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Abstract A sharp estimate is giv en for the �rst order absolute momen t of Mey er-

K• onig and Zeller op erators M

n

. This estimate is then used to pro v e con v ergence

of appro ximation of a class of absolutely con tin uous functions b y the op erators

M

n

. The condition considered here is w eak er than the condition considered in a

previous pap er and the rate of con v ergence w e obtain is asymptotically the b est

p ossible.

1 In tro duction

F or a function f de�ned on [0, 1], the Mey er-K• onig and Zeller op erators M

n

[5]

are de�ned b y

M

n

( f ; x ) =

1

X

k =0

f

�

k

n + k

�

m

n;k

( x ) ; 0 � x < 1 ;

M

n

( f ; 1) = f (1) ; m

n;k

( x ) =

 

n + k

k

!

x

k

(1 � x )

n +1

: (1)

Let

K

n;x

( t ) =

8

>

<

>

:

P

k � nt= (1 � t )

m

n;k

( x ) ; 0 < t < 1 ;

1 ; t = 1 ;

0 ; t = 0 :

1
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Then op erators M

n

ha v e the follo wing Leb esgue-Stieltjes in tegral represen tation

M

n

( f ; x ) =

Z

1

0

f ( t ) d

t

K

n;x

( t ) : (2)

Estimates of the �rst order absolute momen t of the appro ximation op erators pla y

a k ey role in v arious in v estigations of con v ergence of the appro ximation op erators

(for example, cf. [3, 4, 6, 7, 8]). In this pap er w e giv e a sharp estimate for the

�rst order absolute momen t of the op erators M

n

. F urthermore, b y means of this

estimate and some analysis tec hniques w e establish a con v ergence theorem on the

appro ximation of a class of absolutely con tin uous functions b y the op erators M

n

.

The rate of con v ergence w e obtain in this theorem is essen tially the b est p ossible.

2 Results and Pro ofs

F or the �rst order absolute momen t of Mey er-K• onig and Zeller op erators M

n

, w e

ha v e the follo wing result.

Theorem 1. F or x 2 (0 ; 1], w e ha v e

M

n

( j t � x j ; x ) =

p

2 x (1 � x )

p

� n

+ O

�

1

n

p

nx

�

: (3)

Pro of. If x = 1, (3) is true. Let 0 < x < 1 and write r = x= (1 � x ). By the fact

that M

n

( t; x ) = x w e ha v e

M

n

( j t � x j ; x ) =

[ nr ]

X

k =0

�

x �

k

n + k

�

m

n;k

( x ) +

1

X

k =[ nr ]+1

�

k

n + k

� x

�

m

n;k

( x )

= 2

[ nr ]

X

k =0

�

x �

k

n + k

�

m

n;k

( x ) + M

n

( t � x; x )

= 2

[ nr ]

X

k =0

 

n + k

k

!

x

k +1

(1 � x )

n +1

� 2

[ nr ]

X

k =0

k

n + k

 

n + k

k

!

x

k

(1 � x )

n +1

= 2

[ nr ]

X

k =0

 

n + k

k

!

x

k +1

(1 � x )

n +1

� 2

[ nr ] � 1

X

k =0

 

n + k

k

!

x

k +1

(1 � x )

n +1

2



= 2

 

n + [ nr ]

n

!

x

[ nr ]+1

(1 � x )

n +1

: (4)

Next w e estimate

2

 

n + [ nr ]

n

!

x

[ nr ]+1

(1 � x )

n +1

:

Using Stirling's form ula [9] n ! =

p

2 � n ( n=e )

n

e

�

; 0 < � < 1 = 12 n , w e get

2

 

n + [ nr ]

n

!

= 2

( n + [ nr ])!

n ! [ nr ]!

=

r

2

�

( n + [ nr ])

n +[ nr ]+1 = 2

n

n +1 = 2

[ nr ]

[ nr ]+1 = 2

e

�

1

� �

2

� �

3

; (5)

where 0 < �

1

<

1

12( n + [ nr ])

; 0 < �

2

<

1

12 n

; 0 < �

3

<

1

12[ nr ]

.

