
Removing local irr egularitiesof triangular meshes
with highlight line models

YONGJun-Hai1;4 y , DENGBai-Lin1;2;4, CHENGFuhua3, WANG Bin1;4,
WU Kun1;2;4 & GU Hejin5

1Schoolof Software,TsinghuaUniversity,Beijing 100084,P. R. China
2Departmentof ComputerScienceandTechnology, TsinghuaUniversity, Beijing 100084,P. R. China
3Departmentof ComputerScience,Universityof Kentucky, Lexington,KY 40506-0046,USA
4Key Laboratoryfor InformationSystemSecurity, Ministry of Educationof China,Beijing 100084,P. R.
China
5JiangxiAcademyof Sciences,Nanchang330029,P. R. China

Abstract
Thehighlight line modelis apowerful tool in assessingthequalityof asurface.Its presence

increasesthe�e xibility of aninteractivedesignenvironment.In thispaper, amethodto generate
a highlight line modelon anarbitrarytriangularmeshis presented.Basedon thehighlight line
model,a fairing techniqueto remove local irregularitiesof a triangularmeshis thenpresented.
The fairing is doneby solving a minimizationproblemandperformingan iterative procedure.
Thenew techniqueimprovesnotonly theshapequalityof themeshsurface,but thehighlight line
modelaswell. It providesanintuitive andyet suitablemethodfor locally repairinga triangular
mesh.
Keywords: highlight lines,meshfairing, shapemodi�cation, model repair
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1 Intr oduction

The highlight line model [1] is a powerful tool in assessingthe quality of free-form
surfaces,becausethe discontinuityon a surfaceis magni�ed by an order of one in
the highlight line model[1]. And it hasbecomeincreasinglypopularin engineering
design,especiallyin the designof automotive-bodysurfaces.Actually it hasalready
beenincludedas a designtool in several commercialgeometricmodelingsystems,
suchas EDS' Unigraphicsand TsinghuaUniversity's TiGems. Recentlythereis a
strongdemandfor ef�cient, dynamichighlight linesgenerationfrom thegraphicsside
and video entertainmentindustry as well [2], becausehighlight lines can aid depth
perceptionand,consequently, realismof ascene.
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While non-uniformrational B-spline (NURBS) surfacescontinueto be a major
representationschemein 3D modeling,triangularmesheshave gainedmuchpopular-
ity in graphicsandgeometricmodelingrecently. Triangularmesheshave advantages
over traditionalparametricsurfacesin several aspects.Unlike traditionalparametric
surfaces,thede�nition of a triangularmeshdoesnot requirea rectangularparametric
domain. Thereis no restrictionon the shapeand topologyof a triangularmesh. A
triangularmeshis all that is neededto representany solid objector surface.Besides,
moderngraphicshardwareis optimizedto rendertriangles,makingtriangularmeshes
importantin the graphicsprocessingpipeline. Triangularmesheshave alreadybeen
a primary surface/solidrepresentationschemein many areas,suchas reverseengi-
neering,rapidprototyping,conceptualdesign,andsimulation,with three-dimensional
scannersas a standardsourcefor geometricdataacquisition. Thereareotherways
to producea triangularmeshaswell. Triangulationof free-formsurfacesis usually
necessaryfor renderingor manufacturingpurpose.Subdivision schemes,which pro-
vide a new way to generatesurfaces,mayleadto triangularmeshesaswell, andhave
beenusedin somegamesandthree-dimensionalcartoons.Our goal hereis to make
thehighlight line modelavailablefor triangularmeshessothatit is possibleto visually
assessthequalityof a triangularmesh,andto developtechniquesto optimizethemesh
faceswherequalityof themeshis not satisfactory.

Due to the increasingimportanceof triangularmeshes,variousmeshsmoothing
techniqueshave beendevelopedduringthepastdecadeto improve meshsurfacequal-
ity. Thesetechniquesperformtheir tasksby changingthe positionsof meshvertices
withoutaffectingtheir connectivity. Meshsmoothinghastwo differentgoals.The�rst
oneis to eliminatenoisesin meshdata.For example,meshesacquiredby rangescan-
nersusuallyhave high frequency noisesin thevertex positions.And meshsmoothing
methodsareappliedto smoothout thesenoiseswhile preservingtheoverall shapeof
the meshmodel. Suchmeshsmoothingmethodsare referredto asmeshdenoising.
Amongthem,�ltering techniquesiteratively apply local �lters to meshverticesto ob-
tain their new positions.Taubin[3] de�nes the Laplacianoperatoron meshvertices,
andalternatelyappliestwo Laplacian�lters with different scalefactorsto attenuate
meshshrinkage.Variantsof Laplaciansmoothing(e.g.,[4][5]) havebeenproposedfor
improved performancesuchasautomaticanti-shrinkingeffects. Other�ltering tech-
niquessuchasWiener�lters [6][7] andbilateral�lters [8][9] havealsobeendeveloped.
Anotherclassof denoisingtechniques,thegeometric�ow methods, evolve a meshby
determiningthe velocity of eachmeshvertex asa function of the currentgeometry.
Examplesincludethediffusion�o w andmeancurvature�o w proposedby Desbrunet
al. [10], andotherworkswith differentchoicesthevelocity function[11][12][13]. To
preserve the geometricfeaturessuchasedgesandcornerswhile denoisingthe mesh,
anisotropic diffusionmethodsaredeveloped[14][15][16]. Thebasicideais to smooth
themeshsurfacein a certaindirectionandretainor enhancesharpfeaturesin another
direction. The above techniquesmodify vertex positionsdirectly. Normal �ltering
techniques, instead,smoothmeshnormals,andthenevolvethemeshto �t themodi�ed
normals[17][18][19].

