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1 Introdu
tionDesign of high quality, manufa
turable surfa
es is an important yet 
hallenging task in today's man-ufa
turing industries. Although signi�
ant progress has been made in the last de
ade in developingand 
ommer
ializing produ
tion quality CAD tools, demand for more e�e
tive tools is still high dueto the ever in
rease in model 
omplexity and the needs to address and in
orporate manufa
turingrequirements in the early stage of surfa
e design. Within this 
ontent, 
onstrained design has beenidenti�ed as one of the surfa
e design problems that need to be solved (Y. Chen [1℄). This problemdeals with 
ontrol of the bound of 
urve/surfa
e shape and 
urvature in the design pro
ess. A surfa
ewith regions of large 
urvature may be diÆ
ult to produ
e be
ause the sheet metal may not be ableto sustain the stamping tension. Hen
e, the 
apability to dire
tly 
ontrol the bound of 
urve/surfa
eshape and 
urvature in the pro
ess of design is of signi�
ant importan
e. Having this ability wouldhelp redu
e both the 
ost and 
y
le time of the produ
t development pro
ess.Resear
h results in 
onstrained design are s
ar
e. The only work that seems to be available is are
ent manus
ript by S. Butt, M. S. Hussain and M. Sarfraz on 
onstrained interpolation (S. Butt[4℄). In this work, given a set of data points on the same side (above or below) of a linear fun
tion,ne
essary and suÆ
ient 
onditions are determined for a rational C1 
ubi
 spline interpolant to beon the same side of the linear fun
tion. The main idea is to 
onsider a rational 
ubi
 spline whose1



2denominator for ea
h segment is of degree two so that when the denominator is positive, one 
anmultiply the equation of the straight line by the denominator of the rational 
ubi
 spline to 
onvertthe interpolant-above-straight-line problem to a positivity problem of 
ubi
 polynomials. In this
ase, the results of S
hmidt and Hess (J.W. S
hmidt [5℄) 
an be applied dire
tly. As far as 
onstrainton 
urvature is 
on
erned, nothing seems to be available in the literature yet.In this paper we 
onsider the 
onstrained 
urve interpolation problem in a more general sense. Wewill 
onsider 
onstraint both on the shape and the se
ond derivative of the interpolant. In the �rst
ase, we will study ne
essary and suÆ
ient 
onditions for a C1 
ontinuous interpolant to be above (orbelow) a straight line and/or a quadrati
 
urve in an individual knot interval. In the se
ond 
ase, wewill study ne
essary and suÆ
ient 
onditions for the se
ond derivative of a C1 
ontinuous interpolantto be bounded above (or below) in an individual knot interval. The 
urve representation 
onsideredhere is similar to the one 
onsidered by Sarfraz et al (M. Sarfraz [2,3℄), i.e., rational 
ubi
 spline
urves, with the ex
eption that the denominator is of degree one instead of degree two. EÆ
ienttesting 
onditions will be developed for ea
h 
ase.The rest of the paper is arranged as follows. In Se
tion 2, we give the general form of the ra-tional 
ubi
 spline 
urves 
onsidered in this paper and show some of its properties, in
luding thetri-diagonal system of equations for the 
onstru
tion of su
h a C1 rational 
ubi
 
urve. In Se
tion 3,we dis
uss the shape 
onstraint problem. In Se
tion 4, we 
onsider the problem of 
ontrolling se
ondderivative. In se
tion 5, we give the existen
e 
onditions of the interpolation. Con
luding remarksare given in Se
tion 6.2 Rational Cubi
 InterpolationLet fi 2 R; i = 0; 1; : : : n; be a given set of data points, where t0 < t1 < � � � < tn is the knot spa
ing.Also, let di 2 R; i = 0; 1; : : : n, denote the �rst derivatives de�ned at the knots. We 
onsider theC1-
ontinuous, pie
ewise rational 
ubi
 fun
tion de�ned byp(t)j[ti;ti+1℄= pi(t)qi(t) ; (1)where pi(t) = (1 � �)3�ifi + �(1� �)2Vi + �2(1� �)Wi + �3�ifi+1;qi(t) = (1 � �)�i + ��i;� = (t� ti)=hi;hi = ti+1 � ti;and Vi = (2�i + �i)fi + �ihidi;Wi = (�i + 2�i)fi+1 � �ihidi+1;with �i; �i > 0:



3p(t) is the standard 
ubi
 Hermite interpolant if �i = �i. If di; i = 0; 1; � � � ; n; are not �xed, we
an make p(t) a C2 rational 
ubi
 spline by requiringp00(ti+) = p00(ti�)for i = 1; 2; � � � ; n� 1. The 
onditions lead to the following tri-diagonal system of linear equations:hi�i�1�i�1 di�1 + (hi(1 + �i�1�i�1 ) + hi�1(1 + �i�i ))di + hi�1 �i�idi+1= hi�1(1 + 2�i�i )�i + hi(1 + 2�i�1�i�1 )�i�1; i = 1; 2; � � � ; n� 1 (2)where �i = (fi+1 � fi)=hi:If the knots are equally spa
ed, equation (2) be
omes�i�1�i�1 di�1 + (2 + �i�1�i�1 + �i�i )di + �i�i di+1= (1 + 2�i�i )�i + (1 + 2�i�1�i�1 )�i�1; i = 1; 2; � � � ; n� 1: (3)Furthermore, if �i = �i, then (3) be
omes the well known tri-diagonal system for 
ubi
 splinedi�1 + 4di + di+1 = 3(�i +�i�1); i = 1; 2; � � � ; n� 1: (4)From (2) or (3), we 
an solve for di if �i; �i and the auxiliary end-
ondition are given.In the following, we will study interpolation with 
onstraint on shape and se
ond derivative,respe
tively, for this rational 
ubi
 spline 
urve representation, and �nd the suÆ
ient and ne
essary
onditions for the parameters �i; �i to satisfy the interpolation requirement.3 Constrained InterpolationGiven a fun
tion g(x) and a data set f(ti; fi; di) : i = 0; 1; � � � ; ng withfi � g(ti); i = 0; 1; � � � ; n;let p(t) be a rational 
ubi
 Hermite fun
tion de�ned by (1) satisfying the following 
onditions:p(ti) = fi; p0(ti) = di; i = 0; 1; � � � ; n:If p(t) � g(t) for all t 2 [t0; tn℄, then p(t) is 
alled a 
onstrained interpolant above g(t).Within this 
ontent, we 
onsider the following two 
ases.



4Case 1. Let g(t) be a pie
ewise linear fun
tion de�ned on [t0; tn℄ with joints at the partition� : t0 < t1 < � � � < tn and fi � g(ti); i = 0; 1; : : : ; n:From (1) we know that qi(t) � 0 for t 2 [ti; ti+1℄, sop(t) = pi(t)qi(t) � g(t)is equivalent to pi(t)� qi(t)g(t) � 0Let Ui(t) = pi(t)� qi(t)g(t) (5)We get Ui(t) = (1� �)3�ifi + �(1� �)2Vi + �2(1� �)Wi + �3�ifi+1� ((1 � �)�i + ��i)((1 � �)gi + �gi+1) � 0 (6)where gi; gi+1 represent g(ti); g(ti+1) respe
tively. Sin
e((1 � �)�i + ��i)((1 � �)gi + gi+1�)= (1� �)2�igi + �(1� �)(�igi+1 + �igi) + �2�igi+1= (1� �)3�igi + �(1� �)2(�igi+1 + �igi + �igi) + �2(1� �)(�igi+1 + �igi + �igi+1) + �3�igi+1(6) be
omesUi(t) = (1� �)3�i(fi � gi) + �(1� �)2Ai + �2(1� �)Bi + �3�i(fi+1 � gi+1) � 0 (7)where Ai = Vi � (�igi+1 + �igi + �igi)= �i(2fi � gi+1 � gi + hidi) + �i(fi � gi);Bi = Wi � (�igi+1 + �igi + �igi+1)= �i(2fi+1 � gi+1 � gi � hidi+1) + �i(fi+1 � gi+1):If Ai � 0; and Bi � 0, sin
e Ui(ti) = �i(fi � gi) � 0Ui(ti+1) = �i(fi+1 � gi+1) � 0we have Ui(t) � 0 for all t 2 [ti; ti+1℄. Hen
e, we have the followingTHEOREM 1. Given f(ti; fi; di); i = 0; 1; � � � ; ng with fi � gi, the suÆ
ient 
ondition for



