
Removing local irregularities of triangular meshes
with highlight line models

YONG Jun-Hai1,4 † , DENG Bai-Lin1,2,4, CHENG Fuhua3, WANG Bin1,4,
WU Kun1,2,4 & GU Hejin5

1School of Software, Tsinghua University,Beijing 100084, P. R. China
2Department of Computer Science and Technology, Tsinghua University, Beijing 100084, P. R. China
3Department of Computer Science, University of Kentucky, Lexington, KY 40506-0046, USA
4Key Laboratory for Information System Security, Ministry of Education of China, Beijing 100084, P. R.
China
5Jiangxi Academy of Sciences, Nanchang 330029, P. R. China

Abstract
The highlight line model is a powerful tool in assessing the quality of a surface. Its presence

increases the flexibility of an interactive design environment. In this paper, a method to generate
a highlight line model on an arbitrary triangular mesh is presented. Based on the highlight line
model, a fairing technique to remove local irregularities of a triangular mesh is then presented.
The fairing is done by solving a minimization problem and performing an iterative procedure.
The new technique improves not only the shape quality of the mesh surface, but the highlight line
model as well. It provides an intuitive and yet suitable method for locally repairing a triangular
mesh.
Keywords: highlight lines, mesh fairing, shape modification, model repair
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1 Introduction
The highlight line model [1] is a powerful tool in assessing the quality of free-form
surfaces, because the discontinuity on a surface is magnified by an order of one in
the highlight line model [1]. And it has become increasingly popular in engineering
design, especially in the design of automotive-body surfaces. Actually it has already
been included as a design tool in several commercial geometric modeling systems,
such as EDS’ Unigraphics and Tsinghua University’s TiGems. Recently there is a
strong demand for efficient, dynamic highlight lines generation from the graphics side
and video entertainment industry as well [2], because highlight lines can aid depth
perception and, consequently, realism of a scene.

†Corresponding author (email: yongjh@tsinghua.edu.cn)
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While non-uniform rational B-spline (NURBS) surfaces continue to be a major
representation scheme in 3D modeling, triangular meshes have gained much popular-
ity in graphics and geometric modeling recently. Triangular meshes have advantages
over traditional parametric surfaces in several aspects. Unlike traditional parametric
surfaces, the definition of a triangular mesh does not require a rectangular parametric
domain. There is no restriction on the shape and topology of a triangular mesh. A
triangular mesh is all that is needed to represent any solid object or surface. Besides,
modern graphics hardware is optimized to render triangles, making triangular meshes
important in the graphics processing pipeline. Triangular meshes have already been
a primary surface/solid representation scheme in many areas, such as reverse engi-
neering, rapid prototyping, conceptual design, and simulation, with three-dimensional
scanners as a standard source for geometric data acquisition. There are other ways
to produce a triangular mesh as well. Triangulation of free-form surfaces is usually
necessary for rendering or manufacturing purpose. Subdivision schemes, which pro-
vide a new way to generate surfaces, may lead to triangular meshes as well, and have
been used in some games and three-dimensional cartoons. Our goal here is to make
the highlight line model available for triangular meshes so that it is possible to visually
assess the quality of a triangular mesh, and to develop techniques to optimize the mesh
faces where quality of the mesh is not satisfactory.

Due to the increasing importance of triangular meshes, various mesh smoothing
techniques have been developed during the past decade to improve mesh surface qual-
ity. These techniques perform their tasks by changing the positions of mesh vertices
without affecting their connectivity. Mesh smoothing has two different goals. The first
one is to eliminate noises in mesh data. For example, meshes acquired by range scan-
ners usually have high frequency noises in the vertex positions. And mesh smoothing
methods are applied to smooth out these noises while preserving the overall shape of
the mesh model. Such mesh smoothing methods are referred to as mesh denoising.
Among them, filtering techniques iteratively apply local filters to mesh vertices to ob-
tain their new positions. Taubin [3] defines the Laplacian operator on mesh vertices,
and alternately applies two Laplacian filters with different scale factors to attenuate
mesh shrinkage. Variants of Laplacian smoothing (e.g., [4][5]) have been proposed for
improved performance such as automatic anti-shrinking effects. Other filtering tech-
niques such as Wiener filters [6][7] and bilateral filters [8][9] have also been developed.
Another class of denoising techniques, the geometric flow methods, evolve a mesh by
determining the velocity of each mesh vertex as a function of the current geometry.
Examples include the diffusion flow and mean curvature flow proposed by Desbrun et
al. [10], and other works with different choices the velocity function [11][12][13]. To
preserve the geometric features such as edges and corners while denoising the mesh,
anisotropic diffusion methods are developed [14][15][16]. The basic idea is to smooth
the mesh surface in a certain direction and retain or enhance sharp features in another
direction. The above techniques modify vertex positions directly. Normal filtering
techniques, instead, smooth mesh normals, and then evolve the mesh to fit the modified
normals [17][18][19].

