (

9

32

�

1

n

2

+

n � 1

n

2

) M

k

= (

9

32

+

n � 2

n

2

) M

k

:

Case 2: When the extra-ordinary v ertex p oin t V

k +1

1

is

not in v olv ed. The pro of of this case is similar to the

same category in the pro of of Lemma 3 in [3] and the

result is the same as w ell (i.e., � M

k

= 4). Hence the pro of

is omitted.

The lemma no w follo ws from com bining the results from

the ab o v e four categories.

7 App endix B: Pro of of Lemma 5

The cen ter faces of S

k

0

and S

k +1

0

are f V

k

1

; V

k

6

; V

k

5

; V

k

4

g

and f V

k +1

1

; V

k +1

6

; V

k +1

5

; V

k +1

4

g , resp ectiv ely . By de�-

nition and the fact that u

k +1

= 2 u

k

and v

k +1

= 2 v

k

, w e

ha v e

L

k

0

( u

k

; v

k

) = (1 � v

k

)[(1 � u

k

) V

k

1

+ u

k

V

k

6

]

+ v

k

[(1 � u

k

) V

k

4

+ u

k

V

k

5

]

and

L

k +1

0

( u

k +1

; v

k +1

)

= (1 � v

k +1

)[(1 � u

k +1

) V

k +1

1

+ u

k +1

V

k +1

6

]

+ v

k +1

[(1 � u

k +1

) V

k +1

4

+ u

k +1

V

k +1

5

]

= (1 � 2 v

k

)[(1 � 2 u

k

) V

k +1

1

+ 2 u

k

V

k +1

6

]

+ 2 v

k

[(1 � 2 u

k

) V

k +1

4

+ 2 u

k

V

k +1

5

] :

9



Using the expression of (17), w e get

k L

k

0

( u

k

; v

k

) � L

k +1

0

( u

k +1

; v

k +1

) k

= k (1 � v

k

)[(1 � u

k

) V

k

1

+ u

k

V

k

6

] + v

k

[(1 � u

k

) V

k

4

+ u

k

V

k

5

] � (1 � 2 v

k

)[(1 � 2 u

k

)( V

k

1

�

1

8 n

2

(7 A + B ))

+ 2 u

k

(

3

8

V

k

1

+

3

8

V

k

6

+

1

16

V

k

4

+

1

16

V

k

5

+

1

16

V

k

7

+

1

16

V

k

8

)]

� 2 v

k

[(1 � 2 u

k

)(

3

8

V

k

1

+

3

8

V

k

4

+

1

16

V

k

2

+

1

16

V

k

3

+

1

16

V

k

5

+

1

16

V

k

6

) +

u

k

2

( V

k

1

+ V

k

4

+ V

k

5

+ V

k

6

)] k

= k

1

8

[ u

k

(2 V

k

1

� V

k

4

� V

k

8

+ 2 V

k

6

� V

k

5

� V

k

7

)

+ v

k

(2 V

k

1

� V

k

2

� V

k

6

+ 2 V

k

4

� V

k

3

� V

k

5

) + u

k

v

k

�

( � 8 V

k

1

+ 2 V

k

2

+ 2 V

k

3

� 2 V

k

4

+ 4 V

k

5

� 2 V

k

6

+ 2 V

k

7

+ 2 V

k

8

)] +

1

8 n

2

(1 � 2 u

k

)(1 � 2 v

k

)(7 A + B ) k

= k

1

8

[ u

k

(2 V

k

1

� V

k

4

� V

k

8

) + u

k

(2 V

k

6

� V

k

5

� V

k

7

)

+ v

k

(2 V

k

1

� V

k

2

� V

k

6

) + v

k

(2 V

k

4

� V

k

3

� V

k

5

)

� 2 u

k

v

k

(2 V

k

1

� V

k

2

� V

k

6

) � 2 u

k

v

k

(2 V

k

1

� V

k

4

� V

k

8

)

� 2 u

k

v

k

(2 V

k

6

� V

k

5

� V

k

7

) � 2 u

k

v

k

(2 V

k

4

� V

k

3

� V

k

5

)]

+

1

8 n

2

(1 � 2 u

k

)(1 � 2 v

k

)(7 A + B ) k

= k

1

8

[( u

k

� 2 u

k

v

k

)(2 V

k

1

� V

k

4

� V

k

8

) + ( u

k

� 2 u

k

v

k

) �

(2 V

k

6

� V

k

5

� V

k

7

) + ( v

k

� 2 u

k

v

k

)(2 V

k

1

� V

k

2

� V

k

6

)

+ ( v

k

� 2 u

k

v

k

)(2 V

k

4

� V

k

3

� V

k

5

)]