Theothergoalof meshsmoothingis to producehigh quality surfacethatsatis�es
certainaestheticrequirements(i.e.,a fair mesh).Suchmethodsareusuallycalledmesh
fairing. Amongthesetechniques,sometriesto improve theshapequalityof thewhole
meshsurface.For thispurpose,energyminimizationhasbeenadaptedfrom traditional
computeraidedgeometricdesign(CAGD) techniquesto perform meshfairing. The
idea is to minimize an energy functional that penalizesunaestheticbehaviors of the
meshshape[20][21][22]. Othermeshfairing techniquesonly modify partof themesh
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surface,which is usually insidea region speci�ed by the user. We will refer to such
fairing techniquesas local fairing. Local fairing techniquesusually determinenew
vertex positionsinside modi�cation region by high-ordersolving partial differential
equations(PDEs),whichcharacterizethepropertiesof mesheswith highqualityshape
andensuregeometriccontinuitiesof themeshalongtheregion boundaries.Schneider
andKobbelt [23] presentan algorithmto createfair meshsurfaceswith subdivision
connectivity satisfyingG1 boundaryconditions,by solving a fourth-ordernon-linear
PDE.Laterthey extendthework ontoirregularmeshes[24]. Xu et al. [25] discussthe
discretizationandsolutionof several high-ordernon-linearPDEsfor discretesurface
modelingmethodssuchasfree-formmeshsurface�tting with givenboundarycondi-
tions.Thesurfacediffusion�o w methodby Xu etal. in [25] essentiallysolvesthesame
fourth-orderPDEastheonesolvedby SchneiderandKobbeltin [23][24]. Therefore,
the�nal surfacesobtainedby thesemethods[23][24][25] havesimilarshape.For these
PDE-basedmethods,thesolutionis affectedby theboundaryconditionsof thePDE.
Therefore,to acquirethedesiredshapeof themodi�ed surfacewith suchPDE-based
approaches,auserneedsto becarefulin specifyingthemodi�cation region,in orderto
obtainappropriateboundaryconditions.And theeffect of theboundaryspeci�cation
on the�nal shapewill not beknown until thePDEis solved.Besides,astheexamples
in this paperindicate,on thenew surfaceobtainedfrom theselocal fairing techniques
the highlight line modelmay not be of desiredshape,which makesthesetechniques
notsuitablefor applicationswheretheshapeof thehighlight line modelis critical.

In this paper, we proposeto improve thequality of a triangularmeshwith thehelp
of a highlight line model. We startwith de�ning a highlight line modelfor triangular
meshesandproposinganef�cient methodfor theconstructionof sucha model. With
thehighlight line model,it is easyto identify shapeirregularitiesof a triangularmesh.
We thenproposea methodto remove local irregularitiesidenti�ed with thehighlight
line model, and producea new meshwith bettersurfacequality and highlight line
model. Our method�rst constructsa setof smoothcurvesasthe target shapeof the
highlight lines inside the modi�cation region. Then we iteratively moves the mesh
verticesby minimizing a target functionwhich measurestheshapequality of thenew
meshsurfaceaswell asthedifferencebetweenthenew highlight linesandthe target
highlight lines. Notethat for triangularmeshes,irregularity canalsorefer to irregular
distributionsof verticesover themeshsurface. In this paperwe do not considersuch
irregularities,andweonly remove irregularitiesof meshsurfaceshape.