The other goal of mesh smoothing is to produce high quality surface that satisfies
certain aesthetic requirements(i.e., a fair mesh). Such methods are usually called mesh
fairing. Among these techniques, some tries to improve the shape quality of the whole
mesh surface. For this purpose, energy minimization has been adapted from traditional
computer aided geometric design(CAGD) techniques to perform mesh fairing. The
idea is to minimize an energy functional that penalizes unaesthetic behaviors of the
mesh shape [20][21][22]. Other mesh fairing techniques only modify part of the mesh
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surface, which is usually inside a region specified by the user. We will refer to such
fairing techniques as local fairing. Local fairing techniques usually determine new
vertex positions inside modification region by high-order solving partial differential
equations (PDEs), which characterize the properties of meshes with high quality shape
and ensure geometric continuities of the mesh along the region boundaries. Schneider
and Kobbelt [23] present an algorithm to create fair mesh surfaces with subdivision
connectivity satisfying G1 boundary conditions, by solving a fourth-order non-linear
PDE. Later they extend the work onto irregular meshes[24]. Xu et al. [25] discuss the
discretization and solution of several high-order non-linear PDEs for discrete surface
modeling methods such as free-form mesh surface fitting with given boundary condi-
tions. The surface diffusion flow method by Xu et al. in [25] essentially solves the same
fourth-order PDE as the one solved by Schneider and Kobbelt in [23][24]. Therefore,
the final surfaces obtained by these methods [23][24][25] have similar shape. For these
PDE-based methods, the solution is affected by the boundary conditions of the PDE.
Therefore, to acquire the desired shape of the modified surface with such PDE-based
approaches, a user needs to be careful in specifying the modification region, in order to
obtain appropriate boundary conditions. And the effect of the boundary specification
on the final shape will not be known until the PDE is solved. Besides, as the examples
in this paper indicate, on the new surface obtained from these local fairing techniques
the highlight line model may not be of desired shape, which makes these techniques
not suitable for applications where the shape of the highlight line model is critical.

In this paper, we propose to improve the quality of a triangular mesh with the help
of a highlight line model. We start with defining a highlight line model for triangular
meshes and proposing an efficient method for the construction of such a model. With
the highlight line model, it is easy to identify shape irregularities of a triangular mesh.
We then propose a method to remove local irregularities identified with the highlight
line model, and produce a new mesh with better surface quality and highlight line
model. Our method first constructs a set of smooth curves as the target shape of the
highlight lines inside the modification region. Then we iteratively moves the mesh
vertices by minimizing a target function which measures the shape quality of the new
mesh surface as well as the difference between the new highlight lines and the target
highlight lines. Note that for triangular meshes, irregularity can also refer to irregular
distributions of vertices over the mesh surface. In this paper we do not consider such
irregularities, and we only remove irregularities of mesh surface shape.

Our method assumes the mesh to be noise-free and seeks to improve the mesh
surface quality inside user-specified regions. It falls into the category of local fairing
techniques. In our method, the shape of the highlight line model magnifies the dis-
continuities on the mesh surface, which helps the user to locate the region with shape
irregularities for subsequent optimization. The constructed target highlight lines reveal
the shape of the new surface and new highlight lines without actually performing the
optimization, and enables the user to decide whether the specification of modification
region is appropriate. The target highlight lines are constructed using Optimized Geo-
metric Hermite(OGH) interpolation [26], which is able to generate smooth interpolat-
ing curves without undesired loops, cusps, or folds. By optimizing a fairness function
that considers the quality of the new surface as well as the new highlight line model,
we obtain a modified surface with desired shape of highlight line model. Our approach
leads to a more intuitive and flexible process of local fairing, especially when a high
quality highlight line model is required.