5the rational 
ubi
 Hermite spline p(t) to be lying above the pie
ewise linear fun
tion g(t) is that theparameters �i and �i satisfy the following linear inequalities :Ai = �i(2fi � gi+1 � gi + hidi) + �i(fi � gi) � 0; (8)Bi = �i(fi+1 � gi+1) + �i(2fi+1 � gi+1 � gi � hidi+1) � 0: (9)For a given data set f(ti; fi; di); i = 0; 1; � � � ; ng the 
orresponding Ai; Bi in the above theoremare 
alled the 
riterion numbers for the rational 
ubi
 interpolant to be above the straight line inthe subinterval [ti; ti+1℄.Using the method of [5℄, we 
an get the suÆ
ient and ne
essary 
ondition for this interpolationpro
ess. Let � = s=(s+ 1), it is easy to see that (7) is equivalent toU�(s) = �s3 + �s2 + 
s+ Æ; s � 0where � = �i(fi+1 � gi+1)� = Bi
 = AiÆ = �i(fi � gi)Obviously, � � 0; Æ � 0. So, using the result of [5℄, we haveTHEOREM 2. Given f(ti; fi; di); i = 0; 1; � � � ; ng and fi � gi, the rational 
ubi
 spline (1)lies above the straight line in [ti; ti+1℄ if and only if the positive parameters �i; �i satisfy either(a) Ai � 0; Bi � 0, or(b)4�i(fi+1 � gi+1)A3i + 4�i(fi � gi)B3i + 27�2i �2i (fi+1 � gi+1)2(fi � gi)2� 18�i�i(fi+1 � gi+1)(fi � gi)AiBi �A2iB2i � 0:Case 2 Let g(t) be a quadrati
 fun
tion, and fi � g(ti). In the same way as in 
ase 1, whent 2 [ti; ti+1℄, sin
e gi(t) = (1� �)2gi + �(1� �)(2gi + g0ihi) + �2gi+1where gi = g(ti); gi+1 = g(ti+1); g0i = g0(ti);it follows that p(t) = pi(t)qi(t) � g(t)is equivalent toUi(t) = (1� �)3�i(fi � gi) + �(1� �)2Ci + �2(1� �)Di + �3�i(fi+1 � gi+1) � 0 (10)



6where Ci = (2�i + �i)(fi � gi) + �ihi(di � g0i)= �i(2fi � 2gi + hidi � hig0i) + �i(fi � gi) (11)Di = (2�i + �i)fi+1 � �igi+1)� 2�igi � �ihi(di+1 + g0i)= �i(fi+1 � gi+1) + �i(2fi+1 � 2gi � hidi+1 � hig0i) (12)For a given data set f(ti; fi; di); i = 0; 1; � � � ; ng, and a given quadrati
 (maybe pie
ewise) fun
tiong(t), we 
all the 
orresponding CiandDi as de�ned in (11) and (12) the 
riterion numbers for therational 
ubi
 interpolant to be above the quadrati
 
urve in the subinterval [ti; ti+1℄.In the same way as in 
ase 1, we 
an getTHEOREM 3. Let f(ti; fi; di); i = 0; 1; � � � ; ng be a given data set, and g(t) be a givenquadrati
 fun
tion satisfying fi � gi. The suÆ
ient 
ondition for the rational 
ubi
 Hermite splinep(t) to be lying above the quadrati
 