Our methodassumesthe meshto be noise-freeand seeksto improve the mesh
surfacequality insideuser-speci�ed regions. It falls into thecategory of local fairing
techniques.In our method,the shapeof the highlight line modelmagni�es the dis-
continuitieson themeshsurface,which helpstheuserto locatetheregion with shape
irregularitiesfor subsequentoptimization.Theconstructedtargethighlight linesreveal
theshapeof thenew surfaceandnew highlight lineswithout actuallyperformingthe
optimization,andenablestheuserto decidewhetherthespeci�cationof modi�cation
region is appropriate.Thetargethighlight linesareconstructedusingOptimizedGeo-
metricHermite(OGH)interpolation[26], which is ableto generatesmoothinterpolat-
ing curveswithout undesiredloops,cusps,or folds. By optimizinga fairnessfunction
thatconsidersthequality of thenew surfaceaswell asthenew highlight line model,
weobtainamodi�ed surfacewith desiredshapeof highlight line model.Ourapproach
leadsto a moreintuitive and�e xible processof local fairing, especiallywhena high
qualityhighlight line modelis required.

Apartfrom thehighlightline model,there�ection line model[27] canalsomagnify
thediscontinuitieson a surfaceandhasbeenusedin meshquality assessment.How-
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ever, there�ection line modelis dependentonboththeviewpointandthelight sources.
Thehighlight line modelis a simpli�cation of there�ection line model,which decou-
plestheviewing operationfrom themanipulationof highlight lines[1]. This resultsin
moreeffective interactionduring the inspectionof thesurface. Therefore,we choose
the highlight line modelas the quality assessmenttool. The optimizationtechnique
proposedin thispapercanalsobeextendedto work with there�ection line model.

Therestof thepaperis organizedasfollows. Section2 introducesthehighlight line
modelfor NURBSsurfacesandits generalizationto triangularmeshes,andproposesa
methodto computeit. A methodfor improving thequality of a triangularmeshusing
thehighlightline modelis presentedin Section3. Implementationdetailsandexamples
areprovidedin Section4. Concludingremarksandpossiblefutureresearchdirections
arediscussedin Section5.

2 Highlight line model for triangular meshes

2.1 Highlight line modelonNURBSsurfacesand triangular meshes

GivenaNURBSsurfaceP(u; v), ahighlight line is theimprint of a linearlight source
positionedabovethesurface.Let L (t) betheparametricrepresentationof a linearlight
source

L (t) = A + tH ; t 2 R;

whereA is a point on L (t), andH is a vectorde�ning the directionof L (t). The
imprint of L (t) on P(u; v) is a setof pointsof P(u; v), for which the perpendicular
distancebetweenthe surfacenormalandL (t) is zero. More precisely, for any point
B on P(u; v), denoteby N B thesurfacenormalat B . Thentheline throughB along
directionN B is givenby

E(s) = B + sN B ; s 2 R:

B is in the imprint of L (t) if E(s) intersectsL (t). This imprint is calleda highlight
line correspondingto L (t) (seeFigure1(a)). If a setof coplanarparallel linear light
sourcesis used,the family of highlight lines correspondingto theselight sourcesis
called a highlight line model(seeFigure 1(b)). A highlight line model is sensitive
to the changesof surfacenormal directions,and thus can be usedto detectsurface
normal/curvatureirregularities[1].

We de�ne a highlight line modelfor triangularmeshesin a similar way. Given a
linearlight sourceL (t), thehighlight line correspondingto L (t) is thesetof pointson
themeshsurfacewheretheperpendiculardistancebetweenthesurfacenormalandL (t)
is zero.A highlight line modelonthemeshis afamily of highlight linescorresponding
to a setof coplanarparallellinear light sources,wherethedistancebetweenadjacent
light sourcesis constant. We computea highlight line model for a triangularmesh
with the following steps. First for eachmeshvertex, the intersectionpoint between
its normaldirectionandthe light sourceplaneis located. Thenon eachmeshedge,
we uselinear interpolationto �nd the points whosenormal direction intersectsthe
light sources.We call suchpointshighlight nodes. They are the intersectionpoints
of thehighlight lines with themeshedges.Finally, on eachtriangle,highlight nodes
correspondingto the samelight sourceareconnectedwith line segments.Detailsof
thesestepsarepresentedbelow.
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E(s) = B + sN B

A

H

L(t) = A + tH
N B

B

(a) (b)

Figure1: Illustrationof ahighlight line (a) andahighlight line model(b) onaNURBS
surface((b) is reproducedfrom [28] ).

2.2 Intersection point calculation

Let S bethelight sourceplane,Z theunit normalvectorof S, andH theunit direction
vectorof the light sources.For a point P on the meshsurfacewith the unit normal
vectorN P , theline throughP alongdirectionN P is EP (s) = P + sN P ; s 2 R. Our
taskhereis to locatethepoint whereEP (s) intersectsS. Insteadof theexactposition
of the intersectionpoint, we only needits signeddistancevaluede�ned as follows.
Chooseoneof the light sourcesL 0 asthebaselight source, andlet A 0 bea point on
L 0. For a point Y on planeS, thesigneddistancevalueof Y to thebaselight source
L 0 is de�ned as

DY = (Y ¡ A 0) ¢(Z £ H ) :

For two pointsY 1 andY 2 on differentsidesof L 0, DY 1 andDY 2 areof different
signs. Denoteby dP the signeddistancevalueof the intersectionpoint betweenline
EP (s) andplaneS. Thenasshown in [2],

dP =
[(P ¡ A 0) £ H ] ¢N P

Z ¢N P
: (1)

We call dP thehighlight distancevalueof point P. It hasthefollowing property. Let
s bethedistancebetweenadjacentlight sourcesin S. If

dP = s £ m (2)

wherem is an integer, thenthe intersectionpoint is on themth light sourcecounting
from L 0 alongdirectionZ £ H .

