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Abstract

A sub division depth computation tec hnique for

Catm ull-Clark sub division surfaces (CCSS's) is pre-

sen ted. The sub division depth computation tec hnique

also includes distance ev aluation tec hniques for CCSS

patc hes with their con trol meshes. The distance and

the sub division depth computation tec hniques pro vide

the long-needed precision/error con trol to ols in sub divi-

sion surface trimming, �nite elemen t mesh generation,

b o olean op erations, and surface tessellation for render-

ing pro cesses.

Keyw ords : sub division surfaces, distance ev aluation,

sub division depth computation

1 In tro duction

Sub division surfaces ha v e b ecome p opular recen tly in

graphical mo deling, animation and CAD/CAM b ecause

of their stabilit y in n umerical computation, simplicit y in

co ding and, most imp ortan tly , their capabilit y in mo d-

eling/represen ting complex shap e of arbitrary top ology .

Giv en a con trol mesh and a set of mesh r e�ning rules

(or, more in tuitiv ely , c orner cutting rules ), one gets a

limit surfac e b y recursiv ely cutting o� corners of the

con trol mesh [3 ][5]. The limit surface is called a sub di-

vision surfac e b ecause the corner cutting (mesh re�n-

ing) pro cess is a generalization of the uniform B-spline

surface sub division te chnique . Sub division surfaces in-

clude uniform B-spline surfaces and piecewise B � ezier

surfaces as sp ecial cases. Actually sub division surfaces

include non-uniform B-spline surfaces and NURBS sur-

faces as sp ecial cases as w ell [10 ]. Sub division surfaces

can mo del/represen t complex shap e of arbitrary top ol-

ogy b ecause there is no limit on the shap e and top ol-

ogy of the con trol mesh of a sub division surface. With

the parametrization tec hnique of sub division surfaces

b ecoming a v ailable [11 ], w e no w kno w that sub divi-

sion surfaces co v er b oth p ar ametric forms and discr ete

forms . Since parametric forms are go o d for design and

represen tation and discrete forms are go o d for mac hin-

ing and tessellation (including FE mesh generation) [1 ],

w e �nally ha v e a represen tation sc heme that is go o d for

all graphics and CAD/CAM applications.

Researc h w ork for sub division surfaces has b een done

in sev eral imp ortan t areas, suc h as surface trimming

[7 ], b o olean op erations [2 ], and mesh editing [13 ]. Ho w-

ev er, the area of pr e cision/err or c ontr ol for Catm ull-

Clark sub division surfaces (CCSS's)is completely blank.

F or instance, giv en an error tolerance, ho w man y lev els

of recursiv e Catm ull-Clark sub division should b e p er-

formed on the initial con trol mesh so that the distance

b et w een the resultan t con trol mesh and the limit surface

w ould b e less than the error tolerance? This error con-

trol tec hnique is required in all tessellation based appli-

cations suc h as sub division surface trimming, �nite ele-

men t mesh generation, b o olean op erations, and surface

tessellation for rendering. A sub division depth compu-

tation tec hnique based on b ounds of second deriv ativ es

has b een presen ted for tensor pro duct rational surfaces

[4 ]. But nothing in this area has b een done for Catm ull-

Clark sub division surfaces y et. The tec hnique used for

tensor pro duct rational surfaces can not b e used here

b ecause the parameter space of a CCSS usually do es

not �t in to a rectangular grid structure.

In this pap er w e will presen t a sub division depth com-

putation tec hnique for a CCSS. The sub division depth

computation tec hnique also includes distance ev aluation

tec hniques for a CCSS patc h with its con trol mesh. The

new tec hniques are based on the con trol p oin ts of the

CCSS patc h only and w ork for CCSS patc hes with or

without an extraordinary v ertex. The presen ted sub di-

vision depth computation tec hnique pro vides the �rst

and an e�cien t error con trol to ol that w orks for all tes-

sellation based applications of CCSS's. A p oten tial dis-

adv an tage of the sub division depth computation tec h-

nique is that it migh t generate a relativ ely large sub di-

vision depth for a patc h with an extraordinary v ertex

ev en though the patc h is already 
at enough. This is

due to the fact that the �rst order norm can not measure

the curv ature di�erence b et w een t w o p oin ts. A p ossible

solution to this problem in giv en in the last section.
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2 Sub division Depth Computa-

tion for P atc hes not near an ex-

traordinary v ertex

Let V
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b e the con trol p oin ts of a uni-

form cubic B-spline curv e segmen t C ( t ) whose param-

eter space is [0 ; 1]. If w e parametrize the middle leg of

the con trol p olygon as follo ws: L ( t ) = V
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Since (2 V
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) = 6 and (2 V
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) = 6 are

the v alues of L ( t ) � C ( t ) at t = 0 and t = 1, w e ha v e

the follo wing lemma.
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Figure 1: De�nition of L ( t ).

Lemma 1: The maxim um of k L ( t ) � C ( t ) k o ccurs at

the endp oin ts of the curv e segmen t and can b e expressed

as

max

0 � t � 1

k L ( t ) � C ( t ) k

=
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A form more general than (1) has b een pro v ed b y P e-

ters [8 ]. His result w orks for uniform B-spline curv es of

an y degree. Ho w ev er, the ab o v e result is more in tuitiv e

and is all w e need for subsequen t results. W e next de�ne

the distanc e b et w een a uniform bicubic B-spline surface

patc h and its con trol mesh.

Let V

i;j

, 0 � i; j � 3, b e the con trol p oin ts of a

uniform bicubic B-spline surface patc h S ( u; v ) with pa-

rameter space [0 ; 1] � [0 ; 1]. If w e parametrize the cen tral

mesh face f V

1 ; 1

; V

2 ; 1

; V

1 ; 2

; V

2 ; 2

g as follo ws:

L ( u; v ) = (1 � v )[(1 � u ) V

1 ; 1

+ u V

2 ; 1

]

+ v [(1 � u ) V

1 ; 2

+ u V

2 ; 2

] ; 0 � u; v � 1

then the maxim um of k L ( u; v ) � S ( u; v ) k is called the

distanc e b et w een S ( u; v ) and its con trol mesh. If w e

de�ne Q

u;k

, Q

v ;k

,

�

Q
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�

Q
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as follo ws:
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where N

i; 3

( t ) are standard uniform B-spline basis func-

tions of degree three, w e ha v e

k L ( u; v ) � S ( u; v ) k
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By applying Lemma 1 on k Q
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�

�

Q
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k , i = 1 ; 2 ; 3, and b y de�ning M

0

as the

maxim um norm of the second order forw ard di�erences

of the con trol p oin ts of S ( u; v ), w e ha v e
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M

0

is called the se c ond or der norm of S ( u; v ). This

leads to the follo wing lemma.