+

1

8 n

2

(1 � 2 u

k

)(1 � 2 v

k

)(7 A + B ) k

�

1

8

[2( u

k

� 2 u

k

v

k

) + 2( v

k

� 2 u

k

v

k

)] M

k

+

1

n

(1 � 2 u

k

)(1 � 2 v

k

) M

k

= [

1

4

( u

k

+ v

k

) � u

k

v

k

+

1

n

(1 � 2 u

k

)(1 � 2 v

k

)] M

k

T o �nd the maxim um v alue of the ab o v e inequalit y , w e

set

f ( u; v ) =

1

4

( u + v ) � uv +

1

n

(1 � 2 u )(1 � 2 v ) ; 0 � u; v �

1

2

:

The partial deriv ativ es of f with resp ect to u and v are

f

u

( u; v ) =

1

4

� v �

2

n

(1 � 2 v )

and

f

v

( u; v ) =

1

4

� u �

2

n

(1 � 2 u ) ;

resp ectiv ely . By setting f

u

and f

v

to zero and solving for

u and v , w e get

u =

n � 8

4 n � 16

; v =

n � 8

4 n � 16

:

On the other hand, it is easy to see that f is a linear

function on the b oundary of its domain 


1

0

= [0 ; 1 = 2] �

[0 ; 1 = 2]. Hence, the maxim um of f ( u; v ) on 


1

0

m ust o ccur

at one of the corners of 


1

0

or at (

n � 8

4 n � 16

;

n � 8

4 n � 16

). Note that

f (0 ; 0) =

1

n

; f (

1

2

; 0) =

1

8

; f (0 ;

1

2

) =

1

8

; f (

1

2

;

1

2

) = 0

and

f (

n � 8

4 n � 16

;

n � 8

4 n � 16

) =

n

16( n � 4)

:

Therefore the largest v alue o ccurs at (0 ; 0) when n � 8,

whic h is

1

n

, and the largest v alue o ccurs at at (

1

2

; 0) or

(0 ;

1

2

) when n > 8, whic h is

1

8

. Hence, b y com bining

these cases, w e get

k L

k

0

( u

k

; v

k

) � L

k +1

0

( u

k +1

v

k +1

k �

1

min f n; 8 g

M

k

:

8 App endix C: Pro of of Lemma 6

W e consider the case b = 2 �rst, i.e.,

1

2

m

� u; v <

1

2

m � 1

.

Since 2

m � 1

u and 2

m � 1

v are b oth smaller than 1 and 2

m

u

and 2

m

v are b oth bigger than 1, according to de�nition

(11), w e ha v e

u

m � 1

= 2

m � 1

u; v

m � 1

= 2

m � 1

v

and

u

m

= 2

m

u � 1 = 2 u

m � 1

� 1 ; v

m

= 2

m

v � 1 = 2 v

m � 1

� 1 :

The cen ter face of S

m � 1

0

is f V

m � 1

1

; V

m � 1

6

; V

m � 1

5

; V

m � 1

4

g

and the cen ter face of S

m

2

is f V

m

5

; V

m

2 n +3

,

V

m

2 n +2

; V

m

2 n +6

g . Hence, w e ha v e

L

m � 1

0

( u

m � 1

; v

m � 1

)

= (1 � v

m � 1

)[(1 � u

m � 1

) V

m � 1

1

+ u

m � 1

V

m � 1

6

]

+ v

m � 1

[(1 � u

m � 1

) V

m � 1

4

+ u

m � 1

V

m � 1

5

]

and

L

m

2

( u

m

; v

m

)

= (1 � v

m

)[(1 � u

m

) V

m

5

+ u

m

V

m

2 n +3

]

+ v

m

[(1 � u

m

) V

m

2 n +6

+ u

m

V

m

2 n +2

]

= 2(1 � v

m � 1

)[2(1 � u

m � 1

) V

m

5

+ (2 u

m � 1

� 1) V

m

2 n +3

]

+ (2 v

m � 1

� 1)[2(1 � u

m � 1

) V

m

2 n +6

+ (2 u

m � 1

� 1) V

m

2 n +2

]

If w e de�ne A

5

and B

5

as follo ws:

A

5

= 2[(2 V

m � 1

5

� V

m � 1

4

� V

m � 1

2 n +3

)

+ (2 V

m � 1

5

� V

m � 1

6

� V

m � 1

2 n +6

)]

B

5

= (2 V

m � 1

4

� V

m � 1

1

� V

m � 1

2 n +7

)

+ (2 V

m � 1

6

� V

m � 1

1

� V

m � 1

2 n +4

)

+ (2 V

m � 1

2 n +3

� V

m � 1

2 n +2

� V

m � 1

2 n +4

)