2.3 Highlight nodecalculation

We next computeandstorethehighlight nodes.Fromtheabove propertyof highlight
distancevalues,the highlight nodesarethosepointson meshedgeswhosehighlight
distancevaluessatisfyEquation(2). We �rst calculatethehighlight distancevaluefor
eachmeshvertex, andthenuselinearinterpolationto obtainthehighlightdistanceval-
uesfor interior pointsof a meshedge.For eachmeshvertex V , we calculateits unit
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(a) (b) (c)

Figure2: Possiblecasesof highlightnodeconnection

normalvectorasthenormalizedsumof theunit normalvectorof all its adjacenttrian-
gles,weightedby their areas.This unit normalvectoris usedto obtainthe highlight
distancevaluedV of V from Equation(1). For an interior point P̂ of a meshedge
E i , thehighlightdistancevalueof P̂ is obtainedby performinglinearinterpolationon
highlightdistancevaluesdV i 1 anddV i 2 of thetwo verticesV i 1 andV i 2 of E i , i.e.,

dP̂ =
kP̂ ¡ V i 2kdV i 1 + kV i 1 ¡ P̂kdV i 2

kV i 1 ¡ V i 2k
: (3)

Now we have highlight distancevaluesfor all pointson meshedges,we can�nd out
andstorethe pointssatisfyingEquation(2) ashighlight nodes.Let Q be a highlight
nodewheredQ = s £ mQ for someinteger mQ . We call mQ the index of Q. The
index of a highlight nodeindicatesthe light sourceit correspondsto. For a mesh
edgeE i , if its two verticesV i 1 andV i 2 arehighlight nodeswith the sameindex m
, thenEquation(3) indicatesthat all pointson E i arehighlight nodeswith the index
m. We call suchedgea highlight edge, andonly storeits two verticesashighlight
nodes.Otherwise,therearealimited numberof highlightnodesonE i . Moreprecisely,
for an edgeE i that is not a highlight edge,therearehighlight nodeson E i only if
dmin(dV i 1 ; dV i 2 )=se · bmax(dV i 1 ; dV i 2 )=sc, whered¢eandb¢carethe ceiling and
�oor functions,respectively. In this case,the index of any highlight nodeon E i is
betweendmin(dV i 1 ; dV i 2 )=se andbmax(dV i 1 ; dV i 2 )=sc. Accordingto Equation(3),
for eachintegerm in this range,thereis exactly onehighlight nodewith the index m
on theedgeE i , andits positioncanbecomputedas

Q =
(m ¡ dV i 2 )V i 1 + (dV i 1 ¡ m)V i 2

dV i 1 ¡ dV i 2

: (4)

For an edgethat is not a highlight edge,we computeandstoreeachof the highlight
nodeson it with Equation(4).

2.4 Highlight nodeconnection

After locatingandstoringthehighlight nodes,we connectthemto form segmentsof
the highlight lines. Insideeachtriangle,we connectthe highlight nodeswith same
index(seeFigures2 for examples).Note that in this way, any highlight edgewill be-
comeonesegment(seeFigure2(c)),andthehighlight segmentsdo not intersectinside
a triangle.

Thestepsto computeahighlight line modelfor a triangularmeshis givenin Algo-
rithm 1. Figure3 illustratesa highlight line anda highlight line modelgeneratedwith
thisalgorithm.
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Algorithm 1: Calculatethehighlight line modelof a triangularmesh
Input : A triangularmeshM , andanarrayof coplanarparallellinearlight source
Output : Thehighlight line modelof M correspondingto thelight sources
AssignthesetSN of highlightnodesanemptyset;1