Lemma 2: The maxim um of k L ( u; v ) � S ( u; v ) k sat-

is�es the follo wing inequalit y

max

0 � u;v � 1

k L ( u; v ) � S ( u; v ) k �

1

3

M

0

(3)

where M

0

is the second order norm of S ( u; v ).

Note that ev en though the maxim um of k L ( t ) � C ( t ) k

o ccurs at the end p oin ts of the curv e segmen t C ( t ), the

maxim um of k L ( u; v ) � S ( u; v ) k for a surface patc h usu-

ally do es not o ccur at the corners of S ( u; v ). In the fol-

lo wing, w e presen t sub division depth computation tec h-

nique for CCSS patc hes not adjacen t to an extraordi-

nary v ertex.

Let V

i;j

, 0 � i; j � 3, b e the con trol p oin ts of a

uniform bicubic B-spline surface patc h S ( u; v ). W e use

V

k

i;j

, 0 � i; j � 3 + 2

k

� 1, to represen t the new con trol

p oin ts of the surface patc h after k lev els of recursiv e sub-

division. The indexing of the new con trol p oin ts follo ws

the con v en tion that V

k

0 ; 0

is alw a ys the fac e p oint of the

mesh face f V

k � 1

0 ; 0

; V

k � 1

1 ; 0

; V

k � 1

0 ; 1

; V

k � 1

1 ; 1

g . The new con-

trol p oin ts V

k

i;j

will b e called the level-k c ontr ol p oints

of S ( u; v ) and the new con trol mesh will b e called the

level-k c ontr ol mesh of S ( u; v ).

Note that if w e divide the parameter space of the

surface patc h in to 4

k

regions as follo ws:




k

m;n

= [

m

2

k

;

m + 1

2

k

] � [

n

2

k

;
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2

k

] ; (4)
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where 0 � m; n � 2

k

� 1 and let the corre-

sp onding subpatc hes b e denoted S

k

m;n

( u; v ), then

eac h S

k

m;n

( u; v ) is a uniform bicubic B-spline sur-

face patc h de�ned b y the lev el- k con trol p oin t

set f V

k

p;q

j m � p � m + 3 ; n � q � n + 3 g .

S

k

m;n

( u; v ) is called a level-k subp atch of S ( u; v ).

One can de�ne a lev el- k bilinear plane L

k

m;n

on

f V

k

p;q

j p = m + 1 ; m + 2; q = n + 1 ; n + 2 g and measure

the distance b et w een L

k

m;n

( u; v ) and S

k

m;n

( u; v ). W e

sa y that the distanc e b etwe en S ( u; v ) and the level-k

c ontr ol mesh is smal ler than � if the distance b et w een

eac h lev el-k subpatc h S

k

m;n

( u; v ) and the corresp onding

lev el-k bilinear plane L

k

m;n

( u; v ), 0 � m; n � 2

k

� 1, is

smaller than � . In the follo wing, w e will sho w ho w to

compute a sub division depth k for a giv en � so that the

distance b et w een S ( u; v ) and the lev el- k con trol mesh

is smaller than � after k lev els of recursiv e sub division.

The follo wing lemma is needed in the deriv ation of the

computation pro cess. If w e use M

k

m;n

to represen t the

second order norm of S

k

m;n

( u; v ), i.e., the maxim um

norm of the second order forw ard di�erences of the

con trol p oin ts of S

k

m;n

( u; v ), then the lemma sho ws the

second order norm of S

k

m;n

( u; v ) con v erges at a rate of

1 = 4 of the lev el-( k � 1) second order norm. The pro of

of this lemma is giv en in App endix A.

Lemma 3 If M
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M

k

m;n

�

�

1

4

�

k

M

0

(5)

where M

0

is the second order norm of S ( u; v ).

With Lemmas 2 and 3, it is easy to see that, for an y
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, w e ha v e
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Hence, if k is large enough to mak e the righ t side of (6)

smaller than � , w e ha v e

max

0 � u;v � 1

k L

k

m;n

( u; v ) � S

k

m;n

( u; v ) k � �

for ev ery 0 � m; n � 2

k � 1

. This leads to the follo wing

main result of this subsection.

Theorem 4 Let V

i;j

, 0 � i; j � 3, b e the con-

trol p oin ts of a uniform bicubic B-spline surface patc h

S ( u; v ). F or an y giv en � > 0, if

k � d log

4

(

M

0

3 �

) e (7)

lev els of recursiv e sub division are p erformed on the con-

trol p oin ts of S ( u; v ) then the distance b et w een S ( u; v )

and the lev el-k con trol mesh is smaller than � where M

0

is the second order norm of S ( u; v ).

3 Sub division Depth Computa-

tion for P atc hes near an ex-

traordinary v ertex

The sub division depth computation pro cess for a CCSS

patc h near an extraordinary v ertex is di�eren t. This is

b ecause in the vicinit y of an extraordinary v ertex one

do es not ha v e a uniform B-spline surface patc h repre-

sen tation and, consequen tly , cannot use the tec hnique

of Theorem 4 directly . F ortunately , the size of suc h a

vicinit y can b e made as small as p ossible, therefore, one

can reduce the size of suc h a vicinit y to a degree that is

tolerable (i.e., within the giv en error b ound) and use the

tec hnique of Theorem 4 to w ork on the remaining part

of the surface patc h. A sub division depth computation

tec hnique based on this concept for a CCSS patc h near

an extraordinary v ertex will b e presen ted b elo w. w e as-

sume the initial mesh has b een sub divided at least t wice

so that eac h mesh face is a quadrilateral and con tains

at most one extraordinary v ertex. W e need to de�ne a

few notations �rst.