+ (2 V

m � 1

2 n +6

� V

m � 1

2 n +2

� V

m � 1

2 n +7

)

then V

m

2 n +2

can b e expressed as

V

m

2 n +2

= V

m � 1

5

�

1

128

(7 A

5

+ B

5

) :

10



Note that k A

5

k � 4 M

m � 1

and k B

5

k � 4 M

m � 1

. There-

fore,

k L

m � 1

0

( u

m � 1

; v

m � 1

) � L

m

2

( u

m

; v

m

) k

= k (1 � v

m � 1

)[(1 � u

m � 1

) V

m � 1

1

+ u

m � 1

V

m � 1

6

]

+ v

m � 1

[(1 � u

m � 1

) V

m � 1

4

+ u

m � 1

V

m � 1

5

]

� 2(1 � v

m � 1

)[2(1 � u

m � 1

)

V

m � 1

1

+ V

m � 1

4

+ V

m � 1

5

+ V

m � 1

6

4

+ (2 u

m � 1

� 1)(

3

8

V

m � 1

5

+

3

8

V

m � 1

6

+

1

16

V

m � 1

1

+

1

16

V

m � 1

4

+

1

16

V

m � 1

2 n +3

+

1

16

V

m � 1

2 n +4

)] � (2 v

m � 1

� 1) �

[2(1 � u

m � 1

)(

3

8

V

m � 1

4

+

3

8

V

m � 1

5

+

1

16

V

m � 1

1

+

1

16

V

m � 1

6

+

1

16

V

m � 1

2 n +6

+

1

16

V

m � 1

2 n +7

)

+ (2 u

m � 1

� 1)( V

m � 1

5

�

1

128

(7 A

5

+ B

5

))] k

= k

1

8

[(2 u

m � 1

+ v

m � 1

� 2 u

m � 1

v

m � 1

� 1) �

(2 V

m � 1

6

� V

m � 1

1

� V

m � 1

2 n +4

)
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m � 1

+ 2 v

m � 1

� 2 u

m � 1

v

m � 1

� 1) �

(2 V

m � 1

5

� V

m � 1

6

� V

m � 1

2 n +6

)

+ (2 u

m � 1

+ v

m � 1

� 2 u

m � 1

v

m � 1

� 1) �

(2 V

m � 1

5

� V

m � 1

4

� V

m � 1

2 n +3

)
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m � 1

+ 2 v

m � 1

� 2 u

m � 1

v

m � 1

� 1) �

(2 V

m � 1

4

� V

m � 1

1

� V

m � 1

2 n +7
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�

1

128

(2 u

m � 1

� 1)(2 v

m � 1

� 1)(7 A

5

+ B

5

) k

�

1

8

[2(2 u

m � 1

+ v

m � 1

� 2 u

m � 1

v

m � 1

� 1)

+ 2( u

m � 1

+ 2 v

m � 1

� 2 u

m � 1

v

m � 1

� 1)] M

m � 1

+

1
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m � 1
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m � 1
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=

1

4
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m � 1
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m � 1
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�

1

4
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:

W e next consider the case b = 3, i.e., 0 < u �

1

2

m

and

1

2

m

< v �

1

2

m � 1

. The pro of of the case b = 1 is similar

and, consequen tly , will b e omitted.

In this case since 2

m

u � 1 and 1 < 2

m

v , but 2

m � 1

v �

1, w e ha v e

u

m � 1

= 2

m � 1

u; v

m � 1

= 2

m � 1

v

and

u

m

= 2

m

u = 2 u

m � 1

; v

m

= 2

m

v � 1 = 2 v

m � 1

� 1 :

The cen ter face of the con trol mesh of S

m

3

is

f V

m

4

; V

m

5

; V

m

2 n +6

; V

m

2 n +7

g . Hence, L

m

3

( u

m

; v

m

) can b e

expressed as

L

m

3

( u

m

; v

m

)

= (1 � v

m

)[(1 � u

m

) V

m

4

+ u

m

V

m

5

]

+ v

m

[(1 � u

m

) V

m

2 n +7

+ u

m

V

m

2 n +6

]
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m � 1

)[(1 � 2 u

m � 1

) V

m

4
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m � 1

V

m

5

]
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m � 1

� 1)[(1 � 2 u

m � 1

) V

m

2 n +7

+ 2 u

m � 1

V

m

2 n +6

]

If w e de�ne A

4

and B

4

as follo ws

A

4

= 2[(2 V

m � 1

4

� V

m � 1

1

� V

m � 1

2 n +7

)

+ (2 V

m � 1

4

� V

m � 1

3

� V

m � 1

5

)]