for each vertex V i of M do2

Calculatethehighlightdistancevaluewith Equation(1);3

end4

for each edge E i of M do5

if thetwoverticesof E i arehighlightnodeswith thesameindex then6

Add bothverticesof E i to SN ;7

else8

CalculatethehighlightnodesonE i with Equation(4);9

Add eachhighlightnodeonE i to SN ;10

end11

end12

for each triangleT i of M do13

Connectany nodesin SN thatlie on theedgesof T i andhave thesame14

index;
end15

3 Mesh fairing usinghighlight lines

With the highlight line model introducedin the previous section,we canidentify re-
gionsof a triangularmeshwith irregularnormal/curvatureby assessingthequality of
the highlight lines. This is doneby translatingandrotatingthe meshor the arrayof
linear light sources,in an interactive environment,to sweepthe highlight line model
over thegivenmesh.We proposein this sectiona methodto remove shapeirregulari-
tiesfrom atriangularmesh.The�rst stepis to identify anirregular region. Thesecond
stepis to move verticesin this region so thatdesiredshapeof thehighlight linescan
beconstructed.Thedisplacementsof themeshverticesarecalculatedby minimizinga
targetfunctionthatmeasuresthefairnessof thenew meshsurfaceaswell astheshape
quality of the new highlight lines. Moving the verticesaccordingto the computed
displacements,we obtaina new meshwith improvedsurfaceshapeandhighlight line
model. The above stepsare iteratively repeateduntil the displacementsconverge to
zero.If thereareseveral irregularregions,we performtheabove procedureto remove
them,oneata time. Thedetailsof thismethodarepresentedbelow.

3.1 Irr egular regionidenti�cation

We identify an irregular region by assessingthe quality of the highlight line model
andinteractively specifyingtheregion that requiresmodi�cation. SeeFigure4 for an
example.With thisregionwecandeterminethemeshverticesto bemoved.Denotethe
regionby R . Ourgoalis to improve thesurfacequality insideR , withoutaffectingthe
surfaceor thehighlight line modeloutsideR . Denoteby Svertex andSnodethesets
of meshverticesandhighlight nodesoutsideR , respectively. To keepthesurfaceand
highlight linesoutsideR unchanged,themovementof theverticesshouldnot change
any of thefollowing properties:

² normalvectorsandpositionsof verticesin Svertex;

7



(a) (b)

Figure3: Illustrationof ahighlight line (a) andahighlight line model(b) ontriangular
meshes.

Figure4: An irregularregionof ameshspeci�edby theuser.

² positionsof highlightnodesin Snode.

Herewe introducetheconceptof supportvertices. Givena meshvertex or highlight
nodeX , the supportverticesof X arethe meshverticesthat would affect the above
propertiesof X whenany of thesemeshverticesis moved. If X is a meshvertex,
the supportverticesinclude itself and the verticesadjacentto it, due to the way we
computevertex normals.If X is ahighlightnodeonanedgeE i but notameshvertex,
its supportverticesincludethe verticesV i 1 andV i 2 of E i , andthe supportvertices
of V i 1 andV i 2, accordingto Equation(4). We canonly move verticesof R thatdo
not belongto thesupportverticesof Svertex andSnode. Thoseverticeswill becalled
movableverticesof R .

3.2 Desiredhighlight lines

To constructhighlight lineswith desiredshapefor thespeci�ed region R , we replace
theundesiredportionof a highlight line with an interpolatingcurve of desiredshape.
We assumethemeshsurfaceoutsideR is of goodquality, andwill take interpolation
conditionsfrom thispartof thesurface.

For eachhighlight line crossingthe speci�ed region R , �nd the highlight nodes
on the highlight line that areoutsidebut closestto R . Thereare two of them,one
on eachside. Denotethesetwo nodesby Q0 andQ1 (seeFigure5), andthe tangent

8



Figure5: An OGHcurveconstructedfor thespeci�edregion.

vectorsof the highlight line at themby T 0 andT 1, respectively. The interpolating
curve shouldconnectQ0 and Q1, and have T 0 and T 1 as tangentvectorsat these
points. The traditionalHermite interpolationmethodis able to constructa Hermite
curve satisfyingtheserequirements.However, aspointedout in [26], a Hermitecurve
couldhave undesiredloop,cusp,or fold. We will useanoptimizedgeometricHermite
(OGH) curve[26] insteadto designthe interpolatingcurve segment. In contrastto a
traditionalHermitecurve,anOGHcurve is notonly mathematicallysmooth,i.e.,with
minimumstrainenergy, but alsogeometricallysmooth,i.e., loop-, cusp-andfold-free
[26]. TheOGH curve segmentsatisfyingtheabove interpolationconditionsis of the
following form

H (t) = (2t + 1)(t ¡ 1)2Q0 + (¡ 2t + 3)t2Q1

+(1 ¡ t)2ta0T 0 + (t ¡ 1)t2a1T 1; t 2 [0; 1];
(5)

where 8
>><

>>:

a0 = 6[( Q 1 ¡ Q 0 )¢T 0 ]¢(T 2
1 ) ¡ 3[( Q 1 ¡ Q 0 )¢T 1 ]¢(T 0 ¢T 1 )

[4T 2
0 (T 2

1 ) ¡ (T 0 ¢T 1 )2 ] ;

a1 = 3[( Q 1 ¡ Q 0 )¢T 0 ]¢(T 0 ¢T 1 ) ¡ 6[( Q 1 ¡ Q 0 )¢T 1 ]¢(T 2
0 )

[(T 0 ¢T 1 )2 ¡ 4T 2
0 (T 2

1 )] :

Figure5 shows anexampleof anOGHcurvesegmentconstructedin thisway.