urve g(t) is that the parameters �i and �i satisfy the 
onditionsCi � 0 and Di � 0:Furthermore, by setting � = s=(1 + s), (10) may be write asU�(s) = �s3 + �s2 + 
s+ Æwhere � = �i(fi+1 � gi+1)� = Di
 = CiÆ = �i(fi � gi)THEOREM 4. Let f(ti; fi; di); i = 0; 1; � � � ; ng be a given data set, and g(t) be a given quadrati
fun
tion satisfying fi � gi. The ne
essary and suÆ
ient 
ondition for the rational 
ubi
 Hermitespline p(t) to be lying above the quadrati
 
urve g(t) in [ti; ti+1℄ are that the parameters �i and �isatisfy either(a) Ci � 0;Di � 0, or(b) 4�i(fi+1 � gi+1)C3i + 4�i(fi � gi)D3i + 27�2i �2i (fi+1 � gi+1)2(fi � gi)2� 18�i�i(fi+1 � gi+1)(fi � gi)CiDi � C2i D2i � 0:4 Constraint on the Se
ond Derivative of the InterpolantThe se
ond derivative of an interpolant has been used in estimating the strain energy and, 
onse-quently, smoothness of the interpolant. Smaller energy generally implies smoother shape. However,



7it is possible that the overall energy of an interpolant is small while great enough to generate abnor-mal shape at some points or even some small intervals. A better way would be to 
ontrol the se
ondderivative dire
tly. An e�e
tive method 
an be developed for rational 
ubi
 interpolant with lineardenominator to restri
t its se
ond derivative in a desired interval [N,M℄.When t 2 [ti; ti+1℄, from (1) it is easy to getp00(t) = fh2i [(1� �)�i + ��i℄3g�1 �f[(1 � �)�i + ��i℄2[6(1� �)�ifi + (6� � 4)Vi + (2� 6�)Wi + 6��ifi+1℄� 2(�i � �i)[(1 � �)�i + ��i℄[�3(1� �)2�ifi + (1� 4� + 3�2)Vi + 2(� � 3�2)Wi + 3�2�ifi+1℄+ 2(�i � �i)2[(1� �)3�ifi + �(1� �)2Vi + �2(1� �)Wi + �3�ifi+1℄gLet p00(t) �M . We haveQ(�) = Mh2i [(1� �)�i + ��i℄3 +f�[(1� �)�i + ��i℄2[6(1 � �)�ifi + (6� � 4)Vi + (2� 6�)Wi + 6��ifi+1℄+ 2(�i � �i)[(1 � �)�i + ��i℄ �[� 3(1 � �)2�ifi + (1� 4� + 3�2)Vi + (2� � 3�2)Wi + 3�2�ifi+1℄� 2(�i � �i)2[(1� �)3�ifi + �(1� �)2Vi + �2(1� �)Wi + �3�ifi+1℄g � 0:Q(�) is a 
ubi
 polynomial of � Q(�) = a�3 + b�2 + 
� + d (13)with a = Mh2i (�i � �i)3 � 2(�i � �i)2[(�i + �i)fi + (2�i + 5�i)fi+1 + hi�idi � 2�ihidi+1℄;b = 3Mh2i�i(�i � �i)2 � 6�i(�i � �i)(�ifi + �ifi + �ifi+1 + dihi�i);
 = 3Mh2i�2i (�i � �i)� 6�2i [(�i + �i)fi � (�i + �i)fi+1 + di�ihi + �ihidi+1℄;d = Mh2i�3i + 2�2i [(�i + 2�i)fi � (�i + 2�i)fi+1 + (�i + �i)hidi + �ihidi+1℄:Let � = s=(1 + s). It is easy to see that (13) is equivalent toQ�(s) = �s3 + �s2 + 
s+ Æ � 0; s � 0where� = �3i (Mh2i � 2fi � 10fi+1 + 4hidi+1) + 2�i�2i (5fi+1 � 2fi � 4hidi+1 � hidi) + 6�2i �ifi+1;(14)� = 3�i�2i (Mh2i � 2fi � 2fi+1) + 6�2i �i(fi+1 � hidi+1) + 6�3i fi+1; (15)
 = 3�2i �i(Mh2i + 2fi � 2fi+1 + 2hidi); (16)Æ = 2�2i �i(2fi � 2fi+1 + hidi + hidi+1) + �3i (Mh2i + 2fi � 2fi+1 + 2hidi): (17)One may then 
onstru
t the 
orresponding suÆ
ient and ne
essary 
ondition for the se
ond derivative