Apart from the highlight line model, the reflection line model [27] can also magnify
the discontinuities on a surface and has been used in mesh quality assessment. How-
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ever, the reflection line model is dependent on both the viewpoint and the light sources.
The highlight line model is a simplification of the reflection line model, which decou-
ples the viewing operation from the manipulation of highlight lines [1]. This results in
more effective interaction during the inspection of the surface. Therefore, we choose
the highlight line model as the quality assessment tool. The optimization technique
proposed in this paper can also be extended to work with the reflection line model.

The rest of the paper is organized as follows. Section 2 introduces the highlight line
model for NURBS surfaces and its generalization to triangular meshes, and proposes a
method to compute it. A method for improving the quality of a triangular mesh using
the highlight line model is presented in Section 3. Implementation details and examples
are provided in Section 4. Concluding remarks and possible future research directions
are discussed in Section 5.

2 Highlight line model for triangular meshes

2.1 Highlight line model on NURBS surfaces and triangular meshes
Given a NURBS surface P(u, v), a highlight line is the imprint of a linear light source
positioned above the surface. Let L(t) be the parametric representation of a linear light
source

L(t) = A+ tH, t ∈ R,

where A is a point on L(t), and H is a vector defining the direction of L(t). The
imprint of L(t) on P(u, v) is a set of points of P(u, v), for which the perpendicular
distance between the surface normal and L(t) is zero. More precisely, for any point
B on P(u, v), denote by NB the surface normal at B. Then the line through B along
direction NB is given by

E(s) = B+ sNB, s ∈ R.

B is in the imprint of L(t) if E(s) intersects L(t). This imprint is called a highlight
line corresponding to L(t) (see Figure 1(a)). If a set of coplanar parallel linear light
sources is used, the family of highlight lines corresponding to these light sources is
called a highlight line model (see Figure 1(b)). A highlight line model is sensitive
to the changes of surface normal directions, and thus can be used to detect surface
normal/curvature irregularities [1].

We define a highlight line model for triangular meshes in a similar way. Given a
linear light source L(t), the highlight line corresponding to L(t) is the set of points on
the mesh surface where the perpendicular distance between the surface normal and L(t)
is zero. A highlight line model on the mesh is a family of highlight lines corresponding
to a set of coplanar parallel linear light sources, where the distance between adjacent
light sources is constant. We compute a highlight line model for a triangular mesh
with the following steps. First for each mesh vertex, the intersection point between
its normal direction and the light source plane is located. Then on each mesh edge,
we use linear interpolation to find the points whose normal direction intersects the
light sources. We call such points highlight nodes. They are the intersection points
of the highlight lines with the mesh edges. Finally, on each triangle, highlight nodes
corresponding to the same light source are connected with line segments. Details of
these steps are presented below.
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E(s) = B+ sNB
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L(t) = A+ tH
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B

(a) (b)

Figure 1: Illustration of a highlight line (a) and a highlight line model (b) on a NURBS
surface ((b) is reproduced from [28] ).

2.2 Intersection point calculation
Let S be the light source plane, Z the unit normal vector of S, and H the unit direction
vector of the light sources. For a point P on the mesh surface with the unit normal
vector NP, the line through P along direction NP is EP(s) = P+ sNP, s ∈ R. Our
task here is to locate the point where EP(s) intersects S. Instead of the exact position
of the intersection point, we only need its signed distance value defined as follows.
Choose one of the light sources L0 as the base light source, and let A0 be a point on
L0. For a point Y on plane S, the signed distance value of Y to the base light source
L0 is defined as

DY = (Y −A0) · (Z×H) .