Set c ( � ) = �

1

� �

2

� �

3

, simple calculation deriv es

�

1

12 n

�

1

12[ nr ]

< c ( � ) � 0 : (6)

Since r = x= (1 � x ), b y straigh tforw ard calculation w e ha v e

x

[ nr ]+1 = 2

(1 � x )

n

=

r

[ nr ]+1 = 2

(1 + r )

n +[ nr ]+1 = 2

: (7)

F urthermore w e �nd that

( n + [ nr ])

n +[ nr ]+1 = 2

n

n +1 = 2

[ nr ]

[ nr ]+1 = 2

r

[ nr ]+1 = 2

(1 + r )

n +[ nr ]+1 = 2

=

1

p

n

�

nr

[ nr ]

�

[ nr ]+1 = 2

�

n + [ nr ]

n + nr

�

n +[ nr ]+1 = 2

:

(8)

Th us it follo ws from (5-8) that

2

 

n + [ nr ]

n

!

x

[ nr ]+1

(1 � x )

n +1

=

p

x (1 � x )2

 

n + [ nr ]

n

!

x

[ nr ]+1 = 2

(1 � x )

n

=

p

2 x (1 � x )

p

� n

�

nr

[ nr ]

�

[ nr ]+1 = 2

�

n + [ nr ]

n + nr

�

n +[ nr ]+1 = 2

e

c ( � )

: (9)

W rite

A ( n; r ) =

�

nr

[ nr ]

�

[ nr ]+1 = 2

�

n + [ nr ]

n + nr

�

n +[ nr ]+1 = 2

; (10)

and

nr = [ nr ] + � (0 � � < 1) :
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Then

A ( n; r ) =

�

1 +

�

[ nr ]

�

[ nr ]+1 = 2

�

1 +

�

n + [ nr ]

�

� ( n +[ nr ]+1 = 2)

:

Th us

log A ( n; r ) = ([ nr ] + 1 = 2) log

�

1 +

�

[ nr ]

�

� ( n + [ nr ] + 1 = 2) log

�

1 +

�

n + [ nr ]

�

= ( [ nr ] + 1 = 2)

 

�

[ nr ]

+ O

�

�

[ nr ]

�

2

!

� ( n + [ nr ] + 1 = 2)

 

�

n + [ nr ]

+ O

�

�

n + [ nr ]

�

2

!

= O

�

[ nr ]

� 1

�

;

whic h means that

A ( n; r ) = 1 + O

�

[ nr ]

� 1

�

: (11)

Hence from (4), (9), (10), (11) and the fact that e

c ( � )

= 1 + O ( n

� 1

+ [ nr ]

� 1

), w e

get

M

n

( j t � x j ; x ) = 2

 

n + [ nr ]

n

!

x

[ nr ]+1

(1 � x )

n +1

=

p

2 x (1 � x )

p

� n

�

1 + O ( n

� 1

+ [ nr ]

� 1

)

�

=

p

2 x (1 � x )

p

� n

+ O

�

1

n

p

nx

�

and Theorem 1 is pro v ed.

Next w e consider appro ximation of the op erators M

n

for a class of absolutely

con tin uous functions �

D B

de�ned b y

�

D B

= f f

�

�

�

�

f ( t ) � f (0) =

Z

t

0

h ( u ) du; t 2 [0 ; 1] ; h is b ounded on [0 ; 1] ;

and h ( x +) ; h ( x � ) exist at x 2 (0 ; 1) g :

The follo wing three quan tities are needed in this pap er. The readers are referred

to Reference [8, p. 244] for their basic prop erties.




x �

( h; �

1

) = sup

t 2 [ x � �

1

; x ]

j h ( t ) � h ( x ) j ; 


x +

( h; �

2

) = sup

t 2 [ x; x + �

2

]

j h ( t ) � h ( x ) j ;

4




( x; h; � ) = sup

t 2 [ x � x=�; x +(1 � x ) =� ]

j h ( t ) � h ( x ) j ;

where h is b ounded on [0, 1], x 2 [0 ; 1] is �xed, 0 � �

1

� x , 0 � �

2

� 1 � x , and

� � 1.

W e no w state the appro ximation theorem as follo ws.

Theorem 2. L et f 2 �

D B

and write � = h ( x +) � h ( x � ). Then for n su�-

ciently lar ge we have

�

�

�

�

�

M

n

( f ; x ) � f ( x ) � �

p

x (1 � x )

p

2 � n

�

�

�

�

�

�

4 � 2 x

n

[

p

n ]

X

k =1


( x; h

x

; k ) +

C j � j

n

p

nx

: (12)

wher e C is a c onstant indep endent of n and x , [

p

n ] is the gr e atest inte ger not

exc e e ding

p

n and h

x

( t ) is de�ne d by

h

x

( t ) =

8

>

<

>

:

h ( t ) � h ( x +) ; x < t � 1

0 ; u = x

h ( t ) � h ( x � ) ; 0 � t < x;