8of the rational 
ubi
 Hermite interpolation fun
tion pi(t) de�ned by (1) to be less than or equal toM as above. It is possible, however, to �nd the suÆ
ient and ne
essary 
ondition in a di�erent andyet easier way. Note thatQ0(�) = 3[(1� �)�i + ��i℄2[(�i � �i)Mh2i + 2(�ifi � Vi +Wi � �ifi+1)℄:Hen
e, Q(�) is monotone in [0; 1℄. On the other hand, we have Q(0) = Æ and Q(1) = � where Æ and� are de�ned in (17) and (14), respe
tively. Therefore, we haveTHEOREM 5. For the rational 
ubi
 Hermite interpolation fun
tion pi(t) de�ned by (1), these
ond derivative p00(t) is less than or equal to M in [ti; ti+1℄ if and only if the positive parameters �iand �i satisfy the 
onditions Æ � 0 and � � 0 where Æ and � are de�ned in (17) and (14), respe
tively.As is known that when �i = �i; p(t) is the standard 
ubi
 Hermite interpolation fun
tion H(x),and in this 
ase �; �; 
; Æ de�ned by (14) � (17) be
ome� = Mh2i + 6fi+1 � 6fi � 4hidi+1 � 2hidi (18)� = 3Mh2i + 6fi+1 � 6fi � 6hidi+1 (19)
 = 3Mh2i � 6fi+1 + 6fi + 6hidi (20)Æ = Mh2i � 6fi+1 + 6fi + 4hidi + 2hidi+1 (21)From the standard 
ubi
 Hemite interpolation we know that when t 2 [ti; ti+1℄H 00(t) = h�2i (fi�000(�) + fi+1�001(�) + hidi 000 (�) + hidi+1 001(�)) (22)where �0(�) = (� � 1)2(2� + 1);�1(�) = �2(3� � 2); 0(�) = �(� � 1)2; 1(�) = �2(� � 1):Let U(�) = h2iM � (fi�000(�) + fi+1�001(�) + hidi 000 (�) + hidi+1 001(�)):We have U(0) = Æ;U(1) = �;U(1=3) = 
=3;U(2=3) = �=3where �; �; 
; Æ are de�ned in (18) � (21): Be
ause U(�) is a linear fun
tion of �, from the analysis