For two points Y1 and Y2 on different sides of L0, DY1
and DY2

are of different
signs. Denote by dP the signed distance value of the intersection point between line
EP(s) and plane S. Then as shown in [2],

dP =
[(P−A0)×H] ·NP

Z ·NP

. (1)

We call dP the highlight distance value of point P. It has the following property. Let
s be the distance between adjacent light sources in S. If

dP = s×m (2)

where m is an integer, then the intersection point is on the mth light source counting
from L0 along direction Z×H.

2.3 Highlight node calculation
We next compute and store the highlight nodes. From the above property of highlight
distance values, the highlight nodes are those points on mesh edges whose highlight
distance values satisfy Equation (2). We first calculate the highlight distance value for
each mesh vertex, and then use linear interpolation to obtain the highlight distance val-
ues for interior points of a mesh edge. For each mesh vertex V, we calculate its unit
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(a) (b) (c)

Figure 2: Possible cases of highlight node connection

normal vector as the normalized sum of the unit normal vector of all its adjacent trian-
gles, weighted by their areas. This unit normal vector is used to obtain the highlight
distance value dV of V from Equation (1). For an interior point P̂ of a mesh edge
Ei, the highlight distance value of P̂ is obtained by performing linear interpolation on
highlight distance values dVi1

and dVi2
of the two vertices Vi1 and Vi2 of Ei, i.e.,

dP̂ =
‖P̂−Vi2‖dVi1

+ ‖Vi1 − P̂‖dVi2

‖Vi1 −Vi2‖
. (3)

Now we have highlight distance values for all points on mesh edges, we can find out
and store the points satisfying Equation (2) as highlight nodes. Let Q be a highlight
node where dQ = s × mQ for some integer mQ. We call mQ the index of Q. The
index of a highlight node indicates the light source it corresponds to. For a mesh
edge Ei, if its two vertices Vi1 and Vi2 are highlight nodes with the same index m
, then Equation (3) indicates that all points on Ei are highlight nodes with the index
m. We call such edge a highlight edge, and only store its two vertices as highlight
nodes. Otherwise, there are a limited number of highlight nodes on Ei. More precisely,
for an edge Ei that is not a highlight edge, there are highlight nodes on Ei only if
dmin(dVi1

, dVi2
)/se ≤ bmax(dVi1

, dVi2
)/sc, where d·e and b·c are the ceiling and

floor functions, respectively. In this case, the index of any highlight node on Ei is
between dmin(dVi1

, dVi2
)/se and bmax(dVi1

, dVi2
)/sc. According to Equation (3),

for each integer m in this range, there is exactly one highlight node with the index m
on the edge Ei, and its position can be computed as

Q =
(m− dVi2

)Vi1 + (dVi1
−m)Vi2

dVi1
− dVi2

. (4)

For an edge that is not a highlight edge, we compute and store each of the highlight
nodes on it with Equation (4).

2.4 Highlight node connection
After locating and storing the highlight nodes, we connect them to form segments of
the highlight lines. Inside each triangle, we connect the highlight nodes with same
index(see Figures 2 for examples). Note that in this way, any highlight edge will be-
come one segment(see Figure 2(c)), and the highlight segments do not intersect inside
a triangle.

The steps to compute a highlight line model for a triangular mesh is given in Algo-
rithm 1. Figure 3 illustrates a highlight line and a highlight line model generated with
this algorithm.
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Algorithm 1: Calculate the highlight line model of a triangular mesh
Input: A triangular mesh M, and an array of coplanar parallel linear light source
Output: The highlight line model of M corresponding to the light sources
Assign the set SN of highlight nodes an empty set;1