3.3 Vertex displacementcalculation

With thedesiredhighlight linesconstructed,we now adjustsomeof theverticesof R
sothat,afterward,thehighlight line patternof theregion would becloseto thatof the
constructedhighlight linesand,consequently, thenew shapeof theregion would have
abetterquality. Let f V i ji 2 I M g bethesetof movableverticesof R . A vertex V i (i 2
I M ) will beadjustedalongthedirectionof its unit normalvectorN i , which hasbeen
obtainedduringcalculationof thehighlight line model.Thenwehave its new position
V i asV i = V i + x i N i , wherex i is thedisplacementof V i . Let X beadisplacement
vectorwhosecomponentsarevaluesf x i ji 2 I M g. We will considerthenew surface
quality, aftertheadjustmentof thevertices,asafunctionof thedisplacementvectorX ,
andobtainX by optimizationof thefunctionvalue.Wedesignthefunctionas

F (X ) = ! 1f fair(X ) + ! 2f diff (X );

wheref fair is a function that measuresthe fairnessof the new meshsurfaceinside
R , and f diff is a function that measuresthe differencebetweenthe highlight lines
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V i

V j

®j

¯ j

Figure6: Theangles®j and¯ j .

of the new meshand the constructeddesiredhighlight lines, with ! 1 and ! 2 being
the weights. The detailsof constructionandoptimizationof this target function are
presentedbelow.

3.4 Fairnessfunction

We choosethefairnessfunctionto betheWillmore energy [29] of thenew meshsur-
face.For aparametricsurfacewith �x edboundaryand�x edsurfacenormalsalongthe
boundary, theWillmore energy is

E =
Z

H 2dA;

whereH denotesthemeancurvature,anddA is thesurfaceareaelement.For a con-
nectedregion R on a triangularmesh,let f V i ji 2 I R g bethesetof verticesinsideR .
ThentheWillmore energy for themeshsurfaceinsideR canbediscretizedas

E =
X

i 2 I R

H 2
i A i ; (6)

whereH i is the discretemeancurvatureat vertex V i , and A i is the meshsurface
areaassociatedwith V i . HereA i is computedas 1

3 of the total areasof the triangles
adjacentto V i . H 2

i canbeobtainedas2-normof thediscretemeancurvaturenormal
operatorK (V i ) = H i N i whereN i is theunit normalvectorat V i [30]. And K (V i )
is calculatedwith thepositionsof V i andits adjacentvertices[30]:

K (V i ) =
1

A i

X

j 2 N 1 ( i )

(cot ®j + cot ¯ j )(V i ¡ V j ) ; (7)

whereA i is thesameasin Equation(6), f V j jj 2 N1(i )g is thesetof verticesadjacent
to V i , and®j and¯ j arethe two anglesoppositeto theedgeV i V j , asillustratedin
Figure(6). Accordingto Equations(6) and(7), to derive theWillmore energy for new
meshsurfacein region R , we needthenew positionsof theverticesin region R and
all their adjacentvertices.For suchavertex V j , its new positionV j is

V j =
½

V j + x j N j ; if j 2 I M ,
V j ; otherwise.

(8)

Now wehave theexpressionof f fair asa functionof displacementf x i ji 2 I M g.
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3.5 Differ encefunction

As describedin Section3.2,eachhighlight line crossingtheirregularregion is delim-
itedby two highlightnodes,suchasQ0 andQ1 in Figure5. Thesetwo highlightnodes
aretheendpointsof its correspondingOGHinterpolationcurve. Theirpositionsdonot
changeaftertheadjustmentof themovablevertices,but anew highlight line shouldbe
generatedbetweenthem. Let L (s); s 2 [0; 1] andL (s); s 2 [0; 1] be the normalized
chord-lengthparameterizationforms of the highlight line betweenthesetwo delimit-
ing nodesbeforeandafter thevertex adjustment,respectively. Let eH (s); s 2 [0; 1] be
thenormalizedarc-lengthparameterizationform of thecorrespondingOGHcurve. We
de�ne thedifferencefunctionbetweenthenew highlight line L (s) andits targetshape
eH (s) as

f L =
Z 1

0
kL (s) ¡ eH (s)k2 ds ;

andthedifferencefunctionf diff for theentireirregularregion is thesumof theabove
functionfor all highlight linescrossingtheregion

f diff =
X

L

f L :