Let �

0

0

= f V

i

j 1 � i � 2 N + 8 g b e a lev el-0 con trol

p oin t set that in
uences the shap e of a surface patc h

S ( u; v ) (= S

0

0

( u; v )). V

1

is an extr aor dinary vertex with

valenc e N . The con trol v ertices are ordered follo wing

Stam's fashion [11 ] (see Figure 2).
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Figure 2: Ordering of con trol p oin ts for a CCSS patc h

with an extraordinary v ertex.
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resp ectiv ely , then the shap e of S

n
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, S
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n
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n

3

are

in
uenced b y the lev el-n con trol p oin t sets �

n
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, �

n

1

, �

n

2

and �

n

3
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n

0

is de�ned b elo w and de�nition

of �

n

1

, �

n

2

and �

n

3

can b e found in Figure 3.
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are standard uniform bicubic B-spline

surface patc hes b ecause their con trol meshes satisfy a 4-

b y-4 structure. Hence, the tec hnique describ ed in The-

orem 4 can b e used to compute a sub division depth for

eac h of them. S

n

0

is not a standard uniform bicubic B-

spline surface patc h. Hence, Theorem 4 can not b e used

to compute a sub division depth for S

n

0

directly . F or the

con v enience of reference, w e shall call S

n

0

a level-n ex-

tr aor dinary subp atch of S ( u; v ) b ecause it con tains the

limit p oin t of the extraordinary p oin ts.
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Note that if

H

0

and H

n

are column v ector represen tations of the

con trol p oin ts of �

0

0

and �

n

0

, resp ectiv ely ,

H

0

� ( V

0

; V

1

; � � � ; V

2 N +8

)

t

;

H

n

� ( V

n

0

; V

n

1

; � � � ; V

n

2 N +8

)

t

where ( X ; X ; � � � ; X )

t

represen ts the transp ose of the

ro w v ector ( X ; X ; � � � ; X ) then w e ha v e

H

n

= ( T )

n

H

0

(8)
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3.1 Computing sub division depth for a

vicinit y of the extraordinary v ertex

The goal here is to �nd an in teger n

�

for a giv en � > 0

so that if n ( � n

�

) recursiv e sub divisions are p erformed

on �

0

0

, then the con trol p oin t set of the lev el- n extraor-

dinary subpatc h S

n
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of S ( u; v ), �
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�= 2. Note that if the (2 N + 8)-p oin t con trol mesh �

n

0

is

con tained in the sphere B ( V

n +1

5

; �= 2) then the lev el- n

extraordinary subpatc h S

n

0

is con tained in the sphere

B ( V

n +1

5

; �= 2) as w ell. This follo ws from the fact that

S

n

0

, as the limit surface of �

n

0

, is con tained in the c onvex

hul l of �

n

0

and the con v ex h ull of �

n

0

is con tained in the

sphere B ( V

n +1

5

; �= 2). But then w e ha v e

max k S

n

0

( u; v ) � L

n

0

( u; v ) k < � (13)

where L

n

0

( u; v ) is a bilinear plane de�ned on the lev el-

n mesh face f V

n

1

; V

n

4

; V

n

5

; V

n

6

g . The construction

of suc h an n

�

dep ends on sev eral prop erties of the (ex-

tended) sub division matrix T and the con trol p oin t sets

f �

n

0

g .

First note that since all the en tries of the extended

sub division matrix T are non-negativ e and the sum of

4



eac h ro w equals one, the extended sub division matrix

is a tr ansition pr ob ability matrix of a (2 N + 8)-state

Mark o v c hain [9 ]. In particular, the (2 N + 1) � (2 N + 1)

blo c k

�

T of T is a tr ansition pr ob ability matrix of a

(2 N + 1)-state Mark o v c hain. The en tries in the �rst ro w

and �rst column of

�

T are all non-zero. Therefore, the

matrix

�

T is irr e ducible b ecause (

�

T )

2

has no zero en tries

and, consequen tly , all the states are accessible to eac h

other. On the other hand, since all the diagonal en tries

of

�

T are non-zero and en tries of (

�

T )

n

are non-zero for

all n � 2, it follo ws that all the states of

�

T are ap erio dic

and p ositive r e curr ent . Consequen tly , the Mark o v c hain

is irr e ducible and er go dic . By the w ell-kno wn theorem

of Mark o v c hain ([9], Theorem 4.1), (

�

T )

n

con v erges to

a limit matrix

�

T

�

whose ro ws are iden tical. More pre-

cisely ,

lim

n !1

(

�

T )

n

=

�

T

�

�

0

B

B

B

@

�

1

�

2

� � � �

2 N +1

�

1

�

2

� � � �

2 N +1

.

.

.

.

.

.

.

.

.

.

.

.

�

1

�

2

� � � �

2 N +1

1

C

C

C

A

(14)

where �

i

are the unique non-negativ e solution of

�

j

=

P

2 N +1

i =1

�

i

�

t

i;j

; j = 1 ; 2 ; � � � ; 2 N + 1

P

2 N +1

j =1

�

j

= 1

(15)

with

�

t

i;j

b eing the en tries of

�

T . One can easily get the

follo wing observ ations.

� The v ector (�

1

; �

2

; � � � ; �

2 N +1

) satis�es the fol-

lo wing prop erties:

�

1

=

N

N +5

�

2

= �

4

= � � � = �

2 N

=

4

N ( N +5)

�

3

= �

5

= � � � = �

2 N +1

=

1

N ( N +5)

� The matrix

�

T

�

is an idemp oten t matrix, i.e.,

�

T

�

�

T

�

=

�

T

�

. Hence,

�

T

�

has t w o eigen v alues, 1 and 0 (with

m ultiplicit y 2 N ).

�

�

T has 1 as an eigen v alue and all the other 2 N eigen-

v alues of

�

T ha v e a magnitude smaller than one.

� As it is w ell kno wn [6], the limit p oin t of f V

n

1

g is

V

�

1

� �

1

V

1

+ �

2

V

2

+ � � � + �

2 N +1

V

2 N +1

:

But V

�

1

is actually the limit p oin t of all V

n

j

,

j = 1 ; 2 ; � � � ; 2 N + 8. Therefore, the con v ex h ull

of f V

n

1

; V

n

2

; � � � ; V

n

2 N +8

g con v erges to V

�

1

when n

tends to in�nit y and, consequen tly , V

�

1

= S (0 ; 0).

The fact that V

�

1

is the limit p oin t of f V

n

1

; V

n

2

; � � � ;

V

n

2 N +1

g follo ws from (8) and (14). The fact that

V

�

1

is also the limit p oin t of f V

n

2 N +2

; V

n

2 N +3

; � � � ;

V

n

2 N +8

g is pro v ed in App endix B.

The last observ ation is imp ortan t b ecause it sho ws that

max

V 2 �

n

0

k V

n +1

5

� V k (16)

con v erges. Therefore, it is p ossible to reduce the size

of S

n

0

to a degree that is tolerable if n is large enough.