for each vertex Vi of M do2

Calculate the highlight distance value with Equation (1);3

end4

for each edge Ei of M do5

if the two vertices of Ei are highlight nodes with the same index then6

Add both vertices of Ei to SN ;7

else8

Calculate the highlight nodes on Ei with Equation (4);9

Add each highlight node on Ei to SN ;10

end11

end12

for each triangle Ti of M do13

Connect any nodes in SN that lie on the edges of Ti and have the same14

index;
end15

3 Mesh fairing using highlight lines
With the highlight line model introduced in the previous section, we can identify re-
gions of a triangular mesh with irregular normal/curvature by assessing the quality of
the highlight lines. This is done by translating and rotating the mesh or the array of
linear light sources, in an interactive environment, to sweep the highlight line model
over the given mesh. We propose in this section a method to remove shape irregulari-
ties from a triangular mesh. The first step is to identify an irregular region. The second
step is to move vertices in this region so that desired shape of the highlight lines can
be constructed. The displacements of the mesh vertices are calculated by minimizing a
target function that measures the fairness of the new mesh surface as well as the shape
quality of the new highlight lines. Moving the vertices according to the computed
displacements, we obtain a new mesh with improved surface shape and highlight line
model. The above steps are iteratively repeated until the displacements converge to
zero. If there are several irregular regions, we perform the above procedure to remove
them, one at a time. The details of this method are presented below.

3.1 Irregular region identification
We identify an irregular region by assessing the quality of the highlight line model
and interactively specifying the region that requires modification. See Figure 4 for an
example. With this region we can determine the mesh vertices to be moved. Denote the
region by R. Our goal is to improve the surface quality inside R, without affecting the
surface or the highlight line model outside R. Denote by Svertex and Snode the sets
of mesh vertices and highlight nodes outside R, respectively. To keep the surface and
highlight lines outside R unchanged, the movement of the vertices should not change
any of the following properties:

• normal vectors and positions of vertices in Svertex;
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(a) (b)

Figure 3: Illustration of a highlight line (a) and a highlight line model (b) on triangular
meshes.

Figure 4: An irregular region of a mesh specified by the user.

• positions of highlight nodes in Snode.

Here we introduce the concept of support vertices. Given a mesh vertex or highlight
node X, the support vertices of X are the mesh vertices that would affect the above
properties of X when any of these mesh vertices is moved. If X is a mesh vertex,
the support vertices include itself and the vertices adjacent to it, due to the way we
compute vertex normals. If X is a highlight node on an edge Ei but not a mesh vertex,
its support vertices include the vertices Vi1 and Vi2 of Ei, and the support vertices
of Vi1 and Vi2, according to Equation (4). We can only move vertices of R that do
not belong to the support vertices of Svertex and Snode. Those vertices will be called
movable vertices of R.

3.2 Desired highlight lines
To construct highlight lines with desired shape for the specified region R, we replace
the undesired portion of a highlight line with an interpolating curve of desired shape.
We assume the mesh surface outside R is of good quality, and will take interpolation
conditions from this part of the surface.

For each highlight line crossing the specified region R, find the highlight nodes
on the highlight line that are outside but closest to R. There are two of them, one
on each side. Denote these two nodes by Q0 and Q1 (see Figure 5), and the tangent
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Figure 5: An OGH curve constructed for the specified region.

vectors of the highlight line at them by T0 and T1, respectively. The interpolating
curve should connect Q0 and Q1, and have T0 and T1 as tangent vectors at these
points. The traditional Hermite interpolation method is able to construct a Hermite
curve satisfying these requirements. However, as pointed out in [26], a Hermite curve
could have undesired loop, cusp, or fold. We will use an optimized geometric Hermite
(OGH) curve [26] instead to design the interpolating curve segment. In contrast to a
traditional Hermite curve, an OGH curve is not only mathematically smooth, i.e., with
minimum strain energy, but also geometrically smooth, i.e., loop-, cusp- and fold-free
[26]. The OGH curve segment satisfying the above interpolation conditions is of the
following form

H(t) = (2t+ 1)(t− 1)2Q0 + (−2t+ 3)t
2Q1

+(1− t)2ta0T0 + (t− 1)t
2a1T1, t ∈ [0, 1],

(5)

where 



a0 =
6[(Q1−Q0)·T0]·(T

2

1
)−3[(Q1−Q0)·T1]·(T0·T1)

[4T2

0
(T2

1
)−(T0·T1)2]

,

a1 =
3[(Q1−Q0)·T0]·(T0·T1)−6[(Q1−Q0)·T1]·(T

2

0
)

[(T0·T1)2−4T2

0
(T2

1
)]

.

Figure 5 shows an example of an OGH curve segment constructed in this way.