Functionf L canbediscretizedin thefollowing way. Assumethatduringthegeneration
of highlight lineswith Algorithm 1, wehavestoredn highlightnodesonL (s) between
thetwo delimiting nodes.Denotethetwo delimiting nodesby G 0 andG n +1 , andthe
nodesbetweenthemby G i (i = 1; 2; : : : ; n), with G 0; G 1; : : : ; G n ; G n +1 beingin
thesameorderasthey appearonL (s). FirsteachnodeG i (i = 1; 2; : : : ; n) is mapped
to a point eG i on eH (s). We call eG i thetargetpositionof G i . After adjustmentof the
vertices,thecorrespondingnew positionG i of G i canbecomputed,andf L is given
by

f L =
nX

i =1

kG i ¡ eG i k
2
l i ;

wherel i is thelengthof thehighlight line segmentsassociatedwith G i . To determine
thetargetposition eG i , weneedthenormalizedchord-lengthparameterof G i onL (s),
which is

c(G i ) =

P i
j =1 kG j ¡ G j ¡ 1k

P n +1
j =1 kG j ¡ G j ¡ 1k

:

And eG i is determinedasthepointon eH (s) with parameters = c(G i ), i.e.,

eG i = eH (c(G i )) :

The new position G i is computedas follows. Let E i be an edgethat G i lies on,
with V i 1, V i 2 being the verticesof E i . SinceG i and G i correspondto the same
light source,they shouldhave thesameindex. Accordingto Equation(4), G i canbe
obtainedwith thenew positionsandnew highlight distancevaluesof V i 1 andV i 2, as
well astheindex m of G i ,

G i =
(m ¢s ¡ dV i 2

)V i 1 + (dV i 1
¡ m ¢s)V i 2

dV i 1
¡ dV i 2

:

HereV i 1 andV i 2 arethenew vertex positionsobtainedwith Equation(8). dV i 1
and

dV i 2
arethenew distancevaluescalculatedwith Equation(1). Finally, theassociated
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Algorithm 2: Remove local irregularitiesof ameshusinghighlight lines
Input : A triangularmeshM , ahighlight line modelof M , anirregularregion

R , amaximumnumberof iterationsNmax, anda thresholdvalue"
Output : A new meshwith irregularitiesin R
Identify thesetof movableverticesf V i ji 2 I M g of R ;1

Setthenumberof iterationsn = 0;2

repeat3

ConstructthetargetfunctionF of displacementsf x i ji 2 I M g;4

Solve theminimizationproblem(9) to obtainthevaluesof f x i ji 2 I M g;5

for each i 2 I M do6

Adjust thevertex V i accordingto x i ;7

end8

Updatethehighlight line modelof themeshusingAlgorithm 1;9

Setn = n + 1 ;10

until n > NmaxORmaxi 2 I M jx i j=e < " ;11

highlightsegmentlengthl i of G i is calculatedashalf of thetotal lengthof thehighlight
line segmentsthatit lieson,

l i =
1
2

(kG i ¡ G i ¡ 1k + kG i ¡ G i +1 k) :

Now wegetf diff asa functionof thedisplacementX .

3.6 Target function minimization

f fair andf diff de�ned in theprevioussectionsarebothhighly non-linearin f x i g. To
speedup theminimizationprocess,weusefunctionsof asimplerform to approximate
them.For f fair, if we assumethatA i , ®j and¯ j in Equation(7) areconstantsduring
adjustmentof the vertices,then Equation(6) becomesa quadraticfunction qfair of
f x i g. For f diff , we performTaylor seriesexpansionof order2 aboutpoint X = 0 to
obtainan approximationfunction qdiff , which is alsoquadraticin f x i g. In addition,
weput thefollowing constrainton thecomponentsof thedisplacementvector

jx i j · ei =2; for all i 2 I M ;

whereei is the minimum lengthof the edgesadjacentto vertex V i . This constraint
ensuresthattherewill beno topologicalchangeonthemeshsuchastriangle�ip-o vers
aftervertex adjustment.Theminimizationproblemnow becomes

½
minimize F = ! 1qfair + ! 2qdiff ;

subjectto jx i j · ei =2; i 2 I M ;
(9)

which is aboundconstrainedquadraticprogrammingproblemandcanbesolvedusing
theactive setmethod.

3.7 Iteration

We useaniterative procedureto graduallyimprove thequality of theirregularregion.
In eachiterationstep,thequadraticprogrammingproblem(9) is formedusingcurrent
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(a) (b)

(c) (d)

Figure7: Example1: (a)ameshwith theirregularhighlightlinemodel;(b) theselected
modi�cation region with thedesiredhighlight lines(in blue); (c) the�at-shadedmod-
i�cation region after fairing, with its highlight line model;(d) the resultwith smooth
shade.

geometricinformation of the mesh. Then we solve the minimization problem,and
adjust the verticesaccordingto the solution to obtain a new mesh. The processis
terminatedwhen the numberof iterationsexceedsa given bound,or the maximum
absolutevaluesof thedisplacementvectorsconvergeto zero,i.e.,

maxi 2 I M jx i j
e

< " ; (10)

wheree is theaverageedgelengthinsideregion R , and" is a positive thresholdvalue
speci�edby theuser. Theiterativeprocedureis summarizedin Algorithm 2.