F or a giv en � > 0 w e will �nd an n

�

so that if n � n

�

then the lev el- n con trol p oin t set �

n

0

is con tained in the

sphere B ( V

n +1

5

; �= 2). T o do this, w e need to kno w ho w

fast (16) con v erges.
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Figure 4: Con trol p oin t sets �

n

0

, �

n

1

, �

n

2

and �

n

3

.

Let �

k

0

, �

k

1

, �

k

2

and �

k

3

b e subsets of �

k

0

de�ned as

follo ws (see Figure 4):

�

k

0

= f V

k

j

j j = 1 ; 2 ; � � � ; 2 N + 1 g ;

�

k

1

= f V

k

j

j j = 1 ; 4 ; 5 ; � � � ; 8 ; 2 N + 3 ; 2 N + 4 ;

2 N + 5 g ;

�

k

2

= f V

k

j

j j = 1 ; 4 ; 5 ; 6 ; 2 N + 2 ; 2 N + 3 ;

2 N + 4 ; 2 N + 6 ; 2 N + 7 g ;

�

k

3

= f V

k

j

j j = 1 ; 2 ; � � � ; 6 ; 2 N + 6 ; 2 N + 7 ;

2 N + 8 g

(17)

( V

k

8

in �

k

1

should b e replaced with V

k

2

if N = 3) and

de�ne G

k

0

, G

k

1

, G

k

2

and G

k

3

as follo ws:

G

k

0

= max

V 2 �

k

0

k V

k

1

� V k ;

G

k

1

= max

V 2 �

k

1

k V

k

6

� V k ;

G

k

2

= max

V 2 �

k

2

k V

k

5

� V k ;

G

k

3

= max

V 2 �

k

3

k V

k

4

� V k :

(18)

G

k

i

is called the �rst or der norm of �

k

i

, i = 0 ; 1 ; 2 ; 3.

W e need the follo wing lemma for the construction of

n

�

. The pro of is sho wn in App endix C.

Lemma 5 If �

k

i

and G

k

i

are de�ned as ab o v e then,

for i = 0 ; 1 ; 2 ; 3, w e ha v e

G

k

i

�

8

>

<

>

:

�

3

4

�

k

G

0

; if N = 3

�

3

4

+

7

4 N

�

13

2 N

2

�

k

G

0

; if N � 5

(19)
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where G

0

� max f G

0

0

; G

0

1

; G

0

2

; G

0

3

g . G

0

is called the

�rst or der norm of �

0

0

.

T o construct n

�

, note that if V 2 �

n

0

and V 2 �

n

0

,

w e ha v e

k V

n +1

5

� V k �

1

4

k V

n

4

� V

n

1

k +

1

4

k V

n

5

� V

n

1

k

+

1

4

k V

n

6

� V

n

1

k + k V

n

1

� V k �

7

4

G

n

0

:

It is easy to pro v e that similar inequalities hold for �

n

1

,

�

n

2

and �

n

3

as w ell. Hence, for eac h V 2 �

n

0

, b y Lemma

5, w e ha v e

k V

n +1

5

� V k �

8

<

:

7

4

�

3

4

�

n

G

0

; if N = 3

7

4

�

3

4

+

7

4 N

�

13

2 N

2

�

n

G

0

; if N � 5

(20)

Since the maxim um of

3

4

+

7

4 N

�

13

2 N

2

o ccurs at N = 7,

(20) can b e simpli�ed as

k V

n +1

5

� V k �

7

4

�

1

�

�

n

G

0

(21)

where

� =

8

<

:

4

3

; if N = 3

98

85

; if N � 5

: (22)

Hence, k V

n +1

5

� V k is smaller than �= 2 if n is large

enough to mak e the righ t hand side of (21) smaller than

or equal to �= 2. Consequen tly , w e ha v e the follo wing

theorem.

Theorem 6 Let �

0

0

= f V

i

j 1 � i � 2 N + 8 g b e

a lev el-0 con trol p oin t set that in
uences the shap e of

a CCSS patc h S ( u; v ) (= S

0

0

( u; v )). V

1

is an extraor-

dinary v ertex with valenc e N . The con trol v ertices are

ordered follo wing Stam's fashion [11 ] (see Figure 2). F or

a giv en � > 0, if n

�

is de�ned as follo ws:

n

�

� d log

�

�

7 G

0

2 �

�

e ; � =

8

<

:

4

3

; if N = 3

98

85

; if N � 5

(23)

where G

0

is the �rst order norm of �

0

0

, then the

distance b et w een the lev el- n extraordinary subpatc h

S

n

0

( u; v ) and the corresp onding bilinear plane L

n

0

( u; v )

is smaller than or equal to � if n � n

�

.

Theorem 6 sho ws that the rate of con v ergence of the

con trol mesh in the vicinit y of an extraordinary v ertex

is fastest when v alence of the extraordinary v ertex is

three.

3.2 Computing sub division depth for

the remaining part

The idea here is, for eac h k b et w een 1 and n

�

, to deter-

mine a sub division depth D

k

( � n

�

) so that if D

k

recur-

siv e sub divisions are p erformed on the con trol mesh �

0

0

of S ( u; v ), then the distance b et w een the lev el- D

k

con-

trol mesh and the subpatc hes S

k

i

, i = 1 ; 2 ; 3, is smaller

than � . Consequen tly , if w e de�ne D to b e the maxi-

m um of these D

k

(i.e., D = max f D

k

j 1 � k � n

�

g ), then

after D recursiv e sub divisions, the distance b et w een the

lev el- D con trol mesh and the subpatc hes S

k

i

, i = 1 ; 2 ; 3,

w ould b e smaller than � for all 1 � k � n

�

. Note that

the distance b et w een the lev el- D con trol mesh and the

subpatc hes S

k

1

, S

k

2

and S

k

3

for n

�

+ 1 � k � D , and the

distance b et w een the lev el- D con trol mesh and the lev el-

D extraordinary subpatc h S

D

0

w ould b e smaller than �

as w ell. This is b ecause these subpatc hes are subpatc hes

of S

n

�

0

and the distance b et w een S

n

�

0

and the lev el- n

�

con trol mesh is already smaller than � . Hence, the k ey

here is the construction of D

k

. W e will sho w the con-

struction of D

k

for S

k

3

( u; v ). This D

k

w orks for S

k

1

( u; v )

and S

k

2

( u; v ) as w ell.