B

4

= (2 V

m � 1

1

� V

m � 1

2

� V

m � 1

6

)

+ (2 V

m � 1

3

� V

m � 1

2

� V

m � 1

2 n +8

)
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m � 1

2 n +7
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m � 1

2 n +6

� V

m � 1

2 n +8

)

+ (2 V

m � 1

5

� V

m � 1

6

� V

m � 1

2 n +6

)

then V

m

2 n +7

can b e expressed as

V

m

2 n +7

= V

m � 1

4

�

1

128

(7 A

4

+ B

4

)

with k A

4

k � 4 M

m � 1

and k B

4

k � 4 M

m � 1

. Therefore,

b y using the expression of L

m � 1

0

( u

m � 1

; v

m � 1

) giv en in

the previous case and the ab o v e expression for V

m

2 n +7

, w e

ha v e

k L

m � 1

0

( u

m � 1

; v

m � 1

) � L

m

3

( u

m

; v

m

) k
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m � 1

)[(1 � u

m � 1

) V

m � 1

1

+ u

m � 1

V

m � 1

6
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+
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+
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1

128

(7 A
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(
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+
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+
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+
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v

m � 1

� 2 u

m � 1
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It is easy to see that if w e de�ne f ( u; v ) as follo ws

f ( u; v ) = 8 uv � 5 u � 3 v + 2

then the maxim um v alue of f ( u; v ) on 0 � u �

1

2

and

1

2

< v � 1 is

1

2

. Consequen tly , w e ha v e

k L

m � 1

0

( u

m � 1

; v

m � 1

) � L

m

3

( u

m

; v

m

k �

1

8

M

m � 1

:

9 App endix D: Pro of of Lemma 7

By applying Lemmas 5 and 6 on the righ t side of (15)

and then using (12) for the second term on the righ t side

of (13), w e get

k L ( u; v ) � S ( u; v ) k

�

P

m � 2

k =0

k L

k

0

( u

k

; v

k

) � L

k +1

0

( u

k +1

; v

k +1

) k

+ k L

m � 1

0

( u

m � 1

; v
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) � L

m

b

( u

m

; v

m

) k

+ k L

m

b

( u

m

; v

m

) � S

m

b

( u

m

; v

m

) k

�

P
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k =0

1

min f n; 8 g

M

k

+

1

4

M

m � 1

+

1

3

M

m

(18)
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When n = 5, using the fact that min f n; 8 g = 5 and

M

k +1

� 0 : 72 M

k

from Lemma 4, (18) b ecomes

k L ( u; v ) � S ( u; v ) k

�

1

5

[

P

m � 2

k =0

(0 : 72)

k

] M

0

+

1

4

(0 : 72)

m � 1

M

0

+

1

3

(0 : 72)

m

M

0

=

h

1 � (0 : 72)

m � 1

1 : 4

+

1

4

(0 : 72)

m � 1

+

1

3

(0 : 72)

m

i

M

0

=

6 � (1 : 884)(0 : 72)

m � 1

8 : 4

M

0

�

5

7

M

0

The co e�cien t 5 = 7 follo ws from the fact that

6 � (1 : 884)(0 : 72)

m � 1

8 : 4

is an increasing function of m and its

maxim um o ccurs at m = + 1 .

When n = 3, using the fact that min f n; 8 g = 3 and

M

k +1

�

2

3

M

k

from Lemma 4, (18) b ecomes

k L ( u; v ) � S ( u; v ) k

�

1

3

[

P
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(

2

3

)

k
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1

4
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4

(

2

3
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+
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3

(

2

3

)

m

�

M
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F or 5 < n � 8, w e ha v e

k L ( u; v ) � S ( u; v ) k

�

1

n

1 � (

3

4

+

8 n � 46

4 n

2

)

m � 1
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3
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+
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4 n
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3
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m

M

0

= [
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n

2
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� (

4 n

n

2
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�

1

2

�

4 n � 23

6 n

2

)

(

3

4

+

8 n � 46

4 n

2

)

m � 1

] M

0

�

4 n

n

2

� 8 n +46

M

0

The last inequalit y follo ws from the observ ation that

4 n

n

2

� 8 n +46

�

1

2

�

4 n � 23

6 n

2

> 0 and

3

4

+

8 n � 46

4 n

2

�

7

8

for 5 < n � 8

and, therefore, the maxim um of the co e�cien t of M

0

o c-

curs at m = + 1 .

As for n > 8, w e ha v e

k L ( u; v ) � S ( u; v ) k
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+
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2
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3
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2
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(
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)
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0

�
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2
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M
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The last inequalit y follo ws from a similar observ ation as

the ab o v e case. This completes the pro of. 2
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