4 Implementation and examples

Herewe show implementationresultsof thepresentedmethodon somemeshmodels.
In theseexamples,we set! 1 = ! 2 = 1 for thetarget function,andset" = 0:001for
theterminationconditionspeci�ed in Formula(10). Figure7 shows thefairing of the
meshmodelof aVolkswagenBeetle(seeFigure3(b)aswell). In Figure7(a),anirreg-
ularity of the front right fenderis illustratedby thehighlight line model. Figure7(b)
showstheregionspeci�edfor faring,aswell asthedesiredhighlight lines.Figures7(c)
and(d) provide a closerview of the resultingmodi�cation region after fairing in �at
andsmoothshade,respectively. Thenew meshsurfacein the fairedregion is of high
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(a) (b)

(c) (d)

Figure8: Example2: (a) a meshwith irregularhighlight line model;(b) theselected
modi�cation region with thedesiredhighlight lines(in blue); (c) theresultingmodi�-
cationregion from Xu et al.'s method,with its highlight line model; (d) the resulting
modi�cation region from ourmethod,with its highlight line model.

quality; the new highlight lines arecloseto the desiredones. The smoothhighlight
lines indicateG1 continuityof the resultingsurfaceat boundariesof themodi�cation
region[1]. In Figure8, wefair anotherirregularregionontheroof of theBeetlemodel.
To compareourmethodwith otherlocal fairingtechniques,weneedto reproduceother
thesetechniquesfor the testcase.Both thesurfacediffusion �o w techniqueby Xu et
al. [25] and the geometricfairing techniqueby SchneiderandKobbelt [23][24] are
ableto performfairing in a user-speci�ed region while satisfyingG1 boundarycon-
ditions. Essentially, both methodsmove eachvertex insidethe region by solving the
fourth-orderPDE ¢ B H = 0, where¢ B is the Laplace-Beltramioperator, andH is
the meancurvatureat a vertex. Sincethey leadto similar results,we only reproduce
thesurfacediffusion�o w techniqueby Xu etal. [25] for comparison.We �rst identify
theregion thatrequiresadjustment,andperformfairing in thatregionwith ourmethod
andXu et al.'s method,respectively. Figures8(a) and8(b) show the irregular region
and the selectedregion, respectively. Figures8(c) and 8(d) are the resultingmodi-
�cation region from Xu et al.'s methodandour method,respectively. On the mesh
producedby Xu et al.'s method,thenew highlight linesarecurvedtowardthemiddle
of the selectedregion. The highlight line shapehasabruptchangeson the left and
right boundaryof theregion. On theotherhand,our methodproducesa meshsurface
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with new highlight lines closeto the desiredones. The new highlight lines naturally
matchtheshapepatternof thehighlight linesoutsidetheselectedregion. Thisexample
shows that althoughexisting local fairing techniquescangeneratehigh quality mesh
surfaces,they donotguaranteethegenerationof highqualityhighlight line models.In
our method,the fairnessfunction helpsto generatea fair surface,andthe difference
functionmakesthenew highlight linesconverge to thedesiredshape.Therefore,our
methodcanimprove theshapequality of boththemeshsurfaceandthehighlight line
model.

5 Conclusions

A methodto generatethehighlight line modelfor a giventriangularmeshis provided
in this paper. With a highlight line model,the irregularity of the meshsurfaceis vi-
sualizedby the irregularity of thehighlight lines,which helpstheuserto identify the
modi�cation region for surfaceoptimization. Subsequently, a methodfor removing
local irregularitiesof a given triangularmeshis presented.The modi�cation process
is basedon optimizinga fairnessfunctionthatmeasurestheshapequality of themesh
surfaceas well as the highlight line model. A setof target highlight lines arecon-
structedasthe targetshapeof thehighlight line model,basedon thegeometryof the
meshsurfacealongtheboundaryof themodi�cation region. This targethighlight line
modelenablesthe userto preview the shapeof the new meshsurfaceaswell asthe
new highlight line model,which helpstheuserto specifyanappropriatemodi�cation
regionandleadsto moreintuitivecontrolof thesurfaceoptimizationprocess.Themin-
imization of the fairnessfunction guidesthe meshsurfacetowardsa new shapewith
a highlight line modelclosedto the target highlight line model,which is not always
availablewith previous local fairing techniques.The new methodprovidesa whole
setof toolsfrom meshsurfacequalityassessmentto meshfairing,makingitself a use-
ful complementto geometricmodelingtechniquesbasedon triangularmeshes.It will
bringgreater�e xibility to aninteractive designenvironmentfor meshes.
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