F or 0 � u; v � 1, de�ne a bilinear plane L

k

3

( u; v ) on

the mesh face f V

k

4

, V

k

5

; V

k

2 N +7

; V

k

2 N +6

g as follo ws:

L

k

3

( u; v ) = (1 � v )[(1 � u ) V

k

4

+ u V

k

5

]

+ v [(1 � u ) V

k

2 N +7

+ u V

k

2 N +6

] :

(24)

Since S

k

3

( u; v ) is a uniform bicubic B-spline surface

patc h with con trol mesh �

k

3

, w e ha v e, b y Lemma 2,

k L

k

3

( u; v ) � S

k

3

( u; v ) k �

1

3

Z

k

3

(25)

where Z

k

3

is the second order norm of S

k

3

( u; v ). If w e

de�ne Z

i

0

to b e the second order norm of S

i

0

( u; v ), w e

ha v e

Z

k

3

� W Z

k � 1

0

� ( W )

k

Z

0

0

(26)

where

W =

8

>

>

>

>

<

>

>

>

>

:

2

3

; if N = 3

1

2

+

1

4 N

+

21

4 N

2

; if N = 5

3

4

+

2

N

�

21

2 N

2

; if N > 5

: (27)

The pro of of (26) is sho wn in App endix D. Hence, b y

com bining the ab o v e results, w e ha v e

Lemma 7 The maxim um distance b et w een S

k

3

and

L

k

3

satis�es the follo wing inequalit y

max k L

k

3

( u; v ) � S

k

3

( u; v ) k �

1

3

( W )

k

Z

0

0

(28)

where W is de�ned in (27) and Z

0

0

is the second order

norm of S ( u; v ).

It should b e p oin ted out that when de�ning Z

i

0

, only

the follo wing items are needed for second order forw ard

di�erences in v olving V

i

1

:

k 2 V

i

1

� V

i

2 j

� V

i

2[( j +2)% N ]

k ; j = 1 ; 2 ; � � � ; N :

6



Lemma 7 sho ws that if

1

3

( W )

k

Z

0

0

� � then the dis-

tance b et w een S

k

3

and L

k

3

is already smaller than � .

Ho w ev er, since n

�

sub divisions ha v e to b e p erformed

on �

0

0

to get S

n

�

0

an yw a y , D

k

for S

k

3

in this case is set

to n

�

. This condition holds for S

k

1

and S

k

2

as w ell.

If

1

3

( W )

k

Z

0

0

> � , further sub divisions are needed

on �

k

i

, i = 1 ; 2 ; 3, to mak e the distance b et w een S

k

i

,

i = 1 ; 2 ; 3, and the corresp onding mesh faces smaller

than � . Consider S

k

3

again. S

k

3

is a uniform bicubic B-

spline surface patc h with con trol mesh �

k

3

. Therefore,

if l

k

recursiv e sub divisions are p erformed on the con trol

mesh �

k

3

, b y Lemma 2 and Lemma 3, w e w ould ha v e

k L

l

k

3

( u; v ) � S

k

3

( u; v ) k �

1

3

(

1

4

)

l

k

Z

k

3

(29)

where L

l

k

3

( u; v ) is a lev el- l

k

con trol mesh relativ e to �

k

3

and Z

k

3

is the second order norm of S

k

3

( u; v ). Therefore,

b y com bining the ab o v e result with (26), w e ha v e

k L

l

k

3

( u; v ) � S

k

3

( u; v ) k �

1

3

(

1

4

)

l

k

( W )

k

Z

0

0

: (30)

W e get the follo wing Lemma b y setting the righ t hand

side of (30) smaller than or equal to � .

Lemma 8 In Lemma 7, if the distance b et w een S

k

3

and L

k

3

is not smaller than � , then one needs to p erform

l

k

l

k

= d log

4

�

( W )

k

Z

0

0

3 �

�

e (31)

more recursiv e sub divisions on the lev el-k con trol mesh

�

k

3

of S

k

3

to mak e the distance b et w een S

k

3

and the

lev el-( k + l

k

) con trol mesh smaller than � .

This result w orks for S

k

1

and S

k

2

as w ell. Note that

the v alue of ( W )

k

Z

0

0

is already computed in Lemma 7

and W has to b e computed only once. Therefore, the

sub division depth D

k

for S

k

1

, S

k

2

and S

k

3

is de�ned as

follo ws:

D

k

= max f n

�

; k + d log

4

�

( W )

k

Z

0

0

3 �

�

eg (32)

Consequen tly , w e ha v e the follo wing main theorem:

Theorem 9 Let �

0

0

= f V

i

j 1 � i � 2 N + 8 g b e

the con trol mesh of a CCSS patc h S ( u; v ). The con trol

p oin ts are ordered follo wing Stam's fashion [11 ] with V

1

b eing an extraordinary v ertex of v alence N (see Figure

2). F or a giv en � > 0, if w e compute n

�

as in (23) and

D as follo ws:

D = max f D

k

j 1 � k � n

�

g (33)

where D

k

is de�ned in (32) then after D recursiv e sub-

divisions, the distance b et w een S ( u; v ) and the lev el- D

con trol mesh is smaller than � .

4 Examples

Some examples of the presen ted distance ev aluating and

sub division depth computing tec hniques are sho wn in

this section. In Figures 5(a), 5(b) and 5(c), the dis-

tances b et w een the blue faces of the con trol meshes and

the corresp onding limit surface patc hes are 0.034, 0.15

and 0.25, resp ectiv ely . F or an error tolerance of 0.01,

the sub division depths computed for these mesh faces

are 1, 22 and 24, resp ectiv ely . The reason that the last

t w o cases ha v e large sub division depths is b ecause eac h

of them has an extraordinary v ertex. F or the blue mesh

face sho wn in Figure 5(c), sub division depths for error

tolerances 0.25, 0.2, 0.1, 0.01, 0.001, and 0.0001 are 1,

3, 9, 24, 40, and 56, resp ectiv ely .

(a) (b)

(c)

Figure 5: Distance and sub division depth computation

for a CCSS patc h with: (a) no extraordinary v ertex, (b)

an extraordinary v ertex of v alence 8, (c) an extraordi-

nary v ertex of v alence 5.

5 Conclusions

A sub division depth computation tec hnique for CCSS's

is presen ted. This tec hnique pro vides a precision/error

con trol to ol for all tessellation based applications of sub-

division surfaces.