3.3 Vertex displacement calculation
With the desired highlight lines constructed, we now adjust some of the vertices of R

so that, afterward, the highlight line pattern of the region would be close to that of the
constructed highlight lines and, consequently, the new shape of the region would have
a better quality. Let {Vi|i ∈ IM} be the set of movable vertices of R. A vertex Vi(i ∈
IM ) will be adjusted along the direction of its unit normal vector Ni, which has been
obtained during calculation of the highlight line model. Then we have its new position
Vi as Vi = Vi + xiNi, where xi is the displacement of Vi. Let X be a displacement
vector whose components are values {xi|i ∈ IM}. We will consider the new surface
quality, after the adjustment of the vertices, as a function of the displacement vector X,
and obtain X by optimization of the function value. We design the function as

F (X) = ω1ffair(X) + ω2fdiff(X),

where ffair is a function that measures the fairness of the new mesh surface inside
R, and fdiff is a function that measures the difference between the highlight lines
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βj

Figure 6: The angles αj and βj .

of the new mesh and the constructed desired highlight lines, with ω1 and ω2 being
the weights. The details of construction and optimization of this target function are
presented below.

3.4 Fairness function
We choose the fairness function to be the Willmore energy [29] of the new mesh sur-
face. For a parametric surface with fixed boundary and fixed surface normals along the
boundary, the Willmore energy is

E =

∫
H2dA,

where H denotes the mean curvature, and dA is the surface area element. For a con-
nected region R on a triangular mesh, let {Vi|i ∈ IR} be the set of vertices inside R.
Then the Willmore energy for the mesh surface inside R can be discretized as

E =
∑

i∈IR

H2
i Ai, (6)

where Hi is the discrete mean curvature at vertex Vi, and Ai is the mesh surface
area associated with Vi. Here Ai is computed as 1

3 of the total areas of the triangles
adjacent to Vi. H2

i can be obtained as 2-norm of the discrete mean curvature normal
operator K(Vi) = HiNi where Ni is the unit normal vector at Vi [30]. And K(Vi)
is calculated with the positions of Vi and its adjacent vertices [30]:

K(Vi) =
1

Ai

∑

j∈N1(i)

(cotαj + cotβj)(Vi −Vj) , (7)

where Ai is the same as in Equation (6), {Vj |j ∈ N1(i)} is the set of vertices adjacent
to Vi, and αj and βj are the two angles opposite to the edge ViVj , as illustrated in
Figure (6). According to Equations (6) and (7), to derive the Willmore energy for new
mesh surface in region R, we need the new positions of the vertices in region R and
all their adjacent vertices. For such a vertex Vj , its new position Vj is

Vj =

{
Vj + xjNj , if j ∈ IM ,
Vj , otherwise. (8)

Now we have the expression of ffair as a function of displacement {xi|i ∈ IM}.
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3.5 Difference function
As described in Section 3.2, each highlight line crossing the irregular region is delim-
ited by two highlight nodes, such as Q0 and Q1 in Figure 5. These two highlight nodes
are the end points of its corresponding OGH interpolation curve. Their positions do not
change after the adjustment of the movable vertices, but a new highlight line should be
generated between them. Let L(s), s ∈ [0, 1] and L(s), s ∈ [0, 1] be the normalized
chord-length parameterization forms of the highlight line between these two delimit-
ing nodes before and after the vertex adjustment, respectively. Let H̃(s), s ∈ [0, 1] be
the normalized arc-length parameterization form of the corresponding OGH curve. We
define the difference function between the new highlight line L(s) and its target shape
H̃(s) as

fL =

∫ 1

0

‖L(s)− H̃(s)‖2 ds ,

and the difference function fdiff for the entire irregular region is the sum of the above
function for all highlight lines crossing the region

fdiff =
∑

L

fL .