9above and Theorem 5 we haveTHEOREM 6. For a standard 
ubi
 Hermite interpolation fun
tion H(t), the suÆ
ient andne
essary 
ondition for the se
ond derivative H 00(t) to be less than or equal to M in [ti; ti+1℄ is thatthe given data ffi; fi+1; di; di+1g satisfy the following 
onditions:Mh2i + 6fi+1 � 6fi � 4hidi+1 � 2hidi � 0;Mh2i � 6fi+1 + 6fi + 4hidi + 2hidi+1 � 0:5 Existen
e 
onditions of the interpolationIn this se
tion, we �rst dis
uss the existen
e 
onditions for the interpolants in Se
tions 3. Theexisten
e of a 
onstrained rational 
ubi
 interpolant pi(t) satisfying the 
onstraints in [ti; ti+1℄ dependson the existen
e of the solution parameters �i; �i of the inequality system (8)&(9) or (11)&(12) for
ase 1 or 
ase 2, respe
tively. For simpli
ity of notations, we shall write the system as follows:a1�i + b1�i � 0 (23)a2�i + b2�i � 0 (24)with a1; b1; a2, and b2 de�ned as follows for (8)&(9)a1 = 2fi � gi+1 � gi + hidi (25)b1 = fi � gia2 = fi+1 � gi+1b2 = 2fi+1 � gi+1 � gi � hidi+1 (26)and de�ned as follows for (11)&(12).a1 = 2fi � 2gi + hidi � hig0i (27)b1 = fi � gia2 = fi+1 � gi+1b2 = 2fi+1 � 2gi � hidi+1 � hig0i (28)By elementary analyti
 geometry, it is easy to get the following existen
e 
onditions for the interpo-lation.THEOREM 7. For the 
onstrained rational 
ubi
 interpolation dis
ussed in se
tion 31) if fi > gi for all i = 0; 1; : : : n (i.e. b1 > 0; a2 > 0), then the set of positive solution parameters�i; �i of the inequality system (23)&(24) is nonempty ex
ept when a1 < 0; b2 < 0 and a1b2 > a2b1.2) if fi = gi and fi+1 > gi+1 (i.e. b1 = 0 and a2 > 0) for interval [ti; ti+1℄, then the set of positivesolution parameters �i; �i of the inequality system (19)&(20) is nonempty ex
ept when a1 < 0.3) if fi > gi and fi+1 = gi+1 (i.e. b1 > 0 and a2 = 0) for interval [ti; ti+1℄, then the set of positivesolution parameters �i; �i of the inequality system (19)&(20) is nonempty ex
ept when b2 < 0.4) if fi = gi for all i = 0; 1; : : : n (i.e. b1 = a2 = 0) then the set of positive solution parameters



10�i; �i of the inequality system (19)&(20) is nonempty if and only if a1 � 0 and b2 � 0.As far as the existen
e 
ondition of the interpolant dis
ussed in se
tion 4 is 
on
erned, we wantthe positive parameters �i; �i for ea
h interpolating interval [ti; ti+1℄ to satisfy p00(t) � M . FromTheorem 5, by setting �i = �i=�i, the 
onditions � � 0 and Æ � 0 be
ome6fi+1�2i + �i(10fi+1 � 4fi � 8hidi+1 � 2hidi) + (Mh2i � 2fi � 10fi+1 + 4hidi+1) � 0 (29)�i(Mh2i + 2fi � 2fi+1 + 2hidi) + (4fi � 4fi+1 + 2hidi + 2hidi+1) � 0 (30)Hen
e we haveTHEOREM 8. For the 
onstrained rational 
ubi
 interpolation fun
tion dis
ussed in se
-tion 4, the suÆ
ient 
ondition for p(t)00 � M in [ti; ti+1℄ is the inequality system (29) and (30) haspositive solution �i:6 Con
luding RemarksThe te
hniques used in Se
tions 3 for 
onstrained interpolation above a straight line or a quadrati

urve 
an be used for the "below" 
ase as well. Therefore, one may a
tually 
onsider 
onstrainedinterpolation between two 
urves. Similarly, the te
hniques used in Se
tion 4 
an be used for the 
asethat the se
ond derivative is greater than or equal to a given number. Thus one may also 
onsider
onstrained interpolation in whi
h the se
ond derivative of the interpolating fun
tion is boundedboth above and below.The te
hniques used in Se
tion 3 for C1 
onstrained interpolation may be extended to 
over C2
onstrained interpolation if 
ondition (2) is used as the smoothness requirement. By 
ombining thete
hniques used in Se
tions 3 and 4 one may even 
onsider the 
onstru
tion of 
onstrained 
onvexrational 
ubi
 splines. These topi
s will be dis
ussed in a di�erent paper.Referen
es[1℄ Y. Chen and P. Steward, Ford Resear
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