One p ossible disadv an tage of the sub division depth

computation tec hnique is that it migh t generate a rel-

ativ ely large sub division depth for a vicinit y of an ex-

traordinary v ertex whic h is actually quite 
at. This is

b ecause the �rst order norm can detect the lo cation dif-

ference of t w o p oin ts, but not the di�erence b et w een

their curv atures. Therefore, ev en though t w o p oin ts are

on the same plane, as far as they are far apart, a large

n

�

w ould still b e generated b y the sub division depth

7



computation pro cess (see Theorem 6). A p ossible solu-

tion to this problem is to consider second order norm

for �

n

0

, �

n

1

, �

n

2

and �

n

3

as w ell as the �rst order norm

when computing n

�

for the vicinit y of an extraordinary

v ertex.

6 App endix A: Pro of of Lemma

3

It is su�cien t to sho w that, for eac h p ositiv e in teger i ,

one has

M

i +1

0 ; 0

�

1

4

M

i

0 ; 0

: (34)

The sixteen second order forw ard di�erences in v olv ed

in M

i +1

0 ; 0

can b e classi�ed in to four dategories: (C-1)

F � E � F , (C-2) E � F � E , (C-3) E � V � E , and

(C-4) V � E � V , based on the t yp e of the v ertices. F or

instance, a second order forw ard di�erence is said to

b e in the �rst category if an e dge vertex is sandwished

b y t w o fac e vertic es , suc h as 2 V

i +1

1 ; 0

� V

i +1

0 ; 0

� V

i +1

2 ; 0

.

Eac h category consists of four second order forw ard

di�erences. W e need to sho w that all these categories

satisfy (34). In the follo wing, w e pro v e (34) for one item

of eac h category . The pro of of the other items is similar.

Case 1 ( F � E � F ): consider 2 V

i +1

0 ; 1

� V

i +1

0 ; 2

� V

i +1

0 ; 0

.

k 2 V

i +1

0 ; 1

� V

i +1

0 ; 2

� V

i +1

0 ; 0

k

= k

1

8

(2 V

i

0 ; 1

� V

i

0 ; 2

� V

i

0 ; 0

) +

1

8

(2 V

i

1 ; 1

� V

i

1 ; 2

� V

i

1 ; 0

) k

�

1

8

M

i

0 ; 0

+

1

8

M

i

0 ; 0

=

1

4

M

i

0 ; 0

:

(35)

Case 2 ( E � F � E ): consider 2 V

i +1

0 ; 2

� V

i +1

0 ; 3

� V

i +1

0 ; 1

.

k 2 V

i +1

0 ; 2

� V

i +1

0 ; 3

� V

i +1

0 ; 1

k

= k

1

16

(2 V

i

0 ; 2

� V

i

0 ; 3

� V

i

0 ; 1

+ 2 V

i

0 ; 1

� V

i

0 ; 2

� V

i

0 ; 0

+ 2 V

i

1 ; 2

� V

i

1 ; 3

� V

i

1 ; 1

+ 2 V

i

1 ; 1

� V

i

1 ; 2

� V

i

1 ; 0

) k

�

1

16

M

i

0 ; 0

+

1

16

M

i

0 ; 0

+

1

16

M

i

0 ; 0

+

1

16

M

i

0 ; 0

=

1

4

M

i

0 ; 0

:

(36)

Case 3 ( E � V � E ): consider 2 V

i +1

1 ; 1

� V

i +1

1 ; 2

� V

i +1

1 ; 0

.

k 2 V

i +1

1 ; 1

� V

i +1

1 ; 2

� V

i +1

1 ; 0

k

= k

1

32

(2 V

i

0 ; 1

� V

i

0 ; 2

� V

i

0 ; 0

) +

3

16

(2 V

i

1 ; 1

� V

i

1 ; 2

� V

i

1 ; 0

)

+

1

32

(2 V

i

2 ; 1

� V

i

2 ; 2

� V

i

2 ; 0

) k

�

1

32

M

i

0 ; 0

+

3

16

M

i

0 ; 0

+

1

32

M

i

0 ; 0

=

1

4

M

i

0 ; 0

:

(37)

Case 4 ( V � E � V ): consider 2 V

i +1

1 ; 2

� V

i +1

1 ; 3

� V

i +1

1 ; 1

.

k 2 V

i +1

1 ; 2

� V

i +1

1 ; 3

� V

i +1

1 ; 1

k

= k

1

64

(2 V

i

0 ; 2

� V

i

0 ; 3

� V

i

0 ; 1

+ 2 V

i

0 ; 1

� V

i

0 ; 2

� V

i

0 ; 0

)

+

3

32

(2 V

i

1 ; 2

� V

i

1 ; 3

� V

i

1 ; 1

+ 2 V

i

1 ; 1

� V

i

1 ; 2

� V

i

1 ; 0

)

+

1

64

(2 V

i

2 ; 2

� V

i

2 ; 3

� V

i

2 ; 1

+ 2 V

i

2 ; 1

� V

i

2 ; 2

� V

i

2 ; 0

) k

� (

1

64

+

1

64

+

3

32

+

3

32

+

1

64

+

1

64

) M

i

0 ; 0

=

1

4

M

i

0 ; 0

:

(38)

This completes the pro of of the lemma. 2

7 App endix B: Con v ergence of

V

n

2 N +2

, ..., V

n

2 N +8

Note that if one can pro v e that

lim

n !1

( T )

n

= lim

n !1

�

�

T 0

�

T

1 ; 1

�

T

1 ; 2

�

n

= T

�

�

�

�

T

�

0

�

T

�

1 ; 1

0

�

(39)

where

�

T

�

is de�ned in (14) and

�

T

�

1 ; 1

is a 7 � (2 N + 1)

v ersion of

�

T

�

, i.e.,

�

T

�

1 ; 1

=

0

B

B

B

@

�

1

�

2

� � � �

2 N +1

�

1

�

2

� � � �

2 N +1

.

.

.

.

.

.

.

.

.

.

.

.

�

1

�

2

� � � �

2 N +1

1

C

C

C

A

7 � (2 N +1)

; (40)

then, b y (8), w e ha v e

V

n

j

! V

�

1

� �

1

V

1

+ �

2

V

2

+ � � � + �

2 N +1

V

2 N +1

for j = 2 N + 2 ; 2 N + 3 ; :::; 2 N + 8. Hence, to pro v e that

V

n

2 N +2

, ..., V

n

2 N +8

con v erge to V

�

1

, it is su�cien t to

sho w that (39) is true or, equiv alen tly , to sho w that (i)

(

�

T

1 ; 2

)

n

con v erges to a 7 � 7 zero matrix when n tends

to in�nit y , and (ii) the lo w er-left 7 � (2 N + 1) blo c k

of ( T )

2 n

con v erges to

�

T

�

1 ; 1

. (i) is ob vious b ecause

�

T

1 ; 2

con tains non-negativ e en tries and the sum of eac h ro w

is smaller than one. T o pro v e (ii), note that the sum of

eac h ro w of ( T )

n

is one and, from (i),

(

�

T

1 ; 2

)

n

! 0 :

Therefore, for eac h of the last 7 ro ws of ( T )

n

, the sum

of the �rst 2 N + 1 en tries is close to one when n is large.