Function fL can be discretized in the following way. Assume that during the generation
of highlight lines with Algorithm 1, we have stored n highlight nodes on L(s) between
the two delimiting nodes. Denote the two delimiting nodes by G0 and Gn+1, and the
nodes between them by Gi (i = 1, 2, . . . , n), with G0,G1, . . . ,Gn,Gn+1 being in
the same order as they appear on L(s). First each node Gi (i = 1, 2, . . . , n) is mapped
to a point G̃i on H̃(s). We call G̃i the target position of Gi. After adjustment of the
vertices, the corresponding new position Gi of Gi can be computed, and fL is given
by

fL =
n∑

i=1

‖Gi − G̃i‖
2
li ,

where li is the length of the highlight line segments associated with Gi. To determine
the target position G̃i, we need the normalized chord-length parameter of Gi on L(s),
which is

c(Gi) =

∑i

j=1 ‖Gj −Gj−1‖
∑n+1

j=1 ‖Gj −Gj−1‖
.

And G̃i is determined as the point on H̃(s) with parameter s = c(Gi), i.e.,

G̃i = H̃(c(Gi)) .

The new position Gi is computed as follows. Let Ei be an edge that Gi lies on,
with Vi1, Vi2 being the vertices of Ei. Since Gi and Gi correspond to the same
light source, they should have the same index. According to Equation (4), Gi can be
obtained with the new positions and new highlight distance values of Vi1 and Vi2, as
well as the index m of Gi,

Gi =
(m · s− dVi2

)Vi1 + (dVi1
−m · s)Vi2

dVi1
− dVi2

.

Here Vi1 and Vi2 are the new vertex positions obtained with Equation (8). dVi1
and

dVi2
are the new distance values calculated with Equation (1). Finally, the associated
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Algorithm 2: Remove local irregularities of a mesh using highlight lines
Input: A triangular mesh M, a highlight line model of M, an irregular region

R, a maximum number of iterations Nmax, and a threshold value ε
Output: A new mesh with irregularities in R

Identify the set of movable vertices {Vi|i ∈ IM} of R;1

Set the number of iterations n = 0;2

repeat3

Construct the target function F of displacements {xi|i ∈ IM};4

Solve the minimization problem (9) to obtain the values of {xi|i ∈ IM};5

for each i ∈ IM do6

Adjust the vertex Vi according to xi;7

end8

Update the highlight line model of the mesh using Algorithm 1;9

Set n = n+ 1 ;10

until n > Nmax OR maxi∈IM
|xi|/e < ε ;11

highlight segment length li of Gi is calculated as half of the total length of the highlight
line segments that it lies on,

li =
1

2
(‖Gi −Gi−1‖+ ‖Gi −Gi+1‖) .

Now we get fdiff as a function of the displacement X.

3.6 Target function minimization
ffair and fdiff defined in the previous sections are both highly non-linear in {xi}. To
speed up the minimization process, we use functions of a simpler form to approximate
them. For ffair, if we assume that Ai, αj and βj in Equation (7) are constants during
adjustment of the vertices, then Equation (6) becomes a quadratic function qfair of
{xi}. For fdiff, we perform Taylor series expansion of order 2 about point X = 0 to
obtain an approximation function qdiff, which is also quadratic in {xi}. In addition,
we put the following constraint on the components of the displacement vector

|xi| ≤ ei/2, for all i ∈ IM ,

where ei is the minimum length of the edges adjacent to vertex Vi. This constraint
ensures that there will be no topological change on the mesh such as triangle flip-overs
after vertex adjustment. The minimization problem now becomes

{
minimize F = ω1qfair + ω2qdiff ,

subject to |xi| ≤ ei/2, i ∈ IM ,
(9)

which is a bound constrained quadratic programming problem and can be solved using
the active set method.

3.7 Iteration
We use an iterative procedure to gradually improve the quality of the irregular region.
In each iteration step, the quadratic programming problem (9) is formed using current
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(a) (b)

(c) (d)

Figure 7: Example 1: (a) a mesh with the irregular highlight line model; (b) the selected
modification region with the desired highlight lines (in blue); (c) the flat-shaded mod-
ification region after fairing, with its highlight line model; (d) the result with smooth
shade.

geometric information of the mesh. Then we solve the minimization problem, and
adjust the vertices according to the solution to obtain a new mesh. The process is
terminated when the number of iterations exceeds a given bound, or the maximum
absolute values of the displacement vectors converge to zero, i.e.,

maxi∈IM
|xi|

e
< ε , (10)

where e is the average edge length inside region R, and ε is a positive threshold value
specified by the user. The iterative procedure is summarized in Algorithm 2.