: (13)

In view of the fact that

1

p

n

[

p

n ]

X

k =1


( x; h

x

; k ) ! 0 ( n ! 1 ), from Theorem 2 w e

get the asymptotic form ula

M

n

( f ; x ) = f ( x ) +

p

x (1 � x )

p

2 � n

� + o ( n

� 1 = 2

) ;

if f satis�es the assumptions of Theorem 2. In particular, (12) is true for f 2

D B V [0 ; 1] ( that is, f is di�eren tiable function whose deriv ativ e is of b ounded

v ariation, cf. [3]), since the class of functions D B V [0 ; 1] is a sub class of the class

�

D B

. W e also p oin t out that Ab el [1] presen ted the complete asymptotic expansion

for the op erators M

n

under m uc h stronger conditions.

Moreo v er, it is of in terest to consider some further results. Let f satisfy the

assumptions of Theorem 2 and 
( x; h

x

; � ) = O (1 =� )

�

for some � > 0. Then from

Theorem 2 w e get

M

n

( f ; x ) = f ( x ) +

p

x (1 � x )

p

2 � n

� +

8

>

<

>

:

O ( n

� ( � +1) = 2

) ; if 0 < � < 1 or 1 < � < 2

O (log

p

n =n ) ; if � = 1

O ( n

� 3 = 2

) ; if � � 2

:
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Pro of of Theorem 2.

By Bo janic decomp osition w e ha v e

h ( u ) =

h ( x +)+ h ( x � )

2

+

h ( x +) � h ( x � )

2

sg n ( u � x ) + h

x

( u )

+ �

x

( u )

�

h ( x ) �

h ( x +)+ h ( x � )

2

�

;

(14)

where sg n ( u ) is sym b olic function, h

x

is as de�ned in (13), and

�

x

( t ) =

(

1 ; t = x

0 ; t 6= x

:

Note that M

n

( t; x ) = x ,

Z

t

x

sg n ( u � x ) du = j t � x j , and

Z

t

x

�

x

( u ) du = 0. F rom

(14) it follo ws b y simple computation that

f ( t ) � f ( x ) =

Z

t

x

h ( u ) du =

h ( x +) � h ( x � )

2

j t � x j +

Z

t

x

h

x

( u ) du:

Th us

M

n

( f ; x ) � f ( x ) =

h ( x +) � h ( x � )

2

M

n

( j t � x j ; x ) + M

n

�

Z

t

x

h

x

( u ) du; x

�

: (15)

By Leb esgue-Stieltjes in tegral represen tation (2) w e ha v e

M

n

�

Z

t

x

h

x

( u ) du; x

�

=

Z

1

0

�

Z

t

x

h

x

( u ) du

�

d

t

K

n;x

( t )

= L ( h; n; x ) + Q ( h; n; x ) ; (16)

where

L ( h; n; x ) =

Z

x

0

�

Z

t

x

h

x

( u ) du

�

d

t

K

n;x

( t ) ;

Q ( h; n; x ) =

Z

1

x

�

Z

t

x

h

x

( u ) du

�

d

t

K

n;x

( t ) :

In tegration b y parts and note that K

n;x

(0) = 0, h

x

( x ) = 0 w e ha v e

j L ( h; n; x ) j =

�

�

�

�

Z

x

0

K

n;x

( t ) h

x

( t ) dt

�

�

�

�

�

Z

x

0

K

n;x

( t )


x �

( h

x

; x � t ) dt (17)
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=

Z

x � x=

p

n

0

K

n;x

( t )


x �

( h

x

; x � t ) dt +

Z

x

x � x=

p

n

K

n;x

( t )


x �

( h

x

; x � t ) dt: (18)

By Lemma 2.1 of [2] there holds inequalit y

M

n

(( t � x )

2

; x ) �

�

1 +

2 x

n � 1

�

x (1 � x )

2

n + 1

:

Using this inequalit y , for 0 � t < x w e deduce that

K

n;x

( t ) �

X

k

n + k

� t

m

n;k

( x ) �

X

k

n + k

� t

�

k = ( n + k ) � x

x � t

�

2

m

n;k

( x )

�

M

n

�

( u � x )

2

; x

�

( x � t )

2

�

1

( x � t )

2

�

1 +

2 x

n � 1

�

x (1 � x )

2

n + 1

�

2 x (1 � x )

2

n ( x � t )

2

:

Th us b y replacemen t of v ariable t = x � x=u w e ha v e

Z

x � x=

p

n

0

K

n;x

( t )


x �

( h

x

; x � t ) dt �

2 x (1 � x )

2

n

Z

x � x=

p

n

0




x �

( h

x

; x � t )

( x � t )

2

dt

=

2(1 � x )

2

n

Z

p

n

1




x �

( h

x

; x=u ) du

�

2(1 � x )

2

n

[

p

n ]

X

k =1




x �

( h

x

; x=k ) : (19)

On the other hand, b y inequalit y K

n;x

( t ) � 1 and the monotonicit y of 


x �

( h

x

; � ),

it follo ws that

Z

x

x � x=

p

n

K

n;x

( t )


x �

( h

x

; x � t ) dt �

x

p

n




x �

�

h

x

; x=

p

n

�

�

2 x

n

[

p

n ]

X

k =1




x �

( h

x

; x=k ) :

(20)

F rom (19) and (20) and using the basic prop ert y 


x �

( h

x

; � ) � 
( x; h

x

; x=� ) (cf.

[8, p. 244]) w e get

j L ( h; n; x ) j �

2 � 2 x + 2 x

2

n

[

p

n ]

X

k =1


( x; h

x

; k ) : (21)

A similar estimate giv es

j Q ( h; n; x ) j �

2 � 2 x

2

n

[

p

n ]

X

k =1


( x; h

x

; k ) : (22)

Theorem 2 no w follo ws from Eq. (15), (3), (16), (21), and (22).
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3 Asymptotic Optimalit y of the Estimate in Theorem 2

In this section w e sho w that the estimate in Theorem 2 is essen tially the b est

p ossible.

T ak e function f ( t ) = j t � 1 = 2 j 2 �

D B

at p oin t x = 1 = 2 2 (0 ; 1). Then f (1 = 2) =

0, r = x= (1 � x ) = 1, h ( u ) = sg n ( u � 1 = 2), h

1 = 2

( u ) � 0, h ( x +) � h ( x � ) = 2, and

(12) b ecomes

�

�

�

�

M

n

( j t � 1 = 2 j ; 1 = 2) �

1

2

p

� n

�

�

�

�

�

2

p

2 C

n

3 = 2

: (23)

On the other hand, b y Straigh tforw ard computation and Stirling's form ula [9]

n ! = (2 � n )

1 = 2

( n=e )

n

e

�

;

�

1

12 n + 1

< � <

1

12 n

�

;

w e get

M

n

( j t � 1 = 2 j ; 1 = 2) = 2

 

n + n

n

!

�

1

2

�

2 n +2

=

(2 n )!

n ! n !

�

1

2

�

2 n +1

=

p

2 � 2 n (2 n=e )

2 n

�

p

2 � n ( n=e )

n

�

2

�

1

2

�

2 n +1

e

�

1

� 2 �

2

=

1

2

p

� n

e

�

1

� 2 �

2

; (24)

where

1

24 n + 1

< �

1

<

1

24 n

;

1

12 n + 1

< �

2

<

1

12 n

:

Simple computation giv es

1

9 n

<

2

12 n + 1

�

1

24 n

< 2 �

2

� �

1

<

1

6 n

�

1

24 n + 1

<

1

6 n

: (25)

Th us, from (24) and (25) w e ha v e

�

�

�

�

M

n

( j t � 1 = 2 j ; 1 = 2) �

1

2

p

� n

�

�

�

�

=

1

2

p

� n

�

1 � e

�

1

� 2 �

2

�

=

1

2

p

� n

e

2 �

2

� �

1

� 1

e

2 �

2

� �

1

>

1

2

p

� n

2 �

2

� �

1

e

2 �

2

� �

1

>

1

2

p

� n

1 = 9 n

e

1 = 2

=

1

18

p

� e n

3 = 2

: (26)

Eqs. (23) and (26) mean that for f ( t ) = j t � 1 = 2 j , the follo wing inequalit y holds

3

n

[

p

n ]

P

k =1




�

1

2

; h
1

2

; k

�

+

1 = 18

p

� e

n

p

n

�

�

�

�

M

n

�

f ;

1

2

�

� f

�

1

2

�

�

1

2

p

� n

�

�

�

�

3

n

[

p

n ]

P

k =1




�

1

2

; h
1

2

; k

�

+

2

p

2 C

n

p

n

:

(27)
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Inequalit y (27) sho ws that the estimate (12) in Theorem 2 is asymptotically opti-

mal.
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