On the other hand, when n is large, (14) is true, i.e.,

eac h column of (

�

T )

n

has almost iden tical en tries. Hence,

computing an en try of the lo w er-left 7 � (2 N + 1) blo c k

of ( T )

2 n

= ( T )

n

( T )

n

is lik e m ultiplying 2 N + 1 almost

iden tical en tries (in the same column of the upp er-left

(2 N + 1) � (2 N + 1) blo c k of the second ( T )

n

) b y 2 N + 1

non-negativ e n um b ers whose sum is close to one (in the

same ro w of the lo w er-left 7 � (2 N + 1) blo c k of the

�rst ( T )

n

). Consequen tly the v alue of that en try in the

lo w er-left 7 � (2 N + 1) blo c k of ( T )

2 n

= ( T )

n

( T )

n

is

close to the �rst 2 N + 1 almost iden tical en tries in the

same column of the second ( T )

n

and this completes the

pro of of (ii). 2

8 App endix C: Rate of Con v er-

gence of �

k

j

In this app endix w e pro v e Lemma 5 of Section 2.2.1.

Since �

k

1

is symmetric to �

k

3

, w e only need to consider

G

k

0

, G

k

2

and G

k

3

for the lemma.

8



(i) G

k

0

: F or an edge p oin t suc h as V

i +1

4

, w e ha v e

k V

i +1

1

� V

i +1

4

k

= k

P

N

j =4

3

2 N

2

( V

i

2 j

� V

i

1

) +

P

N

j =3

1

4 N

2

( V

i

2 j +1

� V

i

1

)

+ (

3

2 N

2

�

1

16

)( V

i

2

� V

i

1

) + (

1

4 N

2

�

1

16

)( V

i

3

� V

i

1

)

+ (

3

2 N

2

�

3

8

)( V

i

4

� V

i

1

) + (

1

4 N

2

�

1

16

)( V

i

5

� V

i

1

)

+ (

3

2 N

2

�

1

16

)( V

i

6

� V

i

1

) k

�

h

P

N

j =4

3

2 N

2

+

P

N

j =3

1

4 N

2

+ j 2(

3

2 N

2

�

1

16

) j

+(

3

8

�

3

2 N

2

) + 2(

1

16

�

1

4 N

2

)

�

G

i

0

=

8

<

:

(

3

8

+

7

4 N

�

4

N

2

) G

i

0

; if N = 3

(

5

8

+

7

4 N

�

10

N

2

) G

i

0

; if N � 5

(41)

where G

i

0

is de�ned in (19).

F or a face p oin t suc h as V

i +1

3

, w e ha v e

k V

i +1

1

� V

i +1

3

k

= k

P

N

j =3

3

2 N

2

( V

i

2 j

� V

i

1

) +

P

N

j =2

1

4 N

2

( V

i

2 j +1

� V

i

1

)

+ (

3

2 N

2

�

1

4

)( V

i

2

� V

i

1

) + (

1

4 N

2

�

1

4

)( V

i

3

� V

i

1

)

+ (

3

2 N

2

�

1

4

)( V

i

4

� V

i

1

)

�

h

P

N

j =3

3

2 N

2

+

P

N

j =2

1

4 N

2

+ 2(

1

4

�

3

2 N

2

) +

1

4

�

1

4 N

2

i

G

i

0

= (

3

4

+

7

4 N

�

13

2 N

2

) G

i

0

; N = 3 or N � 5 :

(42)

The other cases are similar to (41) or (42). Hence, w e

ha v e the follo wing inequalit y for N = 3 or N � 5:

G

i +1

0

� (

3

4

+

7

4 N

�

13

2 N

2

) G

i

0

�

�

3

4

+

7

4 N

�

13

2 N

2

�

i +1

G

0

0

:

(43)

(ii) G

k

3

: F or an edge p oin t suc h as V

i +1

2 N +8

, w e ha v e

k V

i +1

4

� V

i +1

2 N +8

k

= k

1

16

( V

i

2 N +8

+ V

i

2 N +7

� V

i

6

� V

i

5

) +

5

16

( V

i

3

� V

i

1

) k

� k

1

16

( V

i

2 N +8

� V

i

4

) +

1

16

( V

i

2 N +7

� V

i

4

)

+

1

16

( V

i

4

� V

i

6

) +

1

16

( V

i

4

� V

i

5

) +

5

16

( V

i

3

� V

i

1

) k

�

9

16

max f G

i

0

; G

i

3

g

(44)

where G

i

0

and G

i

3

are de�ned in (19).

F or a face p oin t suc h as V

i +1

3

, w e ha v e

k V

i +1

4

� V

i +1

3

k

= k

3

16

( V

i

2

+ V

i

3

) �

1

16

( V

i

6

+ V

i

5

) �

1

8

( V

i

1

+ V

i

4

) k

� k

3

16

( V

i

2

� V

i

1

) +

3

16

( V

i

3

� V

i

4

) +

1

16

( V

i

1

� V

i

6

)

+

1

16

( V

i

4

� V

i

5

) k

�

1

2

max f G

i

0

; G

i

3

g :

(45)

F or a v ertex p oin t suc h as V

i +1

2 n +7

, w e ha v e

k V

i +1

4

� V

i +1

2 N +7

k

= k

3

16

V

i

4

�

9

32

V

i

1

+

1

32

( V

i

3

+ V

i

5

) +

3

32

V

i

2 N +7

�

3

64

( V

i

6

+ V

i

2

) +

1

64

( V

i

2 N +8

+ V

i

2 N +6

) k

� k

1

64

( V

i

2 N +8

� V

i

4

) +

3

32

( V

i

2 N +7

� V

i

4

)

+

1

64

( V

i

2 N +6

� V

i

4

) +

9

32

( V

i

4

� V

i

1

) +

3

64

( V

i

1

� V

i

6

)

+

3

64

( V

i

1

� V

i

2

) +

1

32

( V

i

3

� V

i

1

) +

1

32

( V

i

5

� V

i

1

)

�

9

16

max f G

i

0

; G

i

3

g :

(46)

The other cases are similar to these cases. Hence, b y

com bining the results of (44), (45) and (46), w e ha v e

G

i +1

3

�

9

16

max f G

i

0

; G

i

3

g

�

9

16

(

3

4

+

7

4 N

�

13

2 N

2

)

i

max f G

0

0

; G

0

3

g :

(47)

The second inequalit y of (47) follo ws from (43). (47)

w orks for N = 3 or N � 5.