4 Implementation and examples
Here we show implementation results of the presented method on some mesh models.
In these examples, we set ω1 = ω2 = 1 for the target function, and set ε = 0.001 for
the termination condition specified in Formula (10). Figure 7 shows the fairing of the
mesh model of a Volkswagen Beetle (see Figure 3(b) as well). In Figure 7(a), an irreg-
ularity of the front right fender is illustrated by the highlight line model. Figure 7(b)
shows the region specified for faring, as well as the desired highlight lines. Figures 7(c)
and (d) provide a closer view of the resulting modification region after fairing in flat
and smooth shade, respectively. The new mesh surface in the faired region is of high
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(a) (b)

(c) (d)

Figure 8: Example 2: (a) a mesh with irregular highlight line model; (b) the selected
modification region with the desired highlight lines (in blue); (c) the resulting modifi-
cation region from Xu et al.’s method, with its highlight line model; (d) the resulting
modification region from our method, with its highlight line model.

quality; the new highlight lines are close to the desired ones. The smooth highlight
lines indicate G1 continuity of the resulting surface at boundaries of the modification
region [1]. In Figure 8, we fair another irregular region on the roof of the Beetle model.
To compare our method with other local fairing techniques, we need to reproduce other
these techniques for the test case. Both the surface diffusion flow technique by Xu et
al. [25] and the geometric fairing technique by Schneider and Kobbelt [23][24] are
able to perform fairing in a user-specified region while satisfying G1 boundary con-
ditions. Essentially, both methods move each vertex inside the region by solving the
fourth-order PDE ∆BH = 0, where ∆B is the Laplace-Beltrami operator, and H is
the mean curvature at a vertex. Since they lead to similar results, we only reproduce
the surface diffusion flow technique by Xu et al. [25] for comparison. We first identify
the region that requires adjustment, and perform fairing in that region with our method
and Xu et al.’s method, respectively. Figures 8(a) and 8(b) show the irregular region
and the selected region, respectively. Figures 8(c) and 8(d) are the resulting modi-
fication region from Xu et al.’s method and our method, respectively. On the mesh
produced by Xu et al.’s method, the new highlight lines are curved toward the middle
of the selected region. The highlight line shape has abrupt changes on the left and
right boundary of the region. On the other hand, our method produces a mesh surface
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with new highlight lines close to the desired ones. The new highlight lines naturally
match the shape pattern of the highlight lines outside the selected region. This example
shows that although existing local fairing techniques can generate high quality mesh
surfaces, they do not guarantee the generation of high quality highlight line models. In
our method, the fairness function helps to generate a fair surface, and the difference
function makes the new highlight lines converge to the desired shape. Therefore, our
method can improve the shape quality of both the mesh surface and the highlight line
model.

5 Conclusions
A method to generate the highlight line model for a given triangular mesh is provided
in this paper. With a highlight line model, the irregularity of the mesh surface is vi-
sualized by the irregularity of the highlight lines, which helps the user to identify the
modification region for surface optimization. Subsequently, a method for removing
local irregularities of a given triangular mesh is presented. The modification process
is based on optimizing a fairness function that measures the shape quality of the mesh
surface as well as the highlight line model. A set of target highlight lines are con-
structed as the target shape of the highlight line model, based on the geometry of the
mesh surface along the boundary of the modification region. This target highlight line
model enables the user to preview the shape of the new mesh surface as well as the
new highlight line model, which helps the user to specify an appropriate modification
region and leads to more intuitive control of the surface optimization process. The min-
imization of the fairness function guides the mesh surface towards a new shape with
a highlight line model closed to the target highlight line model, which is not always
available with previous local fairing techniques. The new method provides a whole
set of tools from mesh surface quality assessment to mesh fairing, making itself a use-
ful complement to geometric modeling techniques based on triangular meshes. It will
bring greater flexibility to an interactive design environment for meshes.
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