(iii) G

k

2

: F or an edge p oin t suc h as V

i +1

2 N +6

, w e ha v e

k V

i +1

2 N +6

� V

i +1

5

k

= k �

3

16

( V

i

1

+ V

i

6

) +

1

8

( V

i

4

+ V

i

5

)

+

1

16

( V

i

2 N +7

+ V

i

2 N +6

) k

= k

3

16

( V

i

4

� V

i

1

) +

3

16

( V

i

5

� V

i

6

) +

1

16

( V

i

2 N +7

� V

i

4

)

+

1

16

( V

i

2 N +6

� V

i

5

) k

�

1

2

max f G

i

1

; G

i

2

; G

i

3

g :

(48)

F or a v ertex p oin t suc h as V

i +1

2 N +2

, w e ha v e

k V

i +1

2 N +2

� V

i +1

5

k

= k

3

32

( V

i

2 N +6

� V

i

5

) �

1

64

( V

i

2 N +2

� V

i

5

)

�

3

32

( V

i

2 N +3

+ V

i

5

) +

1

64

( V

i

2 N +4

� V

i

6

)

+

1

64

( V

i

2 N +7

� V

i

4

) +

9

64

( V

i

5

� V

i

6

)

+

9

64

( V

i

5

� V

i

4

) +

15

64

( V

i

5

� V

i

1

) k

�

3

4

max f G

i

1

; G

i

2

; G

i

3

g :

(49)

The other cases are similar to these t w o cases. Hence,

b y com bining the results of (48), (49), (43) and (47), w e

ha v e

G

i +1

2

�

3

4

max f G

i

1

; G

i

2

; G

i

3

g

�

8

<

:

(

3

4

)

i +1

G

0

; if N = 3

(

3

4

)(

3 N

2

+7 N � 26

4 N

2

)

i

G

0

; if N � 5

(50)

where G

0

= max f G

0

0

; G

0

1

; G

0

2

; G

0

3

g . The lemma no w fol-

lo ws from (43), (47) and (50). 2

9 App endix D: Pro of of (26)

The pro of of Lemma 3 sho ws that the norms of most

of the second order forw ard di�erences of the con trol

p oin ts of �

k

3

satisfy the inequalit y

k 2 A � B � C k �

1

4

Z

k � 1

0

except 2 V

k

1

� V

k

2

� V

k

6

, 2 V

k

6

� V

k

1

� V

k

2 N +4

and 2 V

k

4

�

V

k

1

� V

k

2 N +7

. The last t w o cases are similar. Hence, w e

only need to consider the �rst t w o cases.

In the second case w e ha v e

k 2 V

i +1

6

� V

i +1

1

� V

i +1

2 N +4

k

= k

1

64 N

2

f N

2

(2 V

i

7

� V

i

8

� V

i

2 N +5

)

9



+ N

2

(2 V

i

5

� V

i

2 N +3

� V

i

4

)

+6 N

2

(2 V

i

6

� V

i

1

� V

i

2 N +4

)

+8

N

X

j =1

(2 V

i

2[ j % N +1]

� V

i

2 j +1

� V

i

2[ j % N +1]+1

)

+(8 N

2

� 56)( � 2 V

i

1

+ V

i

4

+ V

i

8

)

+56

N +1

X

j =3

(2 V

i

1

� V

i

2[( j � 1)% N +1]

� V

i

2[( j +1)% N +1]

) gk

� (

1

4

+

1

N

�

7

4 N

2

) Z

i

0

; N = 3 or N � 5

where Z

i

0

is the second order norm of S

i

0

. In the ab o v e

deriv ation, V

i

8

should b e replaced with V

i

2

when N = 3.

In the �rst case, when N � 5, w e ha v e

k 2 V

i +1

1

� V

i +1

2

� V

i +1

6

k

=

1

16 N

2

k

N

X

j =1

4( V

i

2 j � 1

� 2 V

i

2 j

+ V

i

2 j +1

)

+ N

2

(2 V

i

2

� V

i

2 N +1

� V

i

3

)

+ N

2

(2 V

i

6

� V

i

7

� V

i

5

)

+( N

2

� 28)(2 V

i

1

� V

i

4

� V

i

2 N

)

+( N

2

� 28)(2 V

i

1

� V

i

4

� V

i

8

)

�

N � 1

X

j =5

28(2 V

i

1

� V

i

2 j

� V

i

2( j � 2)

)

� 28(2 V

i

1

� V

i

2 N � 4

� V

i

2 N

)

� 28(2 V

i

1

� V

i

2 N � 2

� V

i

2

)

+(8 N

2

� 28)(2 V

i

1

� V

i

2

� V

i

6

) k

�

�

(

1

2

+

1

4 N

+

21

4 N

2

) Z

i

0

; if N = 5

(

3

4

+

2

4 N

�

21

2 N

2

) Z

i

0

; if N > 5

:

In the �rst summation, one should use V

i

2 N +1

for V

i

2 j � 1

when j = 1. The di�erence b et w een the case N = 5 and

N � 6 comes from the fact that ( N

2

� 28) is negativ e

when N = 5. when N = 3, w e ha v e

k 2 V

i +1

1

� V

i +1

2

� V

i +1

6

k

=

1

144

k 5(2 V

i

2

� V

i

3

� V

i

7

) + 5(2 V

i

6

� V

i

7

� V

i

5

)

� 4(2 V

i

4

� V

i

3

� V

i

5

) � 19(2 V

i

1

� V

i

4

� V

i

2

)

� 19(2 V

i

1

� V

i

4

� V

i

6

) + 44(2 V

i

1

� V

i

2

� V

i

6

) k

�

2

3

Z

i

0

; when N = 3

Consequen tly , from the ab o v e results w e ha v e the �rst

part of (26). The second part of (26) follo ws from the

observ ation that the norms of second order forw ard dif-

ferences similar to 2 V

i +1

1

� V

i +1

2

� V

i +1

6

dominates the

other second order forw ard di�erences in all subsequen t

norm computation. 2
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